MAT 1348 — SOLUTIONS TO ADDITIONAL
EXERCISES

After a document of J. Khoury

1 Propositional Logic
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(a) From the table, the corresponding DNFs are

P = (pAg)V(pA—g)V(mpAQ)
P, = (pAq)V(=pA—q)

P = (pAg)V(=pAq)V (mpA—g)
Py = (pA—q)V(—pA—g)

Ps = —pAgq

P = =p N\ g

(b) Analyzing each compound proposition and then using equivalence laws we have

P = pVg=-(-pA—q)

P = peog=p—=>9N(@—=p)=EpVg A(=gVp) =-(pA-q)A=(gA-p)
Py = p=q=-pVqg=-(pA—q)

Py = —q

Ps = —pAg

P = —pA—q.

(c) Using the form of each compound proposition and then equivalence laws,

P = pVg=-pVg=p—ygq

P, = poqg=p—=9Ng—=p)=--(p—=q¢AN(g—Dp)
= (=9 V-olg—=p)=-(p—q9 — —-(¢g—Dp)

Py = p—yq

P4 = —|q

Py = pAg=-(pV—q) =-(q¢—Dp)
Ps = =(=p—q).
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(b) The truth table

mmE g
M AmAam A
A mm g3
M AmAmE A

Since the fifth and the seventh columns are the same, we conclude that the cor-
responding propositions, (p @ ¢) ® r and p & (¢ & r), are equivalent.

[plallrealpeoa][-eq]

T|T F T F
©|T|F| T F T
F|T T F T
F|F F T F
Since the third and the fifth columns are the same, we conclude that p & q =
=(p ¢ ).
3. Using equivalence laws,
—(a—=0b —c = —(=(a—b) Ve
= (a—b) Ve
= (-aVb)Ve.

4. (a) Truth tables.

(i) Denote P, = (z V y) A (—z V z) and note that the compound proposition
(xVy)AN(—zV2z)A(y — 2)) = z can be written as (P, A (y — z)) — 2.

Hx\y \ z H:z:\/y\ﬂ:c\/z\Pl\y%z\Pl/\(y%z)\(Pl/\(y—>z))—>zH
T|T|T T T T T T T
T|T|F T F F F F T
T|F|T T T T T T T
T|F|F T F F F F T
F|T|T T T T T T T
F|T|F T T T F F T
FIF|T F T F T F T
F|F|F F T F T F T




Hence, ((z Vy) A (mx V z) A (y = 2)) — 2z is a tautology.

(ii) Denote P, = (z — y) A (x — z) and note that the proposition (z — (y V z)) —
((x = y) A (z — z)) can be written as (z — (y V 2)) = B,.

Hx\y ‘ z Hy\/z‘x—)(sz)\x—)y‘x—>z‘P2‘(x—>(y\/z))—>P2 H
T|T|T T T T T T T
T|T|F T T T F F F
T|F|T T T F T F F
T F|F F F F F F T
F|T|T T T T T T T
F|T|F T T T T T T
F|F|T T T T T T T
F|F|F F T T T T T

Hence, (z — (yVz)) — ((z = y)A(x — 2)) is not a tautology. If either (x
is T,yis T and z is F) or (z is T, y is F and z is T), then the proposition
(x—=>@wyVz)—((zr—=y A(x—2)isF.

(b) Truth trees.
(i) Consider the negation of the given compound proposition,
“(((@Vy) A (e V) Ay —=2) = 2) = (VY Az V) Aly = 2)V2),

and apply the truth trees method.

“(=((zVy) A(mxzV2)AN(y = 2)) V2)V

|
(VYA (—zV2)A(y — 2)V

-z

|
xVyv

—x V2V
y— zv

Since all the paths are inactive, we conclude that the negation proposition considered is
a contradiction. This implies that the initial given compound proposition is a tautology.

(ii) Consider the negation of the given compound proposition is
(= (yV2) = (= y) Az = 2))),

and apply the method of truth trees.



~((z = (yVv2) ==y Az —2)V

|
x—= (yVz)v

((x = yY) A (z = 2))V

T

—x yVzv

X xZ xz Xz
X X y/\z y/\z
X X

Since there are complete active paths, we conclude that the negation proposition is

not a contradiction and therefore, the initial proposition is not a tautology. The active

paths provide the two counterexamples, i.e. truth values of z, y and z for which the
[e]y]=]

proposition (z — (yV z)) = ((x > y) A (z — z)) isfalse: | T | T
T|F

F |
T

5. The argument can be written as
Hypothesis 1: (P — J) — (=C — M)
Hypothesis 2: =J — =P
Hypothesis 3: =J A E — =C
Hypothesis 4: =M — P

Conclusion: —(J A=P) — C

Using truth tables or truth trees the above argument can be shown to be invalid. The
P\M|J|E|C

F|T|F|T|F

following is a counterexample. If , then each hypothesis is true

whereas the conclusion is false.

6. The argument can be written as

Hypothesis 1: B — (D — S)
Hypothesis 2: =D — P
Hypothesis 3: (DV S) - B
Hypothesis 4: P — (=D A =S)

Conclusion: BA D
4



Using truth tables or truth trees the above argument can be shown to be invalid.

B\D|P|S
F|F|T|F

The following is a counterexample. If , then each hypothesis is true

whereas the conclusion is false.

. For each compound proposition, we construct its truth table and also find its DNF by
algebraic manipulations. For the truth trees method - see other file.

|A|B]|A—=B|B—A[(A=-B) - (B—=4) ]|

T|T F T T
i)|T|F F T T
F|T T F F
F|F T T T
Hence, a DNF for (A - B) - (B — A)is (AAB)V(AA-B)V (-AA-B).
Algebraically,

(A-B)—-(B—A) = (A= B)V(B—=A)
= —(mAVB)V(-BVA)
(A/\—|B)\/—|B\/A.

Apply the truth trees method.
(A= B) = (B— A/

-(A— B)v B— AV

| N

A -B A

-B
Therefore, a DNF of the compound proposition (A — B) — (B — A) is (A A
—\B)\/—\B\/A.
|PIQI|R|P—-Q|RVQ|P—-(RVQ) | (P=Q) < (P—=(RVQ) |
T|T|T T T T T
T|T|F T T T T
T|F|T F T T F

@{T|F|F| F F F T

F|1T|T T T T T
F|T|F T T T T
FIF|T T T T T
F|F|F T F T T
Then, a DNF for (P — Q) <> (P —- RV Q)is (PANQAR)V(PAQA-R)V (P A
“QA-R)V(-PAQAR)V(-PANQA-R)V(-PAN-QAR)V (=PAN-QAN-R).



Algebraically,

—~

P—Q)< (P—>RVQ)

(P=QANP—->RVQ)V(~(P—=Q) A-(P—RVQ))
“PVQ)A(PV(RVQ)))V (2(=PVQ)A=(=PV(RVQ)))
("PVRVQ)V({(PAN=Q)N(PAN-RA-Q))
“PVQ)A((~PVQ)VR)V(PA-Q)A(PA=Q)A-R))
“PVQ)A((=PVQ)VR))V((PA-Q)A((PA-Q)A=R))
“PVQ)V((PAN-Q)AN-R)

-PVQV(PAN-QA-R).

~— ~— ~— ~—v

A
A
A

Apply the truth tree method.
(P—= Q)+ (P—>RVQ)V

P— Qv (P — Q)
P RVQV (P = RVQ)V

/\ ‘P
—\P Q _|Q
-P RVQY —-P RVQY p

£ i v
=R
Q)

It follows that a DNF of the compound proposition (P — Q) <> (P — RV Q) is
“PV(-PAR)V(-PAQ)V(QAR)VQV(PAN-RA-Q).

(iii) Let P denote the proposition =A — (B — (A — (B A (C))).
|A|B|C|BAC|A—= (BAC)|[B— (A= (BAO)) |

HmE T E S
Hm TS S
M mAE T TS
SRLCECEENC RN

HHEHEARaER TS

4T E A

Since P is a tautology, a DNF of it is T.



Algebraically,

-A—(B— (A= (BAC))) ——AV(B— (A— (BAC)))
AV (-BV(A— (BANC)))
AV (=BV (mAV (BAC)))
AV -BV-AV(BAC)

= T.

Apply the truth tree method.
-A— (B—= (A= (BANC)))V

A B—= (A= (BANO)V

RN
-A BACY

|
B

C
It follows that a DNF of -A — (B — (A — (BAC)))is AV=BV—-AV(BAC) =T.

8. From the truth table, the compound proposition F'is T only in the following cases.

Lelyl=z]F]
T[T |T|T
T|F|F|T
FlF|(T|T

Hence, a DNF for F'is (x AyAz)V (z A=y A—-z)V (mz A—-y A z).

Knights and Knaves

Proofs

1. The statement is equivalent with the following conditional: "If r is a rational number
and x is an irrational number, then r + z is an irrational number.”

Let
p:"ris a rational number and x is an irrational number”
q:"r+ x is an irrational number”.

