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EECE 376
Electromechanics: Module 2

Spring 2013, Instructor: Dr. Juri Jatskevich
Class Webpage: http://courses.ece.ubc.ca/376/

Electromechanical Energy Conversion (Read Chap. 2)
Learning Objectives, Important Topics and Concepts 
• Basic electromechanical systems
• Electrical & mechanical inputs
• Losses in energy conversion
• Concept of coupling field, Energy & Co-Energy
• Graphical interpretation of energy conversion
• Electromechanical force and torque
• Multi input/output systems
• Torque in basic reluctance device
• Torque in basic rotating device with coupled circuits
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Electromechanical Energy Conversion
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Basic Electromechanical System

- Leakage inductancelL

mL - Magnetizing inductance M
K
D

mf

ef

r - Coil resistance

fe - EMF due to magnetizing inductance
(voltage drop due to coupling field)

v - Source voltage

i - Source current

- Movable mass

- Spring constant

- Damping (coefficient)

- Electromagnetic force

- External mech. force
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Electromechanical Energy Conversion

- Energy from El. sourceEW

- Energy loss in El. systemeLW

- Energy stored in El. system
(not coupled with Mech. sys.)

eSW

- Energy going in coupling field
eW

- Energy from Mech. sourceMW

- Energy loss in Mech. systemmLW

- Energy stored in Mech. system
(not coupled with El. sys.)

mSW

- Energy going in coupling field
mW

- Energy loss in coupling fieldfLW - Energy in coupling fieldfW
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Basic Electromechanical System

Energy from Electrical System

( )[ ]ixLL ml +=λ
dt

d
riv

λ
+=

( )[ ] flml e
dt

di
LriixL

dt

d

dt

di
Lriv ++=++=

( ) ∫∫ == vidtdttPW eE

∫ ∫∫ ++= idtedt
dt

di
iLdtir fl

2

∫= idteW fe

Electrical Side

Energy going into coupling field
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Basic Electromechanical System

Energy from Mechanical System

∫−= dxfW em

( )02

2
xxK

dt

dx
D

dt

xd
Mff em −++=+

( ) ∫∫ ∫∫ −−+⎟
⎠
⎞

⎜
⎝
⎛+= dxfdxxxKdt

dt

dx
Ddx

dt

xd
MW eM 0

2

2

2

∫∫ == dt
dt

dx
fdxfW mmM

Mechanical Side

Energy going into coupling field
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Basic Electromechanical System

Neglect the losses in the coupling field mef WWW +=

∫∫ −= dxfidteW eff

How do you convert the energy ?
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Energy in Coupling Field

∫∫ −=+= dxfidteWWW efmef

Coupling 
FieldeW mW

Energy going into coupling field

0=dx

∫ ∫∫ === λλ
ididt

dt

d
idteW ff

Consider one input only, and assume
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Energy in Coupling Field

aλλ =
Energy going in coupling field

aii =

∫= λidWf

Consider a state of the system

Co-Energy associated with this state

Energy and Co-Energy Balance

∫= diWc λ

cf WWi +=λ

Coupling Field is Conservative – The 
stored energy does not depend on the 
history of electromechanical variables, it 
depends only on their final state/values

0=dx, assuming

Non-linear magnetic system
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Energy in Coupling Field

aλλ =
Energy going in coupling field

aii =

∫= λidWf

Consider a state of the system

Co-Energy associated with this state

For magnetically linear systems 
Energy and Co-Energy Balance

∫= diWc λ

iWW cf λ
2

1
==

Coupling Field is Conservative – The 
stored energy does not depend on the 
history of electromechanical variables, it 
depends only on their final state/values

0=dx, assuming

Linear magnetic system
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Energy & Co-Energy
xi,

