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2 Graph Terminology
2.1 Adjacency, Incidence, and Degree

Let G = (V, E) be an undirected graph.

Definition 2.1 Vertices u,v € V are called o &Cki\_t or Y\a%(w\_[ﬂohk_ i & )

u if e amd - one w;:l r-'a'{“'\i}b “BAT O, - Glbl-ak e -Ec', G‘
o We write ¢ = JLu 5 9?:‘; to say that < covecka o omel W
An edge e = {u, v} is said to be . [ Md;@v\t : with its ~ nend cek
o S
u and v.
Example 2.2 Le!“*i)""‘“\("wj €Q=’L7§5CZ7
| b e e A ¢z=hb ey G={gel
/". 2 | 5 £
\ s P e L. {g ;
’5/ 4 [ \\é ° A l}&* f'll
o ¢ 1 K F. € =) b ey
Crzlf el

Defwtion: T sck 2 ol relghbos of @ ik v of G <(V,E)
dimotd tezé M(v) TN /\t_aQQC d Hae  metehboanhood _D‘_F 9

U&GA A a Mdeced fi?’:gf \f) e we e \oadN(Aﬁ o pet D{' ol
sbees  \we G Heed oAre. ao(\idc_gw\"\' Yo ot Laxt pwr vorkey iy
So, NCA) = NG
WA
Definition 2.3 The i%"_’f, of a vertex u € V', denoted by c].,e_% (*ﬂv) ,
s K auvmbkern of edges teaidust e i

Note that a loop contributes fwice to the degree of a vertex it is incident with.

A vertex of degree 0 is called i AQLOGE{D'Q\ . ( on welalcd ven o on et ‘Q@%Gm
=) Qf»\a \/@LWJ

A vertex of degree 1 is called /r(mokomk . ( a, \wemalom\“i vea ke tA adice wk
o exadty
. é e ver b \L&‘,}{>

e %(CLB =2 OQA% (9‘\ =3 I
;t@ ( 3 :vlr deoy ()4 / aw e (€
qu!(( 5 i{ deg (1) =0 (g » irclabdd) {2119

;) (Sl T

& W Wé@v&)
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(aua.ioa\ﬁuq‘ au‘cuﬁ&&u TP, e;Q( ¥ *e\avmf%

Theorem 2.4 [The Handshaking Theorem] & &AC[’VE&\M}{“ and  a dandslake
lewvelvitng 2 Bonds
ton deas ched If G = (V,E) is a graph (possibly multigraph or pseudograph) with e edges, then
(e.oe,h e.ofl-%ﬁ cm+m lau.ie_g '):udo
2o £ = Z_. CLUZO&> 4o Mo 2o é},{ Hoe citq»’,p,e_n
ve \V/ f’:{‘ e vovkeon Laecm.m.e 3
by lened dod W eracd 2

Example 2.5 How many edges in a graph with 5 vertices and degrees 4,3,3,2,27 Ven Hicon 1 J;S Aok
gm%&%ma@m\[eﬁhm w 1\._#_5_‘,5%2*2‘44 r:j:u_c-.\J\(
%6 Tﬁ\emm& ll?) 26‘:«‘[\') where e v He cnat v loe b’{xec!%%

>

Corollary 2.6 An undirected graph hasan @ vesvr number of vertices of ,eo[cL

degree.

PrOOF. Let G = (V, E) be an undirected graph, e = |F],
V1 its set of vertices of odd degree and 05y = \\ji.!
V5 the set of vertices of even degree.
Then, by the Handshaking Theorem,
s Z OQL%(J) S ey () + Z o&% ()
s \/ e \/

O WP
eve . rmee \{Q conteinn

verbcen of enven dogrn

&
Hemea > ah% () un evem.
- veV, | L
Buk AL Xenwa s b e Aeavn o ‘ér‘-‘:\":f?’\ Ak BO\Q! )

e \)q

Ut 0,,9.)&‘ e, o Quow  Mrauen laex «54 Jencl Xl omn
(P & s w@ﬂ)
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2.1.1 Directed Graphs

Let G = (V, E) be a directed graph.