We need to prove p — ¢. To construct a proof by contradiction we assume that the
negation, —(p — q) is true. Note that

“(p—=q)=-(-pVg =pA—q
7



Hence, we assume p is true and —q is true. Since p is true, r and r + z are rational
numbers. However, the difference between two rational numbers is always rational.
Hence, (r + x) — r is a rational number (or z is a rational number). This statement
gives a contradiction because p is true (z is irrational).

Therefore, —(p — q) is false and hence p — ¢ is true.

. Define the propositional variable p : ” /3 is irrational”. To show p is true we construct
a proof by contradiction.

Assume —p is true. Then, there exist integers m and n (that have only 1 as a common

divisor), with n # 0 such that v/3 = ™ This implies that m® = 3n3 from where it
n

follows that 3 is a divisor of m3. Hence, 3 is a divisor of m: there exists an integer k
such that m = 3k.

We have 27k3 = 3n3, or 9k = n3. Then, 3 is a divisor of n® and so 3 is a divisor of n.
It follows that 3 is a divisor of m and n which gives a contradiction with the fact that
m and n have only 1 as a common divisor.

Therefore, p is true.
. Note that

e max(z, y) = x, when x >y and max(z, y) =y, when y >z

e min(z, y) = x, when z < y and max(z, y) =y, when y < x.

Hence, we need to consider two cases x < y and x > y. Define the propositional
variables

pl . ”x < y”

p2 . 771, Z y77

q: max(z, y) +min(z, y) =z + y.

We need to prove that ¢ is true in each of the two cases (note that the two cases cover
all possible situations). Hence, we prove: p; — ¢ and py — q.

Case (i). Assume p; is true. Then, max(x, y) = y and min(z, y) = x. This implies
that ¢ is true.
Case (ii). Assume pj is true. Then, max(z, y) = = and min(z, y) = y. This implies
that ¢ is true.

. We construct a proof by cases.
Define the propositional variables
p1: "a® is rational”

p2 : "a® is irrational”.

Case (i). Assume p; is true, i.e. a® is rational. Then the statement: ”at least one of
the numbers a® and (a®)® is rational” is true.



. : . e 2 2
Case (ii). Assume that ps is true, i.e. a® is irrational. Note that (ﬂf)‘ﬁ =2 =2
is rational. Hence, the statement: ”at least one of the numbers a® and (a®)® is rational”
Is true.

. We construct a proof by contradiction. Assume that the statement is not true, i.e.

each number aq, as, ..., a, is smaller than the average. Denote this average by
ap+...ay
m = —— . Hence, we assume that a; < m and as < m, ..., and a, < m.
n
.. . a; +...an
It follows that a; +...a, < m+ ...+ m = n-m. This implies that —— < m,

n
which means m < m. This is a contradiction.

Therefore, at least one number must be grater or equal than the average.

. Let m and n (with m < n) be two distinct rational numbers. To construct a proof by
contradiction, we consider the negation of the given proposition and assume it is true.
This means we assume that between m and n there is a finite number (p) of distinct
rational numbers q, ..., gp.

+ a1 m+q

Consider the number . Clearly, this is a rational number and m <

< qi.-
Hence, we found another distinct rational that is between m and n (and the procedure
can be repeated). This contradicts the fact that we assumed there were only p distinct
rationals between m and n.

. Define the propositional variables
p:"0<a<l”
q:"a>a%.

We need to prove that p — ¢q. Remember that the implication is equivalent to ~¢ — —p.
To construct an indirect proof, we assume that —q is true and prove that —p is true.

If —q is true then a < @®. This implies that a®> —a > 0, or a(a — 1) > 0. The solution
of the inequality is (—oo, 0] U [1, 0o). Hence, —p is true.

. Define the propositional variables

p:7n®+7is even”

q:"nis odd”.

To prove p — ¢ using an indirect proof, we assume —q is true and show that —p is true.

If —q is true, then n is even: there exists an integer k£ such that n = 2k. Hence,
n®+7=(2k)5+7 = 32k% + 7 = 2(16k° + 3) + 1. If we denote by m = 16k° + 3, we can
write n® + 7 = 2m + 1, with m an integer. Therefore, n® 4 7 is odd, and consequently,
—p is true.

. Note that |z| =z, when > 0 and |z| = —z, when z < 0.
We have —|z| < z < |z| and similarly, —|y| <y < |y|. These imply

—lz| =yl < @z +y < |z +yl. (1)

9



10.

11.

12.

We consider two cases corresponding to the sign of the sum x 4+ y. Note that these
cases cover all possible situations. Define the propositional variables

pl . 771, _"_ y Z 077

Py " +y <07

q: 7 +yl < |+ Tyl

To prove that q is true, we use a proof by cases and show that p; — ¢ and p, — ¢.
Case (i). Assume p; is true, x +y > 0. Then |z + y| = x + y which together with the
right hand side of (1) implies that ¢ is true.

Case (ii). Assume p, is true, x +y < 0. Then |z + y| = —(z + y) which together with
the left hand side of (1) implies that ¢ is true.

Define the propositional variables

p : 3 divides n?

q : 3 divides n.

We need to prove that p — ¢q. We use the method of contradiction: we assume that
the negation —(p — ¢) is true. Since =(p — ¢) = p A —¢ we assume p is true and —q is
true. This implies that 3 is not a divisor of n. Hence, there exists an integer m such
that n =3m + 1 or n = 3m + 2. We continue using the method of proof by cases.

Case (i). Assume n = 3m + 1 is true. Then n? = 9m? + 6m + 1 =3(3m?* +2m) +1 =
3k + 1, with k = 3m? + 2m - integer. This gives a contradiction with the fact that p
is true (3 divides n?).

Case (ii). Assume n = 3m+2 is true. Then n? = 9m?*+12m+4 = 3(3m*+4m+1)+1 =
31+ 1, with [ = 3m? + 4m + 1 - integer. This gives a contradiction with the fact that
p is true.

Since each case leads to a contradiction we conclude that =(p — ¢) is false (or p — ¢
is true).

The statement of the theorem is of type p — ¢, where
p: 722 does not divide a? + b*”
q : "x does not divide a or z does not divide b”.

To construct an indirect proof, we assume that —q is true: x divides a and x divides
b. We need to prove that —p is true: ”2? divides a? + b?.

Since x divides a and z divides b, there exist integers k£ and [ such that a = kx and
b= lz. Tt follows that a® +0? = k*2? + [?2* = (k* 4+ [?)x?, where (k? +1?) is an integer.
This proves that 22 divides a? + b2.

Define p : 2% + 3z + 5 = 0 has no rational roots”.

The proof can be done by contradiction and then use a proof by cases.

Assume the —p is true, i.e. the equation 23 + 3z +5 = 0 has at least one rational root.
m

Denote it by r = —, where m and n are integers, n # 0 and m and n have no common
n

10



1.

divisors other than 1. Then, the initial cubic equation can be written as
m® 4 3mn? + 5n® = 0. (2)

For the rest of the proof we consider 4 cases, corresponding to the parity of m and n.

Define the propositional variables
p1: "m and n are both even”
po - "m is even and n is odd”
p3 : "m is odd and n is even”
ps - "m and n are both odd”.

Note that the 4 cases cover all possible situations. To prove that —p leads to a contra-
diction, we prove that each case gives a contradiction.

Case (i). Assume p; is true. This implies that 2 is a divisor of m and also 2 is a divisor

of n. This is a contradiction with the fact that m and n have no other common divisor
but 1.

Case (ii). Assume py is true. Since n is odd, 5n3 is odd. Since m is even, it follows
that m? and 3mn? are even and therefore, their sum is even. Hence, the left hand side
of (2) is odd. This is a contradiction since 0 is even.

Case (iii). Assume p3 is true. Since m is odd, m? is odd. Since n is even, it follows
that 3mn?, 5n® are even and therefore their sum is even. These imply that the left
hand side of (2) is odd. This is a contradiction since 0 is even.

Case (iv). Assume py is true. Then, each term of the sum appearing at the left hand
side of (2) is odd. It follows that the sum is odd which contradicts the fact that 0 is
even.

Therefore, —p is false (and p is true).

Sets

(a) AnNB={1, 3, 4}

(b) AUB=1{1, 2, 3, 4, 5, 6, 9}

(¢c) A— B =12, 5}

(d) B—A=1{6, 9}

) AGB=(A—B)U(B—A) =12, 5, 6, 9}
) (Ae@ B)Nn A=1{2, 5}
)
)
)
)

e

(
(f
(g) (A B)UB =11, 2, 3, 4, 5, 6, 9}
(a) 0 C Ais true

(b) 0 € Ais true

(c) {0} € Ais true

11



P(A) = {0, {a}, {0}, {{a, D}}. {a. b}, {o, {o. B}, {0, {a, 3} {e. b, {a, D11},
[P(A)| =2 =3

(b) (i) |B] =2, P(B) = {0, {0}, {{0}}, {0, {0}}} and |[P(B)| =2*> =4
4. To prove that B = C, we need to show B C (' and C' C B.

