
?.a'<'"ryg D$ttrdAie-a o g',*fe odr-r{ {'re J*-**tu'{ i*.''r f{-q^
:*f "*:Y ^-t&*i * ̂  ro . * 3agaa c4.e-44^*-GF 

rl -rg$-f1sn- -.4.&"k i{ *r &"t-n "" d**ea,i-{ grt}e3af}qftadd''ta
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"1r4^g 3d.c"S fi\.+re{*<e"n.-{ & tsl-zu - f,s g-r*d_fqt a-i1A4g -&e#r,s- fr\.*e{*"*e"s*& d

+_etg** q'?/fu ry 3.e.&
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2 Graph Terminology

2.L Adjacency, Incidence, and Degree

Let G : (V, E) be an undirected graph.

We write s = fu, a! to say that e- ce.ri\ .**o ,-! or*ol. \F"

An edge e: {u,u} is said to be i otc, &t with its \Fe4k e€A

u and u.

I t

I
I
l e
l
I
ru

Example 2.2

$r'fin*r*iet t
.-*-J''.'#*

Jtr^o!"J Lq
c

:f A il' a-
*ye}.\ic!-:

Co,  N{A)  =

Definition 2.3

is *(L

a o

I
I

* t * \ * ' b \

e -z -  \ h ,  c , )

e > =  \ s . r 4 1
ef . \ {*t.F"h
.r= 4a, S!
e e  * \  b , e \
%-.{d= " \

ep ' .  h $ ic 4
ng -X,qe\

-\4,,- ef-d-=lg-:--e[h*\ + a '8-'L|.* l,- 1G -f V*€),
N (*) nrr - .o-tX-* 'L ft{oe tq

Jbutqd* 
"1 

V, n\e,anb< \"a
\ru- G #^-"* c{A.€' o.,Jpel *an

Note that a loop contributes f*iee 6 bhe degree of a vertex it is incident with.

A vertex of degree 0 is called j f"e.t*-**-*Q* , ( o^ .r"e{-$. J vu"' {*-g DN c*-o*4' '*4*ra' 
& **H ve'r +c<) t)

I o" yuJ-*",* lae;rfu-n i*. oJn"*u*-,*t
tu *+(n d.% sv'.r* **n+*,#)

t*;*.A**r* -

t?tq ,
\ t r o

A vertex of degree 1 is called

t z!i):,'
+r
L,r"6U; = 6
J.qu1r) . 4
J**f-r\ = t,e  ( A . x

&2 [e\*]
J"% {f )*$

A"g (X) :n A i,: *x*'{r*fu"d}
r l \

ferv\=rorvttJ
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( o *^ Je€*'A. srldx J un 4oa v i ,u q

-  q " t

Theorem 2.a lTheHandshaking Theorem] 3' ea o'nd .a' 'a^la*g*L*d
' I..r'rve o'v\J"s ),^"r J-tto-.LJ If G : (V, E) is a graph (possibly multigraph or pseud< :d.ges, then

\ - r ,
2 " e

- . V  c  /

How many edges in a graph with 5 vertices a

J"qes^ d *t^o- vefcF cr*eb io
0 \

2 .5

-{-

Corollary 2.6 An undirected graph has an

degree.

Pnoor'. Let G : (V, E) be an undirected graph, 
" 

: lEl,

I its set of vertices of odd degree and uh = lV{}

V2 lhe set of vertices of even degree.

Then, by the Handshaking Theorem,

Example

S*n*

A , 4 ,
p ::'

2e =- I+ *re.a-a
)

?

-t N €,Ve,v\.

,  - i l  )  ,
Ic.r. )rt\e Jv\r\{\l

e io *t* *.-*ka 
"f "dg*.

g.Ve/'e_ number of vertices of 
"dJ

2 e. -- I, , &ft*) = I &Z ( +) r Z- .{rp {*')
o ;V  C  * *V  * *Va  U

\\/.'@,_-.,*-\r-.,"'.","..#

e.Ve N rr.^vr c-t Ve .**\*r.otls

,.1-e,t t..r 4 e-ve'+\. &_*+.ng

"reVn

&rX tv\

"It 
!e,n'n* "g

qA.A r"lJ ,

i t l

n#arjrJf \ae clr'\ @tz@vn

0S-r t,,! e-vt^ ).+ , /

A*c[, *n*. o1ax

n
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2.1,.1 Directed Graphs

Let G : (V, E) be a directed graph.