Energy going in coupling field

( )xiWidW ff ,== ∫ λ

Independent variables

Co-Energy ∫= diWc λ

dx
x

di
i

d
∂
∂

+
∂
∂

=
λλλ

0=dxassuming

x,λIndependent variables

di
i

iWf ∫ ∂
∂

=
λ

( )xi,λλ =

Energy going in coupling field

( )xWidW ff ,λλ == ∫

Co-Energy ( )xWdiW cc ,λλ == ∫

( ) λλ dxiWf ∫= ,

( )xii ,λ=

dx
x

i
d

i
di

∂
∂

+
∂
∂

= λ
λ

0=dxassuming

∫ ∂
∂

= λ
λ

λ d
i

Wc
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Energy in Coupling Field

Energy going in coupling field ∫= λidWf

Co-Energy associated with this state

or

( ) ( ) 2

0
2

1
a

ai

c ixLidixLdiW === ∫∫λ

0=dxassuming

Consider linear magnetic system

( ) ( )ixLxi == ,λλ ( ) ( )xL
xii

λλ == ,

we get ( )dixLd =λ

( ) ( ) ( ) ( ) 22

0
2

1

2

11
aa

a

f ixL
xL

d
xL

d
xL

W ==== ∫∫ λλλλλ λ
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Graphical interpretation

bx

Consider                   relationship

ax

Electromechanical Energy Conversion

i−λ

Assume move from        to
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bxax
Change in Energy

State

OACOOBDOWf −=ΔCoupling Field Energy

State
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CABDC=

Change in Energy

∫ ∫==Δ
b

a

fe iddtieW
λ

λ

λ

Change in electrical inputbxaxAssume move from        to
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Change in Energy
efm WWW Δ−Δ=ΔChange in mechanical input

CABDCOACOOABOOBDO +=+

CABDCOACOOBDO −−=

Balance of area

=Δ mW

Energy has been supplied to
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Graphical interpretation

bx

Consider                   relationship

ax

Electromechanical Energy Conversion

i−λ

Assume move back from        to
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Change in Energy

CABDCidW
a

b

e −==Δ ∫
λ

λ

λ

Change in electrical input

bx axAssume move from        to

OACOOBDOWf +−=Δ
Coupling Field Energy

efm WWW Δ−Δ=Δ

Change in mechanical input

OABO=
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Change in Energy

=Δ cycleeW ,

Change in electrical input

bx axAssume a cycle from        to       and back from        to

=Δ cyclefW ,

Coupling Field Energy

=Δ cyclemW ,

Change in mechanical input

bxax
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Electromagnetic Forces

fe dWiddxf −= λ

∫∫ −=+= dxfidteWWW efmef

Coupling 
FieldeW mW

Energy going into coupling field

Differential form dxfiddxfidtedW eeff −=−= λ

( ) dx
x

di
i

xid
∂
∂

+
∂
∂

=
λλλ ,

dx
x

W
di

i

W
dx

x
idi

i
idxf ff

e ∂

∂
−

∂

∂
−

∂
∂

+
∂
∂

=
λλ

( ) dx
x

W
di

i

W
xidW ff

f ∂

∂
+

∂

∂
=,
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Electromagnetic Forces

Coupling 
FieldeW mW

Differential form

dx
x

W

x
idi

i

W

i
idWiddxf ff

fe ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
−

∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
−

∂
∂

=−=
λλλ

Electromagnetic force ( )
x

W

x
ixif f

e ∂

∂
−

∂
∂

=
λ

,

( ) fc WixiW −= λ,Recall Co-Energy ( )
x

Wi

x

W fc

∂

−∂
=

∂
∂ λ

( )
x

W
xif c

e ∂
∂

=,
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Multi-Input Systems

∑∑
==

+=
K

k
mk

J

j
ejf WWW

11

Coupling 
Field

1eW 1mW

2eW 2mW

eJW mKW

∫−= kekmk dxfW

Contribution from k-th
mechanical input

∫= dtieW jfjej

Energy going into 
coupling field

Contribution from j-th
electrical input
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Practical Multi-Input Systems

∫∫∑∑ −=+=
==

dxfdtieWWW e

J

j
jfjm

J

j
ejf

11

Coupling 
Field

1eW

mW
2eW

eJW

Differential form dxfdtiedW e

J

j
jfjf −=∑

=1

Energy going into 
coupling field
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Multi-Input System: El. Mag. Forces