Proof BC C. Let z € B.
Remember that A@ B =(A— B)U(B—A) = (AUB) — (AN B). There are two cases.

Case 1. Assume x € A. Since x € B, it follows that x € AN B and hence, z ¢ A® B.

Since A® B=A® C, we obtain x ¢ A @ C and hence, it follows that x ¢ A — C and
r¢ C— A

From x ¢ C'— A and x € A, we obtain x € AN C. This concludes the proof of x € C.

Case 2. Assume x ¢ A. Since z € B, this implies x € B — A and hence x € A ® B.
From the last relation it follows that z € A @ C and hence x € (A — C)U (C — A).

Therefore, we have x € (A —C) or z € (C' — A) and since z ¢ A we conclude that
reC—Aandsoze(C.

Proof C' C B follows similarly if we replace B by C' in the previous proof.

5. (a)
(A-B)nB = (ANB)NB
= (AUB)NB
(ANB)U(BNB)
(ANB)U
(AN B)
= (A-D).

12



(A-B)nC = (AnB)nC

= (AuB)NnC
= (AnC)u(BNQO)

()
(A-C)—(B-C) = (AnC)Nn(BNO)
(ANnC)N(BUC)
(ANBNCYU(ANCNO)

= (A-B)nC)NY

= (A-B)-C

AN(B—-A) = ANn(BnA)

(B—A)U(C—-A) = (BNAU(CNA)

6. To prove that the two sets are equal, we first prove that Ax (BNC') C (AxB)N(AxC).

Let (z,y) € Ax (BNC). Then x € Aand y € BN C. Since y € BN C, it follows
that y € B and y € C. Therefore, (z,y) € A x B and (z,y) € A x C. These imply
(r,y) € (Ax B)Nn (A x ().

A similar argument can be used to prove (A x B)N(Ax C)C Ax (BNCO).
(b) (=5,7|NZ={-4, =3, =2, —1, 0, 1, 2, 3, 4, 5, 6, 7}
8. We construct proof by contradiction. Assume that there exist sets A C N and B C N

such that A x B = {(0,0), (1,1)}. It follows that (0,0) € A x B and (1,1) € A x B.
Hence, {0,1} € A and {0,1} C B.

Take z = 0 and y = 1. We know that x € A and y € B. However, (z,y) = (0,1) ¢
A x B which is a contradiction.

13



9. The left hand side of the set identity is (A — B) —C = (ANB)NC = AN (BNC).

The right hand sideis A — (B—C)=AN(B-C)=AN(B-C)=AN(BNC) =
AN(BUO).

In general, the identity is not true. The following is a counterexample. Let U =
{1, 2, 3, 4}, A={4}, B=A{1, 2, 3, 4} and C = {3, 4}.

Then, A— B = () and so (A — B) — C = (). However, B — C = {1, 2} and so
A—(B-C)={4}.

10. We have |AU B| = |A|+ |B| —|AN B| =6 +8 — 3 = 11. Hence, |P(AU B)| = 2.

11.

(a) The statement is false since ANB = ) implies that they have no common elements.
E.g. Take A = {1} and B = {2}. Here, AN B = (), however, A # B.

(b) The statement is false since A— B = () implies that ANB = (). E.g. Take A = {1}
and B = {1, 2}. Here, A — B = (), however, A # B.
(c) The statement is true.
To prove this let x € A. We need to prove that = € B.
We construct a proof by contradiction. Assume that € A but © ¢ B. Then
v € Aand z € B and hence z € A — B. This is a contradiction with the fact that
A—B=1{.
Hence, A C B.
(d) The statement is true. If AU B = (), then each set A and B is empty. Hence,
A=B=1{.
(e) The statement is true. Note that since AGB = (A—B)U(B—A), then A@B =0
implies (see part (d)) that
i. A— B =1(. This gives A C B (see part (c)).
ii. B— A =0. This gives B C A (see part (c)).
Hence, A = B.
(f) The statement is true. Since A x B = (), then A = B = {).

(g) The statement is false. If A — B = (), then (see part (c)) A C B and therefore
B C A. The following is a counterexample.
Let U = {1, 2, 3}, A = {1, 2} and B = {2}. Then, A = {3} and therefore,
A—B=AnNB=0. However, A # B.

(h) The statement is false. Note that A — B = A implies AN B = A and hence,
A C B. The following is a counterexample.
Let A={1}, B=0and U = {1, 2}. Then A—- B =ANB=ANU = A.
However, A is not a subset of B.

(i) The statement is false. AUB = A implies that B C A. Let A = {1, 2}, B = {1}
and U = {1, 2, 3}. Note that AU B = {1, 2} = A but B # 0.

14



(j) The statement is true. Let x € A. We prove that z € B.

Assume, by contradiction that 2 € A but x ¢ B. Then € B and since B C A
then x € A. This is a contradiction with the fact that x € A.

Hence, A C B.

12. Note that —2?+2+2 = —(22—1x—2) = —(z—2)(z+1). The solutions of the equation
—224+2+2=0arex = —1 and = = 2. The quadratic function —22 + 2 + 2 has a
positive sign between its roots. Therefore, S = [—1, 2|. Then, SNZ = {-1, 0, 1, 2}
and so |SNZ| = 4.

13. (a) Ao = {—100,...,—1,0,1,2,3, ...} and Ags = {—96, ...,—1,0, 1,2, 3,...}

and so Ajgg — Agg = {—100, —99, —98, —97}.

(b) UX A, =Z. To see this, note that since each set A, C Z, then U°, A, C Z.
It is left to prove that Z C U2 A,,. Let n € Z. We split the rest of the proof into
three cases, according to the sign of n.
Case 1. Assume that n > 0 then n € A, and son € U2 | A,.
Case 2. Assume that n < 0son € A_,. Hence, n € U2, A,,.
Case 3. If n =0, then n € A; and therefore n € Uy, A,,.
This concludes the proof of Z C U, A, and so Z = U2 | A,,.

(¢) We claim that N, A, = Ay, with A; = {—1, 0, 1,...}. To prove it we should
prove both inclusions.
Clearly, N2, A, C Ay (if z € N2, A, then = € A, for every n > 1 and so
r € A).
We need to prove that Ay C N>, A,. Let x € A;. Then, z € A, for each n > 2
(in addition, note that A; C Ay C ... A, C....). Hence, x € N2, A,.

5 Functions

1. (a) f(n) = n+ 5 is not onto. To see this, take m = 1 € N. There isnon € N
such that f(n) = 1. However, the function is one-to-one. If f(n;) = f(n2), i.e.
ny + 5 =mng + 5 then ny = nsy.

b) g(n) = n is not one-to-one. Take n; = 0 and ny = 1. Then g(n,) = |0] = 0 and
2

1
g(ny) = {5} = 0. But ¢ is onto. Let m € N. Then there exists n € N such that

g(n) = m. (You may take n = 2m, for example).
(¢) Let f: N — N be given by

n—+1, if niseven
f(n) = o
n—1, ifnisodd

To show that f is one-to-one we consider n; € N and ny € N such that f(n;) =
f(ns2). Then, we consider the following cases.
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Case 1. Assume that ny +1 =ny + 1. Then ny = no.

Case 2. Assume that ny — 1 =ny — 1. Then n; = no.

To show that f is onto, take any m € N. There are two cases.

Case 1. If m is even, then m+ 1 is odd and f(m+1) = (m+1) — 1 = m. Hence,
there exists n € N, (n = m + 1) such that f(n) = m.

Case 2. If m is odd, then m — 1 is even and f(m —1) = (m —1) +1 = m. Hence,
there exists n € N, (n = m — 1) such that f(n) = m.

Hence, f is bijective.

(d) Let f: N — N be given by f(n) = 1. Clearly, f is not bijective (is neither a
one-to-one function nor onto.)

2. Let g: A— B and f: B — C be two functions.

(a) Let 2y € A and zo € A such that g(z1) = g(z2). Then f(g(z1)) = f(g(z2)), or
(fog)(z1) = (fog)(xa). Since f o g is one-to-one, it follows that z; = xo. Hence,
g is one-to-one.

(b) The statement is not true, in general. The following provides a counterexample.
Let A = {a}, B = {b1, b} and C = {c}. We define the functions as follows.
Let g(a) = by, f(b1) = f(b2) = ¢. Then (f og)(a) = c and f are clearly onto.
However, g is not onto since there is no element in the domain that is mapped
into by (or by & Image(g)).

3. Let f: A — B be a function, and S and T two subsets of A. Show that:

(a) The equality of the two sets can be proved using the definition.
Let y € f(SUT). Then there exists € SUT such that f(x) = y. It follows that
rx € SoraxeT, and f(x) = y. This gives y € f(S5) or y € f(T) which proves
f(SUT) C f(S)Uf(T).
The proof of f(S)U f(T) C f(SUT) can be done similarly.