Definition 2.7 If (u,u) e-D, then u is said to be n,4'* k-r/d' J'e' 01"

and u is said to be *i: i t* r ' t"" '" f  ' j"* '" '  r  L .

z is called the im.fu: o{, vertex of (u,u)

and u is called the fn-to-"r* .{ii r}-f ,Di- e-."* *| vertex of (2, z)

Example 2.8 )1,.o-.-f*J G,."--sfn G
. l

. ^  c A
\-c*l = 2 ., J"?F)= 4

\=2., J1j.!r:=.t
,)= )., J\tt"t - Z
L\= 2_, Jg;*6r;=ze€

+ q --J ", t*o(*), Stqo
) - O ,

Definition 2.9 The f"r * o[-",2=,a-L/\ of a vertex z, denoted by .dag- t *)

is .}ft* n .o*tL"+ 4
t".."rft.n.[ utr.-be*.

€d2-r 'dt{. Lrr c-rs 10.*r.

e

The D"r* - J+-e.f-a.q of a vertex z, denoted by nle q t[ *]

is Sfro 6rr'.*,, Ln4 .-+ *{ff^ *u*ifn a-j- a'L if.*.*ro

,r*if.o-Q, nrotl. <.x .

Theorem 2.1-0 Let G : (V,E) be a directed graph with e edges. Then

I E\ : 
* 

\- t^r; : 
*r"**{.})

a-
I

el
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2.2 Some Special Simple Graphs

1. Comp]glg Sraph with n vertices: K".-

C ^V : L @ . 1  , , r F e . r , , . ,  * * 1

E:5 {+,. +;\ **-*-fl. tt^dt
(  L  ^ )  ' l  r

CI*

l1q K s,

* o- --.''{-,-fLL qiof r*itt
a  )  ! r  A

- ** 
i , v..r-it{i ,lrr Z b

r r^S,ur"q *fu * V **.{

4|"d" t{^ol .rot".ki^,: er(a\S€\
\*L*" ec.c&. F-d,t "{ 

Jxf"Q*
t '\€trHccx

+i * dd qmJ" ,'r'* e V, ux' 
"V]

g

l'. t

2. Cycle of length 
"' 

C,-,

v : L \ , s r , .

E: + "\  *r ,  rr*o\

K6

^ u*th,t r,: -,,^ J r, *J?^

z L L 4 v r - - { 1

3. Path of length n:

C.{ '{ 
/1

'  r  { * ' , ,n-* , t r \

"o,., o!", e i,t c ne{;..5:{a FCfu 4 n*fl, ,t

€> e rq l\R uo{ G s.dlk L.-.,-r_,"<

4 e,c\ o-d \ l,*\ ajt_< \not -*-A

cz' l

I
d )
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4. Complete bipartite $aph with bipartition sets of sizes TrL and ni K *,*

v :  l * ^ ' S A u ,  "  . ,  s *  
"  

& i ' '  d r , . , . , , ,  * * \

B: t [ *l.,t\ n*o*$* &e*$ #t

\{o\,, $fu*I. K*r* '0*s rk t'rt'n-$<

o{ x-enil *r-,' V,r omJ Va , ^^

| " d .
f \ . -

c r 5

o-..'J *o-..0- o-d?f ce'nraoe-tg o. , vig"ek.x "{ne,*r t'* wr.$ a" veJr$cs 1* V

K.,o
K:., s

2.3 Subgraphs

Example 2.11

K
tr,

Definition 2.12 Let G : (V,E) and G' : (V',E') be graphs.

Then G' is called a ,uc,-t qr-o i"(n- of G if V' C

r.  .  ,  /^ 
q \  

-

Ji- ti +G l\"g ^*ij ;r:fruj,: G' ir.: ..,.