Coupling 
Field

1eW

mW2eW

eJW

Differential form

f

J

j
jje dWdidxf −=∑

=1

λ

( ) ( )xWxiiiW fJf ,;,...,, 21 i=

( ) ( )xxiii jJj ,;,...,, 21 iλλ =

Force ( )
x

W

x
ixf f

J

j

j
je ∂

∂
−

∂

∂
=∑

=1

,
λ

i

( ) f

J

j
jjc WixW −=∑

=1

, λiRecall Co-Energy

( )
x

W

x
i

x

xW f
J

j

j
j

c

∂

∂
−

∂

∂
=

∂
∂ ∑

=1

, λi ( )
x

W
xf c

e ∂
∂

=,i
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Consider system with 2 elec. inputs

∫ ⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

= 2
2

2
1

1

2
22

2

1
1

1

1
1 di

i
di

i
idi

i
di

i
iWf

λλλλ

Energy in Coupling Field

0=dxassuming

( )∫∫∑ +==
=

2211
1

λλλ dididiW
J

j
jjf

Energy going into coupling field

Assume 2-step procedure:

Step-1: set 

Step-2: set

,02 consti == increase 1i

( ),0., 11 == diconsti increase 2i
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System with 2 electrical inputs:

∫ ∂
∂

=− 1
1

1
11, di

i
iW stepf

λ

Energy in Coupling Field

Step-2: set

Assume 2-step procedure:

Step-1: set ,02 consti ==
increase 1i

,01 =di
increase 2i

∫ ⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

= 2
2

2
1

1

2
22

2

1
1

1

1
1 di

i
di

i
idi

i
di

i
iWf

λλλλ

∫ ⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

+
∂
∂

=− 2
2

2
22

2

1
12, di

i
idi

i
iW stepf

λλ

2,1, −− += stepfstepff WWW
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System with 2 electrical inputs:

Energy in Coupling Field

Assume flux linkages

∫ ⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

+
∂
∂

+
∂
∂

= 2
2

2
22

2

1
11

1

1
1 di

i
idi

i
idi

i
iWf

λλλ

( ) 2
2222112

2
111

2

0
2222121

1

0
1111 2

1

2

1
iLiiLiLdiLiLidiLiW

ii

f ++=++= ∫∫

( ) ( ) 2121111 ixLixL +=λ
( ) ( ) 1212222 ixLixL +=λ

( ) ( ) 2121111 dixLdixLd +=λ
( ) ( ) 1212222 dixLdixLd +=λ
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System with 2 electrical inputs:

Energy in Coupling Field

In Matrix Form

2
2222112

2
111 2

1

2

1
iLiiLiLWf ++=

JjJjjj iLiLiL +++= ,...,2211λ

System with J electrical inputs:

JjJjjj diLdiLdiLd +++= ,...,2211λ
∑∑
= =

=
J

i

J

j
jiijf iiLW

1 12

1

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

JJJJ

J

J i

i

LL

LL

M

L

MOM

L

M
1

1

1111

λ

λ

Liλ =

LiiTfW
2

1
=
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Electromagnetic Forces & Torques
Linear Devices Rotating Devices

∫−= dxfW em

dxfdW em −=

Mech. Energy going into coupling field

Electromagnetic Force

∫−= θdTW em

θdTdW em −=

Mech. Energy going into coupling field

Electromagnetic Torqueef eT
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Electromagnetic Forces & Torques
Linear Devices Rotating Devices

( )
x

W

x
ixf f
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∂
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W
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∂
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W
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∂
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i
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j
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∂
+

∂

∂
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=1
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( )
θθ
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θ

∂

∂
−

∂

∂
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=

f
J
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j
je

W
iT

1

,i

( ) f

J

j
jjc WiW −=∑

=1

, λθi

( )
θ

θ
∂
∂

= c
e

W
T ,i

( )
θ

θ
∂
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−= f

e

W
T ,λ

( )
θθ
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∂

+
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∂
−= ∑

=

c
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j
je

Wi
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1
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Example 1 (2A in the Book)
Linear Devices