(b) Let y € f(SNT). Then, there exists € SN T such that f(x) =y. This implies
that z € S and z € T, and f(x) =y. Hence, y € f(S)N f(T).

4. We show that f is not one-to-one. Take m; =1, n; = 1, my = 2 and ny = 2. Clearly,
(my, n1) # (ma, ny) but f(my, ny) =1 and f(mg, ny) = 1.
We show that f is onto. Let ¢ € Q. From the definition of a rational number, there

m
exist integers m and n, with n # 0 such that ¢ = —. This proves that for any g € Q,
n

there exist (m, n) € Z x (Z — {0}) such that f(m, n) = %

5. For each of the following assignments, determine whether it is a function or not. If it
is a function, is it one-to-one? Is it onto?
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(a) fi:R— R, fi(z)=—23+11is a bijective function (one-to-one since —x3+1 =
—x3 + 1 implies 1 = @y and onto since for any y € R, there exist x € R:
xr = /1T —y such that f(x)=y).

(b) fo:N—Z, fo(n) =n?+3is one-to-one (n?+3 = n3+ 3 implies n; = ny since
they are both natural numbers) but not onto (If 2 = 0 € Z, there is no n € N
such that f(n) =0).

() f3: R — [0, 4+00), f3(x) = 2% is one-to-one (2"* = 22 implies x; = x5) but
not onto (for y = 0, there does not exist x € R such that 2% = 0).

(d) f4:N—N, f4(n)=+/n+1isnot a function since \/n + 1 ¢ N.

(e) fs:RxR—R, f5(x,y) =2+ y is not one-to-one (if (z1, 1) = (0, 0) and
(2, y2) = (1, —=1), f(z1, 11) = f(xa, y2) = 0) but f is onto (if y € R, there
exists a pair, e.g. (0, y) € R x R, with f(0, y) =y).

f) f5:RxR—RxN, fs(z,y) = (22,0) is not on-to-one ((1, 2) and (1, 3) are
both mapped into (2, 0)) and not onto (for (1, 5) € R x N there does not exist
a pair (z, y) € R x R such that f(z, y) = (1, 5)).

. Let (a1, b1) € A x B and (ag, by) € A x B with A(ag, b1) = A(ag, by). Then,
20(a1)3%(b1) — 90(a2)3v(b2) an( g0 29(a1)=¢(a2) — v (b1)=v(b2) Tt follows that ¢(a;)—p(ag) =
¥(by) — (b)) = 0. Since ¢ and 1 are one-to-one functions, we obtain a; = as and
by = by and so (a1, by) = (az, bs).

(a) Let x; € (0, +00) and 5 € (0, +00) be such that f(z;) = f(x3). Then, 22?43 =
223+3. This implies z2 = 23 and since they are positive numbers, we can conclude
that 1 = x9. Hence, f is one-to-one.

(b) For any x € (0, +00), we have 2% > 0 and so 2z + 3 > 3. Hence, Image(f) =
(3, 00). Since Image(f) # (0, oo), we conclude that f is not onto.

. The function fog : R — R is given by (f o g)(z) = f(g9(z)) = f(z® —2) =

V(23 —2) 4+ 2 =z, for any = € R.

The function go f : R — R is given by (g o f)(z) = g(f(z)) = g(Vz+2) =
(Vx+2)* — 2=z, for any z € R.

Since f o g = 1z and go f = 1z we conclude that f~! = ¢g. This implies that f is a
bijection and henceg is also a bijection.

(a) Since |A| =4 < |B| = 6 the statement is true.

(b) Since |[P(A)| = 2* < 2 = |P(B)| the statement is false.
(c) Since |P(A)| = 2* > 6 = | B| the statement is true.
(d) Since |A x B| = |A|-|B| =46 = 24 < 2°|P(B)| the statement is true.
(e) Since |P(P(A))] = 2" =216 < 224 — |P(A x B)] the statement is false.
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10. The functions are not one-to-one.

11.

If (7 = 1.2 and x5 = 1.5) then (f(z1) = |[1.2] = 1 and f(zy) = |[1.5] = 1) and
(g(x1) = [1.2] = 2 and g(z2) = [1.5] = 2).

However, the functions are onto.
Let m € Z be arbitrary.

Then there exists € R such that the equation f(z) = m has at least one solution
in R (x = m is one solution). Similarly, there exists x € R such that the equation
g(x) = m has at least one solution in R (z = m is one solution).

(a) The conclusion follows once we prove that go f and (go f)~! are invertible. We

show this by actually identifying their inverses.

Since (go f)o(ftog ') =gofoflogl=ygolgogl=gog'=1c,
and similarly, (f~' o g™') o (go f) = 14, it follows that (go f)™' = (f1og™)
and hence, go f and f~'og~! are invertible (f~! and ¢! exist since f and g are

assumed to be bijective).

(b) Let f:[0, o0) — R, f(z) =+/z and g : R — [0, 00), g(x) = 2.
The functions f and g are not bijective since f is not onto (for y = —1 € R
the equation f(z) = —1 has no solution in [0, c0)) and g is not one-to-one

(9(=1) = g(1) =1).

However, (go f)(x) = g(f(z)) = g(v/z) = (v/)? = z is bijective. (Note that in
this case, (f o g)(z) = |z, for x € R.)

Relations

. Ry is reflexive since (z, z) € Ry, for any 2z € A

Ry is symmetric since (x, y) € Ry implies (y, z) € Ry, for any z € A and y € A (or
equivalently, there is no pair (z, y) € A x A such that (z, y) € Ry and (y, =) ¢ Ry)
(details are omitted)

Ry is transitive since (z, y) € Ry and (y, z) € Ry implies (z, 2) € R; (details are
omitted)

R, is not antisymmetric since (1, 2) € Ry and (2, 2) € Ry but 1 # 2
Ry is reflexive since (z, x) € Ry, for any x € A

Ry is symmetric since (z, y) € Ry implies (y, ) € Ry, for any z € A and y € A
(details are omitted)

Ry is transitive since (z, y) € Ry and (y, 2) € Ry implies (z, 2z) € Ry
Ry is antisymmetric since (z, y) € Ry and (y, x) € Ry implies z =y
R3 is not reflexive since (1, 1) ¢ Rz, and 1 € A
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Rs is not symmetric since (1, 4) € R3 but (4, 1) € R
R3 is not transitive since (1, 3) € R3 and (3, 1) € R3 but (1, 1) ¢ R;
Rs is not antisymmetric since (1, 3) € R3 and (3, 1) € Rz but 1 # 3

. Ry is not reflexive since (a, a) ¢ Ry

Ry is symmetric: if (z, y) € Ry then (y, x) € R; is true vacuously

Ry is transitive: if (z, y) € Ry and (y, z) € Ry then (x, z) € Ry is true vacuously
Ry is antisymmetric: if (z, y) € Ry and (y, z) € Ry then x = y is true vacuously
R, is not reflexive, not symmetric, transitive and antisymmetric

R3 is not reflexive, symmetric, not transitive and not antisymmetric

R, is reflexive, not symmetric, transitive and antisymmetric

. Ry is not reflexive since e.g. (1, 1) ¢ Ry
R; is not symmetric since e.g. (1, 2) € Ry but (2, 1) ¢ Ry

Ry is transitive since (a, b) € Ry and (b, ¢) € R, implies (a, ¢) € Ry (that is if a < b
and b < ¢ then a < ¢)

Ry is antisymmetric since (a, b) € Ry and (b, a) € Ry implies a = b vacuously

R, is not reflexive since e.g. (4, 4) ¢ R

Ry is not symmetric since e.g. (4, 2) € Ry but (2, 4) ¢ Rs

R, is not transitive since e.g. (=3, —2) € Ry and (-2, 0) € Ry but (—3,0) ¢ Ry
R; is not antisymmetric since e.g. (=1, —2) € Ry and (—2, —1) € Ry but —1 # —2

a) The statement is true since |[P(A x B)| = 2% = 32768
(a)

(b) The statement is false. The number of binary relations from B to A equals to the
number of binary relations from A to B

(c) The statement is false. A binary relation from P(A) to P(B) is a subset of
P(P(A) x P(B)) which is not equal to P(A x B).
(d) The statement is true since the number of binary relation from A to B that contain

the subset {(x, 0); z € A} is equal to the number of binary relations that can be
defined from A to the set {1, 2, 3, 4}, which is 23 = 4096.

(e) The statement is false. The number of binary relation from A to B that contain
the subset {(a, y); y € B} is equal to the number of binary relations that can be
defined from the set {b, c} to B, which is 2*° = 4096.

. Ry is not a function since (1, a) € Ry and (1, b) € Ry (the element 1 would be mapped
into two different values).

Ry is a function. It is not one-to-one since (0, ¢) € Ry and (1, ¢) € Ry (two different
inputs have the same output). It is not onto since there is no z € A such that
(x, b) € Ry (or (x, €) € Ry)
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6.