Example 2.13 f-n "*'L.l- e. tr-r-rls, *"K*.r.r*r.i::," 
"

\  r  t  I - /  r  i -
V  a u ^ 4  t r  L L

f*f* *ta,-S "+ G,

I  c , J l
J )

\ = \ . , L r * , d , € " 1
F  *  \ A ^ r t \ ,  4 e , * ! ,  ) , * , & 1  ,  4 o , " ] ,  { L , * \ ,  \ a , J i  n  4 L , o } ,

V ' =  \ . ( ,  1 ,  . , . \
E ' =  t h , r k . ,  \ u , . \ ,  l u , * ! ,  4 L , * t ,  { * , * \ \

*is'; , I

. a *
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/ a-\
L-. )

2.4 Bipartite Graphs

Definition 2.I4 Asimple graph G: (V,E) is calted tlp-.hf"

if V can be partitioned into two sets I/r and V2 such that V 
" 

\L = 
/

a-lrJ e \re-y *{ff. i"^_ G *.*-**f_L"_
a Ve-attc-x i"^ Ve*" { 0^. k$roj.q \"\ (\..j

h.,rt s.ci V^ ar^ A L"*u*g* Ve:r4

Example 2.L5 h -{dn)-s 
tf hf*^{l+. I

c-F&9-^-FL. '.
, 

'J \F=J Ltu',r't -^+t ^ v\ \t{ --'

1 ne- adio-t.o-rrlf,- Ver"\. cU= \L=t- ",tao.tve.
_ ' i ^  , C J  I  ^ , .

y {at l ,*\e ,Jt* *+ k{r\ qr.*rd v
I he- aJ_r'o-t.q_r.nF Venk co= n),,.-t- ",ho\r." 

' 
$j jfuerrat * "*{o.,.,f +' nC;

J  I  t ,

fC',e Jito* * "-e}\-c-u .fo 
-t;J, 

ao J- p- *-r* -0.avs .V*- ,^sLa^n,
q  _  _ ) . r  c  ( \ "&q

Theorem 2.16 The following statements are equivalent for a simple graph e : (v, E):

1. G is bipartite

2. The vertices of G can be coloured with Z colours so that oqo i.-.

*\**^rA nrur.A *-,ry o..e:€ *5*"J +e,^ /:avn< cd,s*}t

3. G has no subgraph that is c!- .8." n{- oJi Q*.3fk

Ng +e,.rt r Eca,* t'

+d- tL"- a.,r-{

{"L"-Q-.,G
( - /

a . c { +- \ ) t

{'Nqt( \a

trr\- /

t ) )- .,-,.d + 
--{,ts.ue a, c\kl "o}'s'*J-t

\{ o o,, "-0j 
*l' q T
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3 Graph Isomorphism.

Example 3.1

- S.*f.*t-', {O. \

Def ini t ion 3.2 Let Gr:  (V,. t r1) and Gz: (Vz,Ez) be sin

o  0  0  t .
An iqencno'zflr'j grv.a from G1 to G2 is a {wnc\Asrt

such that Y ix Ll;".hu- ^^d- i, ' . ,..r i:

( * o*a * 
"r&H*.ar"f 

i.nn G*) €-+ tYt*)

Graphs Gr and G2 arc called l,te.*g.[d4.lc-
I

l w  l ,  I  1 1  r

Ue*ne^.y{'iruvru-

from G1 to Gz.['K,'t{ \x a l-.'')"H*'n L{.*^ ver,-{.ce,r..
"+ 4fu &^lo

N Ehet 6llr._F-aJEv-qrb\ *Jq a&gvtcr{ n^6*i *i
lsomorphic g.rffrr are "essentially the .u-"), th# is, one is obtai/ed

other by relabelling the vertices. Many graph properties are r.nv-o},io.*tt

Let G1 : (Vt, E1) and G, : (Vz, E2) be simple graphs.

rp : V1 ---+ \r,

*^*J Vlo;

L l
\l

if there exists an

'o-cerof
io^ G)

from the


