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7) a) If s € R, define what is meant by “s is the supremum of A”, i.e. s =sup A.
2 b) If | € R, define what is meant by “/ is the infimum of A”, i.e. | = inf A.

Z.c) State necessary and sufficient conditions for sup A to exist.

Now suppose both [ = inf A, and s = sup A exist.
2} d) Provethat s—l=sup{a—d | a,a €A} )
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2. Let {an}n>1 be a real sequence.
2 a) Define “{a,}n>1 is a Cauchy sequence.”
I b) Define “{an}»>1 is a bounded sequence.”
l c) State the triangle inequality for R.

' 1) Prove, from first principles, that is, directly from the definitions in (a) and (b), and (c), if necessary,
that a Cauchy sequence is bounded.

1
ge) Give an example of a Cauchy sequence {an}n>1 with a, > 0, Vn > 1 but where {a—-} o1 is not
n 7 N2

Cauchy. You must justify your answer.
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3. a) Let {cn}n>1 be a real sequence. Define

o0
2’ “The series E ¢, converges.”

n=1

Now consider the two series

> nl
A: 7

n=1n

> 1
B: -1)"

,;( ) n? +1

3 b) Does the series A converge?
3 c) Does the series B converge?
2_d) Does the series B converge absolutely?
(In (b)-(d), you may use known tests and theorems, but be sure to verify their hypotheses.)
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It Let ACR,ac Aand f: A R. ‘

a) Define
2 “ The function f is continuous at a.”

2 b) Provethat Ve € R, |z|<i=|1-2?|> 3.

(, c) Define f: R\ {— -1,1} - R by f(z) =

1
. Prove carefully that for every ¢ > 0, there exists a
6 > 0 such that

zeR\{-1,1}and |z| <d = If(z) - 1| <e.
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5. Let A and B be subsets of R?, and suppose f : R? — R is a continuous function7 U L % dp-L

2 a) Define “A is open”.
°) b) Define “B is compact”.

l c) State a sufficient condition for A to be open, in terms of the function fg..d (/( .
Now define C' = {(z,y) € R? | zy > 0}, and D = {(z,y) € R? | zy = 0}

3 d) Prove that C is open.
/ ©) Prove that D is closed, but is not compact.
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6.Let ACR", be R", and suppose f : A — RP? is f is uniformly continuous on A.
2 a) Define “b is a limit point of A”)wrfhood re#rrl'v{? fo S&?‘w@mc(s (n A
7 b) Give a characterization of limit points in terms of sequences {an}n>1 C A.

7 ¢) Define “f is uniformly continuous on A.”

L~ d) Prove that if {an}n>1 C 4 and a, — b € R™, then {f(an)}n>1 is Cauchy. (Note that you may not
assume that b € A.)
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7. Define f: [0,1] —» R by

0 forz€[0,3]
1 forz € (3,1]

)= {

a) State carefully a necessary and sufficient condition for f to be integrable in terms of upper sums
g U(f, P) and lowers sums L(f, P), where P denotes a partition of [0, 1]. (You may give the defintion
or an equivalent condition.)
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2 a) Briefly explain why f is contimious on [0, }] and differentiable on (0, §). (Use theorems!)

8.Deﬁneaﬁmctionf:(0,%]->Rbybyf(x)=/; .

“)_b) State your favourite version of the Mean Value Theorem (for derivatives).

7] ) Prove that f is strictly increasing on [0, 3.

Now denote f(%) = p. Let
1
s [0,})] - [O’ 5]
be the inverse function for f, which we know exists by parts (a) and {c), and define c: [0,p] — R by

oAz) = /1 — s¥(z).

/7 /
L d) Briefly explain why s and c are differentiable (use theorems) and show that &'(z) ——{ oz), and
d(z) = —~s(x) for all = € [0, p].
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9. a) Suppose fn : [@,b] — R,n > 1 is a sequence of functions, and f : [a,b] — R. Define what is meant
by

2 Z fa converges uniformly to f on [a,b].

n=1

b) Define h : R\§~I§—+ R by h(z) = ——

\ (i) Show that h(™(0) = n!m"’
2 (ii) Give the Taylor polynomial of A of order 3 at 0, with remainder levn
2 (iii) Prove that the Taylor series for h at 0 converges uniformly on any closed interval [—r,7], r < 1.

|<*% (iv) Prove that the Taylor series for h at 0 does not converge to h at z = +1, even though A(+1) = 1.
Q_ (v) Prove that the Taylor series for h at 0 converges to h on (—1,1).
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