Rj is a function. It is not one-to-one since e.g. (0, ¢) € Rz and (1, ¢) € R3. It is not
onto since there is no € A such that (z, b) € R3 (or (x, e) € Rs3)

R, is a function. It is not one-to-one since (1, a) € R, and (3, a) € Ry. It is not onto
since there is no « € A such that (z, e) € Ry.

Rs is not a function since it does not contain an element of the form (1, y) (the element
1 is not mapped into an element on B).

Rg is a function. It is one-to-one and onto (and therefore bijective).

(a)

(b)

Ry is not reflexive since e.g. (1, 1) ¢ R;.

R, is symmetric

Ry is not transitive e.g. (1, 2) € Ry and (2, 3) € Ry but (1, 3) ¢ R,

Ry is not reflexive since e.g. (2, 2) ¢ Rs.

Ry is symmetric

Ry is transitive (z, y) € Ry and (y, z) € Ry implies (x, 2) € Ry

Rj is reflexive since for any = € Z we have xR3z = = + 2* = z(x + 1) which is an
even integer

R3 is not symmetric. Let (2, 1) € Z x Z. Since 2 +2-1 = 4 is even, 2R3l.
However, (1, 2) ¢ R since 1 +1-2 = 3 is not even

Ry is transitive. Let (z, y) € R3 and (y, z) € R3. Then x + zy is even and y + yz
is even. The proof continues by considering two cases, according to the parity of
Y.

Case 1. Assume that y is even. Then xy is even and since x + xy is even, it follows
that x is even. Hence, x + xz is even.

Case 2. Assume that y is odd. Then, since y + yz is even it follows that z is odd
and so x 4 xz is even.

Ry is reflexive (A C A, for any A € P(U)), not symmetric (A C B does not
imply B C A), transitive (A C B and B C C implies A C (') and antisymmetric
(AC B and B C A implies A = B)

Ry is not reflexive (AN A = A # () not true for any A € P(U)), symmetric
(AN B = () implies BN A = (}), not transitive (e.g. if A = {1, 2}, B = {4} and
C ={2, 3}, then ANB =0, BNC = but ANC = {2}) and not antisymmetric
(eg. A={1}, B={2}and ANB=BNA=10)

First show that A — B = () if and only if A C B.

To prove the equivalence, we first assume A — B = () is true and show that A C B
holds (see also Exercise 11, part (c) in Section 4).

Let + € A. Then, since A— B = AN B = (), it follows that ¢ B and hence
x € B. This proves A C B.

Now we assume that A C B holds and show A — B = ().

Case 1. If A= 0, then A — B = () is true.
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Case 2. Assume A # ). Let z € A. Then, since A C B, we have z € B and so
x ¢ B. This implies A— B=ANB =10.
Therefore, ARs B < A C B.
Therefore, R3 is equivalent to Ry and so it has the same properties.

(d) Using Exercise 11, part (e) in Section 4, we conclude that A @ B = () if and only
if A= DB.
Therefore, Ry becomes AR, B < A= B.
Ry is reflexive (A = A for any A € P(U)), symmetric, transitive (A = B and
B = C implies A = (') and antisymmetric (if A = B and B = A, then A = B)

8. (a) We first show that R is symmetric.

Let (a, b) € R. Since R is reflexive, (b, b) € R. Now, since R is cyclic, we apply
the definition (with ¢ = b) and obtain that (b, a) € R which proves that R is
syminetric.

We now prove that R is transitive.

Let (a, b) € R and (b, ¢) € R. Since R is cyclic we obtain (¢, a) € R which

together with the fact that R is symmetric (proved before) proves that (a, ¢) € R.
(b) Let (a, b) € R and (b, ¢) € R. Then, since R is transitive, (a, ¢) € R. This

together with the fact that R is symmetric implies that (¢, a) € R which proves

that R is cyclic.

9. (a) Let R={(2, 2), (2, 3), (3, 2), (3, 3)}. R is symmetric and transitive but not
reflexive since (1, 1) ¢ R.

(b) The proof in not correct since the following assumption is used at the beginning
of the argument: for any a € A, there exists b € A such that (a, b) € R. This
statement is not true in general (see example given at the previous part: for
a =1 € A there is no element b € A such that (1, b) € R).

7 Equivalence Relations

x
1. (a) The relation R is reflexive (for any z € A, xRz, since = = 3°), symmetric (for
x
x
any z,y € A, Ry implies yRz, since = = 3F implies J_ 37" for some k € 7Z)
Y x
x
and transitive (for any z,y,2 € A, xRy and yRz imply zRz, since = = 3" and

Y
J_g imply T — 3t for some k € Z and [ € 7).
2 2

(b) The partition is {1}, {% 2i7 3}, {%} {3—16 g} (2}, {g} (5},

2. (a) Therelation R is reflexive (for any f € A, fRf, since f(z)— f(x) = 0), symmetric
(for any f,g € A, fRg implies gRf, since f(x)—g(x) = cimplies g(z)— f(z) = —c
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for some constant ¢ € Z) and transitive (for any f,g,h € A, fRg and gRh imply
fRh, since f(x) — g(x) = ¢ and g(x) — h(z) = d imply f(x) — h(z) = ¢+ d for
some ¢ € Z and d € 7).

(b) [f(z)lg ={9:7Z — R, g is a function such that f(z)—g(z) = ¢, for some constant ¢ €
2}y ={g9:7Z — R, gis a function such that g(z) = 2z + ¢, for some constant ¢ €

Z}. Hence, f1,f5 € [f(2)]r

(a) The fact that R is an equivalence relation on W follows from properties of real
numbers. Note that two pairs are included in R if and only if their components
have same sign, respectively, i.e. (x, y)R(a, b) if and only if (z and a have same
sign and y and b have same sign)

(b) There are four equivalence classes on W (corresponding to the four quadrants in
the plane):

(1, D]r, [(1, =D]r, (=1, D], (=1, =1)].
(a) Follows easily from properties of real numbers.

(b) The following two sets form the partition on A defined by R.
10 2 1
01/)7\3 2 ’
10 2 4 0 1 0 0
00/)’\36/)"\00/)"\L00 '

. The given binary relation on R? can be equivalently defined as

(z, YR, ¥) oz —y=2"—y.

(a) Follows easily from properties of real numbers.

(b) [(1, D]r = {(x, y) € R?, . —y =0} = {(z, x) € R*}. The equivalence class of
the vector (1, 1) represents the points located on the first diagonal, i.e the points
located on the line y = x.

(a) R is an equivalence relation since it is:
- reflexive (a =a - 1)
- symmetric (if b = a - ¢ then a = %b, for some ¢ > 0)
- transitive (if b =a-cand d = b- e, for some ¢ > 0 and e > 0, then d = a - (ce),
with ce > 0)
(b) The partition consists of [1]gr = (0, 00), [-1]gr = (—00,0) and [0]g = {0}.
(a) Note that x(a) € N*, for any a € N*. R is an equivalence relation since it is:
- reflexive (k(a) = k(a))
- symmetric (if kK(a) = k(b) then k(b) = Kk(a))
- transitive (if k(a) = k(b) and k(b) = k(c), then k(a) = k(c))
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10.

11.

(b) [2]r = {n € N*, k(2) = k(n)}. Since k(2) =2, [2|g = {n € N*, n is even}.

(a) omitted

(b) The partition is the following sequence of sets.
{011, 111}, {010, 110}, {001, 101}, {000, 100}

(a) omitted

(b) [(0, 2)]r = {(z, y) € R? x?+y* = 4}. The sets consists of the points located on
the circle of radius 2 and origin (0, 0).

Other elements in the equivalence class of (0, 2) are e.g. (2, 0), (=2, 0), (0, —2).

(a) R is an equivalence relation since it is

- reflexive: ARA since A=1-A

1
- symmetric: ARB implies BRA, since A = AB implies B = XA’ for some \ € R*
- transitive: ARB and BRC imply ARC, since A = AB and B = ~«C imply

A=0C, where § = \-vy € R*
(b) The partition is {A;, As, As}, {As, As}, {As, Az} and {A4}.

b
Let a,b € R* such that aRb. Then |a|b = alb]|, or |& = 7k Hence aRb if a and b have
a

the same sign, so the given relation can be equivalently written as
aRb < a and b have the same sign.

(a) omitted
(b) [1Jr = (0, o0).

Basic Counting Techniques

. Note that in this question we assume that a license plate has six characters.

Let A be the set of license plates that can be made with three digits followed by three
letters and B be the set of license plates that can be made with three letters followed
by three digits. We need to compute the cardinality of AU B.

Since AN B = (), using the principle of exclusion-inclusion, we have |AUB| = |A|+|B].

