1. (10 pts) Solve the initial value problem using the Laplace transform:
y'+3y +2y=e", y(0)=0, ¥(0)=1
Denote by Y the Laplace transform of y:
Y =Y (s) = L{y(x)}(s).

Then
Y —1+43sY +2Y = T
S J—
hence
Yy — 5 _ 5

(s—=1)(s2+3s+2) (s—1)(s+1)(s+2)
A N B N C
s—1 s+1 s+2°

where A, B, C' are constants determined by
A(s+1)(s+2)+B(s—1)(s+2)+C(s—1)(s+ 1) = s.
Substituting s = 1, s = —1, and s = —2 in the last equality yields

6A =1 A=1/6
-2B=-1 & B=1/2
3C = -2 C=-2/3
Thus
1 1 1 1 2 1
Y =-—. + —. — =
6 s—1 2 s+1 3 s+2
1 . 1 _m 2 o
= —L{e"}(s) + s L{e™"}(s) — s L{e > }(s),
6 2 3
and

e et Qe




2. (15 pts) Solve the initial value problem using the Laplace transform:
F+2t+x=06(t—2), z(0)=0, (0)=0.
Denote by X the Laplace transform of x:
X = X(s) = L{z(®)}(s).

Then
X +25X + X =%,
hence
6728 6723
T2t2s+1 (s+1)2
= e L{te ) (s) = L{(t — 2 Mu(t — 2)}(s),
and

r=(t—2)e* " u(t —2).



3. (10 pts) Solve the initial value problem using the Laplace transform:
Y'Yy iy =277, y(0) =0, y'(0)=0.
Denote by Y the Laplace transform of y:
y =Y (s) = L{y(z)}(s).
Then

2
$2Y +4sY +4Y = .
(s+2)3
Hence
B 2 B 2
(2 4+4s+4)(s+2)3  (s+2)P
1 4! 1
- — —L 4 —2x
12 (s+r2p 12 {z7e™™}s),
and
x4672x
Y=



4. (15 pts) Solve the initial value problem using the Laplace transform:
& =2x— by z(0) =1
{y=x+4y {y(O)ZO
Denote by X and Y the Laplace transforms of x and y, respectively:
x=X(s) = L{z(t)}(s), y=Y(s)=L{y(t)}(s).
Then
sX —-1=2X-5Y (s—2)X+5Y =1
{ Y =X+4v 7 { X —(s—4)Y =0

(s> —6s+13)Y =1
= 2
(s°—6s+13)X =s—4

Hence
1 1 A B
Z_6s+13 (5-3-20)(s—3+2i) s-3+2 s-3-20
where A, B are complex constants determined by
A(s —3—2i)+ B(s —3+2i) = 1.

Substituting s = 3 + 2i in the last equality yields A =i/4, B = —i/4.
Therefore,

Y =

yoio_ L i1
4 s—34+2t 4 s—3—2
_ %L{e(g_%)t}(s) _ iL{e(3+2i)t}(s)7
- (3=2i)t _ ; (3+2i)t i3t , 1
y = e 7 e — Il4€ (622"’ — e_Qlt) = §€3t Sln(2t)
Similarly,
B s—4 B 2—1 n 241
C (5—3-2i)(s—3+20) 4(s—3+2) 4(s—3—2)
23 A 241 ;
_ - ZL{€(3—2z)t}(S) + %L{e(fﬂ-&-%)t}(s)’
(2 . Z-)e(3—2i)t + (2 + i)€(3+2i)t
aj =
4
9(p2it —2it (20t —2it 1
_ e?’t (6 +e ) 1‘2(6 (& ) _ 6373 COS(?t) . §€3t sin(2t).



5. (15 pts) Find and classify all equilibria of the autonomous system

T=x—Y
y=zy—1
To find the equilibria, solve the system

r—y=0 . .
2y —1=0 < xTx=y=lorr=y=—1.

Thus (1,1) and (—1,—1) are equilibrium points. Consider the lin-
earized system at (1,1):

{ U=1u—"uv { u=x—1

. where

vV=u+uv v=y—1

The poles py, po of the Laplace transforms of v and v satisfy
p1t+pe=2, pip2 =2,

hence p; and py are two conjugate complex numbers with positive real
parts. Conclude that solutions will spiral out from the equilibrium at

(1,1).

The linearized system at (—1,—1) is:
{ U=u—"uv { u=x+1
) where
V=—uU—"0 v=y+1
In this case, the poles pq, po of the Laplace transforms of v and v satisfy
p1+p2=0, pips= -2,

hence p; and py are two real numbers with opposite signs. Conclude
that the equilibrium at (—1, —1) is a saddle point.



6. (15 pts) Let
y(a:) = Z ynl'n
n=0

be a solution of the equation
(2% +2)y" + 3zy +y = 0.

Determine the recurrence relation for coefficients and a lower bound
for the radius of convergence of the power series y(x).

Since the distance from 0 to the roots of z? + 2 in the complex plane
is |iv/2| = v/2, the radius of convergence of the series y(x) is at least v/2.

To find the recurrence relation, note that

y/ = Z(TL —+ 1)yn+1$n, Iy/ == Z nynxna
n=0 n=0
y' =) (D4 2yeea”, 2’y =) n(n - Ly
n=0 n=0

Substituting these expansions into the equation

ny//+2y//+3xy/+y:0’

and grouping together the coefficients of " leads to the relation
n(n — 1)y +2(n + 1) (0 + 2)yasa + 30y + 9. =0, n=0,1,2,...
which can be simplified as follows:

n+1

n - — ns :071,2,...
Yn+2 2(n—|—2)y n