( ) ( )[ ] i
x

k
LixLLLixi lml ⎟

⎠
⎞

⎜
⎝
⎛ +=+==,λ

Flux linkage in the coupling field 

Calculate ( )xife ,

( ) 2

0
2

1
, i

x

k
idiLdixiW

ai

mc ⎟
⎠
⎞

⎜
⎝
⎛=== ∫∫λ

( )
2

22

2

1

2

1
,

x

k
i

x

L
i

x

W
xif c

e −=
∂
∂

=
∂
∂

=

( ) ( ) i
x

k
ixLxi mc ⎟

⎠
⎞

⎜
⎝
⎛=⋅=,λ

Total flux linkage 
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1-phase Reluctance Rotating Device

dt

d
irv as
assas

λ
+=Voltage  equation

( ) ( )rBAlsrmlsasas LLLLLL θθ 2cos−+=+=Self-Inductance

asasasas iL=λ

Approximation of Magnetizing Inductance

Consider as-winding

Flux linkage



33

EECE 376, S-15, M-2

1-phase Reluctance Rotating Device

( ) ∫+=
t

rrr dt
0

0 ωθθLet the rotor rotate

( ) ( )[ ] 22cos
2

1
, asrBArasc iLLiW θθ −=

Electromagnetic Torque

asasasas iL=λ

Assume magnetically linear system

Consider as-winding

Flux linkage

2

2

1
asmfc iLWW ==

( ) ( )rasB
r

c
e iL

W
iT θ

θ
θ 2sin, 2=

∂
∂

=

For constant current
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1-phase Reluctance Rotating Device
( ) ∫+=

t

rrr dt
0

0 ωθθConsider as-winding, let the rotor rotate

Which positions are stable ?

What is the average torque over a complete cycle ?
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1-phase Reluctance Rotating Device

( ) ∫+=
t

rrr dt
0

0 ωθθ

Electromagnetic Torque

( ) ( ) ( )[ ]erereBrmss LI θθθθθ −++= 2sin2sin
2

1
cos2

,

Assuming

Consider as-winding, apply sinusoidal excitation

( )ermssas Ii θcos2 ,⋅=

( ) ( ) ( )reeBrmsse LIT θθθ 2sincoscos2 2
,=

( ) ( ) tdt ee

t

eee ωθωθθ +=+= ∫ 00
0

( ) ( ) ( )⎥⎦
⎤

⎢⎣
⎡ −+++= ererrBrmsse LIT θθθθθ 2sin

2

1
2sin

2

1
2sin2

,
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Windings in Relative Motion
Stator & Rotor Windings

⎥
⎦

⎤
⎢
⎣

⎡
+⎥

⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡

2

1

2

1

2

1

2

1

λ
λ

dt

d

i

i

r

r

v

v

( )
( ) ⎥

⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
+

+
=⎥

⎦

⎤
⎢
⎣

⎡

2

1

22

11

2

1

cos

cos

i

i

LLL

LLL

mlrsr

rsrml

θ
θ

λ
λ

Voltage Equations

Flux linkages

dt

dλ
riv += ( )iLλ rθ=In Matrix Form

( ) ( ) 2
2222112

2
111 2

1

2

1

2

1
,, iLiiLiLWW T

fc ++=== Liiii θθ

Assume magnetically linear system, we can express the Co-Energy
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Windings in Relative Motion
Electromagnetic Torque ( ) ( )rsr

c
e Lii

W
T θ

θ
θ sin, 21−=

∂
∂

=i

For constant currents       and 
1i 2i
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Example 2 (SP2.8-1) 

)(1 clockwiseNTm =

Given:

rθ

b) Assume applied external torque

AiAiHLsr 10;2;1.0 21 ===

Calculate steady-state

a) Calculate Electromagnetic Torque

( ) ( )rrsre LiiT θθ sin2sin21 −=−=

For steady-state NTT me 1==

( );sin21 rθ−= ( ) o305.0arcsin −=−=rθ

)(2 clockwiseNTm =
c) Assume applied external torque

( );sin22 rθ−= ( ) o901arcsin −=−=rθFor steady-state