Using the product rule, |[A| = 10-10-10-26 - 26 - 26 = 260°, |B| = 260° and hence
AU B| =2 - 260° = 35152000,

. Assume that n is even. Then, there exists £ € N* such that n = 2k. Hence, we

only need to count the number of binary strings of length k£ that can be formed. This
number is equal to 2¥, using the product rule. Therefore, there are 2% palindromes of
length n, if n is even.
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Assume that n is odd. Then, there exists & € N* such that n = 2k + 1. The number
of binary strings of length k& that can be formed is 2¥, but since n is odd, we need
to multiply by 2 (at position k& + 1 we can have either 0 or 1). Therefore, there are
9"z 1 = 2”2 palindromes of length n, if n is odd.

3. There are 5 odd digits and 26 letters in total. Using the product rule and excluding
repetitions, the number of postal codes of the given form is 5-26-4-25-3-24 = 936000.

4. Assume that A = {zy,..., 27} and B ={y1,...,ys}.

(a) There are 4 ways in which f(z1) can be defined, 4 ways in which f(zs) can be
defined, etc. In total, using the product rule, there are 4" = 16384 ways in which
a function from A to B can be defined.

(b) There are 7 ways in which f(y;) can be defined, 7 ways in which f(y2) can be
defined, etc. In total, using the product rule, there are 7* = 2401 ways in which
a function from B to A can be defined.

(c) Since |A] > |B|, we cannot define an one-to-one function from A to B.

(d) There are 7 ways in which f(z;) can be defined. Since the function must be
one-to-one, there are 6 ways in which f(z3) can be defined (after choosing the
value of f(z1)). After specifying the values of f(x;) and f(z3), there are 5 ways of
defining f(z3) and finally, using the same procedure, there are 4 ways of defining
f(z4). In total, using the product rule, there are 7-6 -5 -4 = 840 ways in which
a one-to-one function from B to A can be defined.

(e) We first compute the number of functions that can be defined from A to B that
are not onto.

For every 1 < i < 4, we define the set F; = {f : A — B, y; ¢ Image(f)}. The
number of functions that can be defined from A to B that are not onto is

|[FLUFRUFsUFy = |Fi|+|F|+|F5)+|Fy| — |[FiN Fy| — |FLN |
|Fi N Fy| — |FaN Fs| — |FoN Fy| — |F5 N Fy
+ |[FINEBNE+ |FINENFy+ |FiNF3NEy|+ |Fo N EF3N Fy
LN Fyn Fy N Fy|
— 3743743743797 _9T _ 97T _ 97T _ 9T _97
+ 1417 +17+17 -0
= 7T7984.

Now, the number of onto functions that can be defined from A to B is equal to
16384 — 7984 = 8400.

(f) Since |B| < |A|, we cannot define an onto function from B to A.

5. Note that there are 9 digits that can be placed on the first position of the number
(corresponding to the cardinality of {1,...9}), 9 digits that can be placed on the
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second position, after the first position was occupied (that is 10 — 1), etc. The number
of integers with the given property is 9-9-8-7-6 = 27216.

6. Let A={n e N, 1 <n <2125 nisdivisible by 3} and B={n € N, 1 < n <
2125, n is divisible by 11}

(a) The number of positive integers less or equal to 2125 that are divisible by 3 or 7
is |[AU B|. To compute it we need [A] = [222=1] = 708, |B| = [#2-1] =193
and [ANB| = [#2=1] = 64. Using the principle of inclusion-exclusion, |[AU B| =
|A| +|B| — |[AN B| =708 4+ 193 — 64 = 837.

From here it follows that the number of integers between 7 and 2125 that are
divisible by 3 or 11 is 837 — 2 = 835, i.e. subtract two numbers: 3 and 6 since

they are less than 7 and are divisible by 3.

(b) Note that an integer is said to be prime with 11 if it and 11 have no other common
divisors than 1. Since 11 is prime, we need to find the number of positive integers
that are not divisible by 11. From part (a) there are 193 positive integers less or
equal than 2125 that are divisible by 11. So, |B| = 2125 — 193 = 1932.

Since the first 6 of these numbers are also prime with 11, we conclude that the
number of integers between 7 and 2125 that are prime with 11 is 1932 —6 = 1926.

(c) We need to compute |A — B|. We write A = (A — B) U (AN B), and since
(A—B)n (AN B) = 0, using the principle of inclusion-exclusion we obtain
|A| = |A — B|+ |AN B|. From here, we conclude that |A — B| = 708 — 64 = 644,
i.e. the number of positive integers less than 2125 that are divisible by 3 and not
by 11 is 644.

Hence, the number of integers between 7 and 2125 that are divisible with 3 but
not with 11 is 644 — 2 = 642.

7. Let A-be the set of length 13 binary strings that begin with 0110 and B-be the set of
length 13 binary strings that end with 1000. We need |A U B|. Using the principle of
inclusion-exclusion, |[AU B| = |A| + |B| + |AN B].

We have |A] =27 |B| =2 and |[AN B| =2° and so |AU B| =29 + 29 — 2° = 992

8. Let A={n €N, 1 <n < 250, nisdivisibleby 4} and B ={n € N, 1 < n <
250, n is divisible by 6}. Then AN B ={n € N, 1 < n < 250, n is divisible by 12}.
We need |AU B].

250 -1 250 —1
We have |A| = =62, |B| =

It follows that |A U B| = 62 + 41 — 20 = 83.

250 -1
]:41and|AﬂB|: { 522 }:10.

9. For every 0 < i < n we define A; = {the set of binary strings of length i¢}. Note that
the binary string of length 0 is the empty string so Ay = {empty string} and |Aq| = 1.
Since the sets A; are mutually disjoint, the number of binary strings of length at most
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11.

12.

[AgU . Anl = Aol + [As] + .+ A = 142427428 42" =) 2
=0
_ 2n+1_1:2n+1_1.
2—-1

In this question it is assumed that the plates can have either 4, 5 or 6 characters.

Let

A be the set consisting of all 4 characters license plates that are formed using 2 letters
followed by 2 digits

B be the set consisting of all 5 characters license plates that are formed using 2 letters
followed by 3 digits

C be the set consisting of all 5 characters license plates that are formed using 3 letters
followed by 2 digits

D be the set consisting of all 6 characters license plates that are formed using 3 letters
followed by 3 digits.

We need to find AU BU C U D. Using the product rule, |[A] = 26% - 10> = 67600,
|B| = 262 - 10° = 676000, |C| = 263 - 10*> = 1757600 and |D| = 263 - 10 = 17576000.
Since the sets are mutually disjoint, it follows that AUBUCUD = |A|+|B|+|C|+|D| =
20077200.

For 6 <17 <9, we define
P, = {i characters passwords that contain at least two distinct characters}.

We need to find |Ps U Pr U Py U Py|.

For 6 <1 < 9, since the length ¢ password can contain characters that are either a
lower letter, an upper case or a digit, it follows that there are 2 - 26 + 10 options for a
certain position. Because a password cannot have identical characters it follows that
|P;| = 62" — 62.

Therefore, since P; are mutually disjoint, for 6 < i <9, we have |Ps U P, U Py U Py| =
|Ps| + | Pr| + | Bs| + | Po| = (62° — 62) + (627 — 62) + (62° — 62) + (62° — 62) =.

(a) Since the bride should stand next to the groom (i.e. either to the left or to the
right), the number of ways the group of 6 people can be arranged equals to twice
the number of ways in which we can arrange a group of 5 people. Hence, there
are 2 - 5! = 240 ways in which a group with the given property can be arranged.

(b) There are 6! ways in which a group of 6 can be arranged and so, using part (a),
there are 6! — 2 - 5! = 480 ways to arrange the group so that the bride does not
stand next to the groom.

(¢) The arranging procedure can be divided into the following steps.
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T : arrange the 4 people in the group that are neither the bride neither the groom
nor the bride

T, : arrange the groom in one of the 5 gaps between the guests and the bride to
the left of groom

There are 4! ways to perform Tj.

According to the position of the groom, there are different ways in which the
bride can be placed. Using the summation rule, the number of ways T, can be
performed is 1 + 2 + 3 + 4 + 5. The first term corresponds to the situation when
the groom is placed on the fifth position and the bride is placed on the sixth, the
second term corresponds to the situation when the groom is placed on the fourth
position, and hence the bride can be placed either on the fifth or on the sixth
position, etc.

Using the product rule, there are 15-24 = 360 ways to arrange people in a picture
such that the bride is situated to left of the groom.

The Pigeonhole Principle

. Draw the three diagonals to divide the regular hexagon into 5 equilateral triangles,
each with side of length 1. In each triangle, any two points in the interior or on the
perimeter are at distance at most one. Since there are 6 triangles and 7 points, by PP,
two points will have to lie in the same triangle, and hence be at distance at most 1.

. For each computer, the number of computers it is directly linked to (call them neigh-
bours) is in the set {1,2,3,4,5}. There are 6 computers and 5 possible numbers of
neighbours; hence by PP, at least two computers must have the same number of neigh-
bours.

. There are 7 - 12 = 84 possible pairs (day of the week, month). Hence by PP, we need
at least 85 people to guarantee that at least two among them were born on the same
day of the week and in the same month.

. Assuming that every package contains 20 distinct cards, we need at least 28 packages,
since 27 - 20 < 551 < 28 - 20.

. There are 14 possible remainders (0,1,2,...,13) when dividing by 14. Hence any set
of 15 integers will contain two that give the same remainder when divided by 14. The
difference of these numbers will be then divisible by 14.

. There are 9 possible remainders (0, 1,2,...,8) when dividing by 9. The “worst-case
scenario” is to have 9 - 5 = 45 integers such that no 6 have the same remainder.
However, by PP, any set of 46 integers will contain 6 that have the same remainder.

. The number of such birth certificate codes is n = 10* - 263. By PP, to guarantee that
at least 26 certificates carry the same code, we need at least 25n 41 certificates. Hence
the number of people (certificates) is at least 25 - 10% - 263 + 1 = 4, 394, 000, 001.
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11.

12.

10

. The number of subsets of A of cardinality at most 3 is (9) + (9) + (9) + (g) =1+

0 1 2
9+ 36 + 84 = 130. The sum of the elements that such a set can have is in the set

{0,1,2,...,24}. Since 130 > 24 - 5, any there exist 6 subsets of cardinality at most 3
that have the same sum of elements.

Draw a grid that divides the rectangle into squares of side length 10cm. There will be
200 such squares. Any three points within (or on the perimeter) of one of these squares
define a triangle of area at most half the area of the square, that is, at most 50cm?.
Since there are 500 points and 200 squares, by PP, some square indeed contains at
least 3 points (otherwise there would be at most 400 points).

Consider the integers 1, 11, 111, ..., up to the integer with 7778 repeated ones, and
their remainders when divided by 7777. Since there are only 7777 possible remainders
when divided by 7777, two of these 7778 integers (say x with a ones and y with b ones,
for z < y) have the same remainder. Hence their difference y — x is divisible by 7777.
But y — x has b — a ones followed by a zeros. Let z be the number with b — a repeated
ones. Then y —x = 2z -10% So 7777 divides z - 10%, but since 7777and 10* have no
common divisors, 7777 must in fact divide z. Hence z is the integer with repeated ones
that is divisible by 7777.

The possible numbers of mistakes are 0,1,2,...,12 (boxes). Placing the 30 objects
(students) into 12 boxes, by PP, we'll end up with at least one box with at least 3
objects.

For each pair i,7 € {1,2,...,9}, i < j, let M;; = (IZ;%,%;%,ZZ%J) denote the
midpoint of the line segment joining points P; = (x;, y;, 2;) and P; = (x;, y;, 2;). M;;
will have integer coordinates if and only if z; and z;, y; and ;, and 2; and z; have equal
parity. There are 8 possible triples (¢, g2, g3) where each g; is either “odd” or “even”;
these are our boxes. Placing the 9 points into these 8 boxes we’ll end up with a box
with at least two points, say F; and P;. Then their midpoint M;; will have integer

coordinates as explained above.

Permutations and Combinations

.2 (n))?

40
(17)
The coefficient of z* is 0 if k is odd, and (53)(10@) if k is even.

Essentially, we have 2 symbols, five 011s and nine 1s. These can be arranged in (154 )
ways.

a _2468(1))2993101
b ) (3)2
(c) (i) and 0, respectively.
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Mathematical Induction

. For all n € Z*, define the proposition P(n) as

124224+ . . +n%=

nn+1)(2n + 1)'

6

BI: to prove P(1). The LHS of (*) is 1 and the RHS is w = 1 Hence P(1)

holds.

IS: We must show P(k) — P(k+1) for all k € Z". Take any k € Z* and assume P(k)
holds; that is, 12 + 22 + ... + k? = 2EHDEHD Now consider P(k + 1). The LHS is

(using TH)

P+224+ .+ +(k+1)? =

k(k +1)(2k + 1)

6

+ (k+1)?

1
= é(k‘—i— 1)(2k* + k + 6k +6)

_ é(;@ +1)(k+2)(2(k+1) + 1),
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which is the RHS of P(k + 1). Thus P(k) — P(k + 1) holds.
By Mathematical induction, since P(1) holds and P(k) — P(k+1) holds for all k € Z™,
we conclude that P(n) holds for all n € Z*.

2. omitted

3. Let n = 2m — 1. We thus have to show that
P(n) : (2m — 1)* — 1 is divisible by 8

for all m € Z+.
BI: to prove P(1). Now (2-1—1)%> — 1 = 0, which is divisible by 8. Hence P(1) holds.
IS: We must show P(k) — P(k+1) for all k € ZT. Take any k € Z* and assume P(k)
holds; that is, (2k — 1)? — 1 is divisible by 8. Consider P(k + 1).

E+1)—-1)-1 = (k-1 +2)-1=2k—1)>+4(2k—1)+4 -1

= ((2k—1)>=1) +8k

Since (2k—1)%—1 is divisible by 8 by TH, and 8k is clearly divisible by 8, (2(k+1)—1)?—1
is divisible by 8. Thus P(k) — P(k + 1) holds.
By Mathematical induction, since P(1) holds and P(k) — P(k+1) holds for all k € Z*,
we conclude that P(m) holds for all m € Z*.

4. We thus have to show that
P(n) : 4" 4+ 52"~ is divisible by 21

for all m € Z+.

BI: to prove P(1). Now 4!+ 4 52171 =42 4 51 = 21 which is divisible by 21. Hence
P(1) holds.

IS: We must show P(k) — P(k+1) for all k € ZT. Take any k € Z* and assume P(k)
holds; that is, 4! 4 5%%~1 is divisible by 21. Consider P(k + 1).

4(k+1)+1 + 52(k+1)71 — 4k+2 + 52k+1 — 4 . 4k+1 + 25 . 52]671
4(4k+1 + 52k’—1) 421 52k—1

Since 4%+ + 5%~ is divisible by 21 by IH, and 21 - 5**~! is clearly divisible by 21,
4D+ 4 52(k+D-1 g divisible by 21. Thus P(k) — P(k + 1) holds.

By Mathematical induction, since P(1) holds and P(k) — P(k+1) holds for all k € Z*,
we conclude that P(n) holds for all n € Z*.

5. It can be checked that 2™ < n? for n € {1,2,...,9}. We shall prove

P(n):2" > n®
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for all n € Z, n > 10.
BI: to prove P(10). Now 2!° = 1024 > 1000 = 10°. Hence P(10) holds.

IS: We must show P(k) — P(k+1) for all k € Z, k > 10. Take any k € Z, k > 10 and
assume P(k) holds; that is, 2¢ > k3. Consider P(k + 1).

3 3 3 3
2FH = 2-2’“>2-k3:k3+k3=kz3+3'%:k3+(%+%+%>

ook k K2k
> k3+<§+§+§>>k3+(9§+9§+1>:(k+1)3

Thus P(k) — P(k + 1) holds.

By Mathematical Induction, since P(1) holds and P(k) — P(k+1) holds for all k € Z,
k > 10, we conclude that P(n) holds for all n € Z, n > 10.

. We must prove

P(n): fn > <1+2\/5> 7

for all n € Z, n > 3. We shall use Strong Induction.

3-2
BI: to prove P(3). Note f3 = fo+ fi = fi+ fo+ fi = 3 and <1+2 5) = 1+2‘/5 <
%g = 2. Hence P(3) holds.
IS: We must show (P(3) A P(4) A...ANP(k)) = P(k+1) for all k € Z, k > 3. Take

i—2

any k € Z, k > 3 and assume P(3), P(4),..., P(k) all hold; that is, f; > (%5) for
alli € {3,4,...,k}. Examine fyy1. If £ =3, then fiy1 = fu= fs+ fo=3+2=>5and
(%5)“ = <1+2V5)2 = 348 340 _ 3 Hence P(4) holds.
Otherwise, k > 4 and by IH we obtain

k—2 k-3
Jrvr = fot feo1 > (1 +2\/5> + (1 +2\/§>

B (1+\/5>k3<1+\/5+1> _ <1+\/5>k33+\/5: <1+\/3>k1
2

S

2 2 2 2

Thus (P(3) A P(4) A ... A P(k)) — P(k + 1) holds.

By Strong Induction, since P(3) holds and (P(3)AP(4)A...AP(k)) — P(k+1) holds
for all k € Z, k > 3, we conclude that P(n) holds for all n € Z, n > 3.

. We shall prove
P(n):n*>2n+3

forall n € Z, n > 3.
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10.

BI: to prove P(3). Now 3> =9 > 2.3+ 3. Hence P(3) holds.

IS: We must show P(k) — P(k+1) for all k € Z, k > 3. Take any k € Z, k > 3 and
assume P(k) holds; that is, k% > 2k + 3. Consider P(k + 1). Using the IH we obtain

(k+1)? = K 4+2k+1
> (2k4+3)+2k+1)=4k+4=2k+1)+3+2k—1)>2(k+1)+3

Thus P(k) — P(k + 1) holds.

By Mathematical Induction, since P(1) holds and P(k) — P(k+1) holds for all k € Z,
k > 3, we conclude that P(n) holds for all n € Z, n > 3.

. We shall prove

P(n) : 7" — 2" is divisible by 5

for all n € N.
BI: to prove P(0). Now 7° — 2° = 0, which is divisible by 5. Hence P(0) holds.
IS: We must show P(k) — P(k + 1) for all K € N. Take any k¥ € N and assume P(k)
holds; that is, 7% — 2* is divisible by 5. Consider P(k + 1). Using the IH we obtain

7/€+1_2k+1 — 77k_22k:7(7k_2k)+52k
Since 7% — 2F is divisible by 5 by IH, and 5 - 2* is clearly divisible by 5, we conclude
that 7**1 — 21 is divisible by 5. Thus P(k) — P(k + 1) holds.

By Mathematical Induction, since P(0) holds and P(k) — P(k+1) holds for all k € N,
we conclude that P(n) holds for all n € N.

. omitted (this is very similar to Question 1).

We shall prove
Pn):1-1'+2-21+...+n-nl=mn+1) -1

for all n € Z*.
BI: to prove P(1). Now 1-1!'=1=(1+1)! — 1. Hence P(1) holds.

IS: We must show P(k) — P(k+1) for all k € ZT. Take any k € Z* and assume P(k)
holds; that is, 1- 11 4+2-2!4+ ...+ k- k! = (k4 1)! — 1. Consider P(k + 1). Using the
IH we obtain

L-+2-20+ .+ kR +k+1)-(B+1D)! = B+ =1+(k+1)-(E+1)!
= (1+k+1)-(k+1)! -1
(k+2)! -1

Thus P(k) — P(k + 1) holds.

By Mathematical Induction, since P(1) holds and P(k) — P(k+1) holds for all k € Z™,
we conclude that P(n) holds for all n € Z+.

32



11.

12.

13.

14.

We must prove
P(n):a, =2"+(-1)"
for all n € N. We shall use Strong Induction.
BI: to prove P(0). Note ag = 2 = 2° + (—1)°. Hence P(0) holds.

IS: We must show (P(0)AP(1)A...AP(k)) — P(k+1) for all k € N. Take any k € N
and assume P(0), P(1),..., P(k) all hold; that is, a; = 2'+(—1)* for alli € {0,1,..., k}.
Examine ay11. If k=0, then agy; = a; = 1 by definition, and 2! + (—=1)! = 1, so P(1)
holds.

Otherwise, £k > 1 and by IH we obtain

Ary1 = ap +2ap_1 = 28 + (=1 42251 + (=1
Thus (P(0) AP(1)A...AP(k)) — P(k + 1) holds.
By Strong Induction, since P(0) holds and (P(0) AP(1)A...AP(k)) — P(k+1) holds
for all k£ € N, we conclude that P(n) holds for all n € N.
(Dar=a3=as=a+T7=2,ay =4, ay = 16, ag = 4, ag = 256
(2) We must prove

P(n):a, <2"

for all n € Z*. We shall use Strong Induction.
BI: to prove P(1). Clearly a; = 2 < 2'. Hence P(1) holds.

IS: We must show (P(1)AP(2)A...AP(k)) — P(k+1) forall k € Z*. Take any k € Z*
and assume P(1), P(2),...,P(k) all hold; that is, a; < 2° for all i € {1,2,...,k}.
Examine ay, ;. If k is even, then aj; = 2 < 281 and so P(k + 1) holds.

Otherwise, k is odd and k > 1, and by IH we obtain

2
k41
arn = b < (29) =2

Thus (P(1) A P(2) A ... A P(k)) = P(k + 1) holds.

By Strong Induction, since P(1) holds and (P(1)AP(2)A...AP(k)) — P(k+1) holds
for all k € Z*, we conclude that P(n) holds for all n € Z*.

omitted

omitted
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Graphs

1. (a) Does not exist, as every graph has an even number of vertices of odd degree.

ther vertices it can be adjacent to.

c) Exists: this is a star on 5 vertices.

)

(b) Does not exist. Such a graph would have a vertex of degree 5, but there are only
0

(c)

(d) Does not exist: if u and v are 2 vertices of degree 3, then each must be adjacent

to the remaining two vertices. Hence there can not be a vertex of degree 1.

(e) Exists.

(f) Does not exist: if u and v are 2 vertices of degree 6, then each must be adjacent to

the remaining five vertices. Hence there can not be a vertex of degree 1.

(g) Exists: Cj.

(h

(

(

(

) Does not exist: the maximum degree a simple graph with 6 vertices can have is 5.

i) ( ) nn=l)  The complete graph K, achieves this upper bound.
ii) (2+2+3+3+4) =T.
iii) |[E| = 3>, o deg(v) > 25 3 =3n.

Let G be a simple graph with n > 2 vertices. The possible degrees for a vertex in G
are 0,1,2,...,n — 1. However, if there is a vertex of degree n — 1, there can not be a
vertex of degree 0. Hence there are at most n — 1 possible degrees. By the Pigeonhole
Principle, at least two of the n vertices must hence have the same degree.

(1) V(©)] = () =126.

(2) Let A be a vertex in G. To construct a subset B of S such that |[AN B| = 1, we
choose 1 vertex from A for the intersection, and then 3 out of S — A for B — A. There
are 4 - (g) = 40 such subsets. Hence A as a vertex in G has degree 40, and G is regular
of degree 40. By the Handshaking Theorem, |E| = % ZUEV deg(v) = 5126 - 40 = 2520.

For all n € Z*, define a proposition P(n) : “K, has == n( edges

BI: n = 1. Clearly K; has 0 edges, and % = 0. Hence BI holds.

IS: We must show P(k) — P(k + 1) for all k € Z*. Take any k € Z* and assume
P(k) holds; that is, K} has M edges. Now consider Kj,;. Take any vertex in
Ki+1. Removing this vertex and all edges incident with it (observe there are k of
them) we obtain a graph H isomorphic to K;. By IH, H has &k=1) edges. Hence G
has 20 4 = DR oqges, and P(k + 1) holds. Thus P(k) — P(k: +1) holds.

By Mathematlcal mductlon, since P(1) holds and P(k) — P(k+1) holds for all k € Z*,
we conclude that P(n) holds for all n € Z*.

(1) Let G = (V, E) be a graph with n vertices that is regular of odd degree k. We have
|E| =1 ,cvdeg(v) = 53, k = 3nk. Since k is odd, and | E| is an integer, n must
be even.

(2) Since n must be even from (1), n = 2m for an integer m. Then |E| = mk as seen
above, and E is a multiple of k.
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[somorphic with the indicated isomorphism.

The first and third graph are isomorphic (with the indicated isomorphism), and they
are bipartite graphs. The second graph is not bipartite (it contains Cj as a subgraph)

and hence not isomorphic to the other two.
1

;
6 2

2
The first and third graph are isomorphic, and they are bipartite graphs. The second

graph is not bipartite (it contains Cj as a subgraph) and hence not isomorphic to the
other two.

Bipartite. Not bipartite (it contains C5 as a subgraph). Bipartite. Not bipartite (it
contains C5 as a subgraph).

PSRN GIENISIININ

(a) No as it has vertices of odd degree.

(b) Yes since it has exactly two vertices of odd degree, namely, u and v. An open
Euler trail has to start at « and end at v or vice-versa. Example of an open Euler
tour: uacdabcvdubv.
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15.
16.

17.

(¢) In G + uw, all vertices have even degree. Hence, G 4+ uv has an Euler tour, but
no open Kuler trail. Example of an Euler tour: uacdabcvdubvu.

Consider the graph GG whose vertices are the five quarters and he edges are the fourteen
bridges.

(a) Here we are looking for an Euler tour in G. Since G has vertices of odd degree
(A and B), it has no Euler tour.

(b) Yes, an open Euler tour exists since G has exactly two vertices of odd degree, A
and B. An open Euler tour must have these two vertices and endpoints. One
possible open Euler tour: belb5b6b7b8b12b4bgb14b13b10b9b11.

omitted
omitted

(a) Let n and e be the number of vertices and edges, respectively, in a full 5-ary tree T
with 101 leaves. Then n = 5¢ 4+ 1 = ¢ 4 101, where 7 is the number of internal vertices.
Solving for i we obtain i = 25. Now e =n — 1 = (i + 101) — 1 = 125.

(b) Since in a full m-ary tree of height h the number of leaves is at most m”, we have
51 < m3. That gives m > 4. On the other hand, n = ¢ +7 = mi + 1 (where n is
the number of vertices, ¢ the number of leaves, an di the number of internal vertices).
From here we obtain ¢ — 1 = (m — 1)i. In our case, 50 = (m — 1)i or 2- 5% = (m — 1)i.
Since m — 1 is an integer, m — 1 € {1,2,5,10,25,50}. Since m > 4 from above, we
have m € {6,11,26,51}. It can be verified that m = 51 and m = 26 can not give a
tree of height 3, while trees with m = 6 and m = 11 can be easily constructed.
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