Definition 2.7 If (u,v) € £, then u is said to be @ f’f&/{:ﬁ‘ cert teo

and v is said to be = é{{ e cenk “«‘}zfehe%m LA
<

o
‘ £
uis called the  Lonike il vertex of (u,v)

and v is called the Tevmimalf v emel vertex of (u,v)

Example 2.8  Dicscld Gv\ar(’« G B | .
. cl @ =2, @)=
deg=b)-7 j:;*(bﬁi
dg™(@)- 3, datro.2
vkw (_13 2 el«o‘"@,\() 2
(-”—0 (@) =33 "L-%v\-(@—ﬁ 3
¢ (£)=0,

Definition 2.9 The tey — oteghﬂ.,k of a vertex u, denoted by d@&m { u_>
is Xhe Mm%e?z *a:ﬁ)_ Qd%m w\kf:\ A G %I‘t
toremy ma_g_ W‘E ey .

The sk — CLU}’U—Q of a vertex u, denoted by @Leg %r( u,}

is M MMMM 9% @}1350\ Mu%\ 24 QA Lﬁw&
/\MK'\'XC»Q I\)‘O‘u&?(

Theorem 2.10 Let G = (V, E) be a directed graph with e edges. Then

lE\ = ) &g ) - ) A*Sgéﬂ}).
ve N el
<H‘VC)> «LJ} :%,.,. [ F=NEY. cach Q&Ei Do On UV\UL\QQ
cun & O Jcchmkmmﬁ vef&—ch
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2.2 Some Special Simple Graphs

1. Complete graph with n vertices: Kn— oL hwy 64:@\?@\ ‘H/Lojt c_gvv\-el:ru; L
dafl == T BY\e. Qllat g each W &/{; Cb&'l'{n
VZ{‘\Q‘A)'\’“A.S,r.) ‘19’;\(13

venBicen
e { {0, ek Rk ooy amd oy eV, geV]
5

Koy Wy Ky

K¢ K.

2. Cycle of length n: Cn - O m{g& @@QYR\ wakle m verh'cas o ch n QA%,U;
V:{‘{}—’\) '@2 RCOEN '\S‘vﬁzj 5 V‘/‘{%‘%& V\Z%

E:JL%Q*1>%£+AE1MMM ﬁ}'&»é\/ Ch\n_i Bé-.iévl.fls

L0

3. Path of length n:

T — ‘]\ I',FI—- )
V=% N {}&3 ) ":-F‘Ermriﬁ"
o o
E= 1 3 ]
3 - N~
j“ i Ty -3-%5 J\U‘}"u'—}”ij > %\SLW ~ \\g
VR
o
2 w _‘Q | ' X 4
Q‘b)c,,)gi\) € A Q [‘é\;fxzi{}@\ /‘G:;&)%fm ﬁ—é Qwﬂw\,[’
cl)e>efm LR et o o, La@:%{
= e L

1 : %&)c} o o) Hg\a\j e Vot QA’%@A
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4. Complete bipartite graph with bipartition sets of sizes m and n: K e

)
Vg ‘i“}h‘};@' oy Vg aiHay Mese oy My

B=d L2y} auch Rak # eV amd wyeVY
Note ok Yan Do ity wurtex act }l:.auv\w Komed ko two s
ol vevan V) amd Vp ool W lewm and (Vals=n
omd  eadh edoe cemunecks a ventex Hnem Vi Wit o ventod Prem \

Y

2.3 Subgraphs

Example 2.11
I o N
a. a
e o - 5 L
K
IS
d . e

Definition 2.12 Let G = (V, F) and G' = (V’, E') be graphs.

Then G’ is called a Mlo %%_a f\x@L of Gif v/ : et \/ amnd_ E/ < E

I G +G we — ek G o oa W?UL A“*“‘?Y“‘?é‘ %{F ay

H

Example 2.13 4ot Hua ahove  axmu A
V=doy b ed e -
€= hinbl, laed, o, dy da,ef hoel, bo,dy, YLel, 404\4});&@3;
44@%
\//Z%Q)E‘a;eﬁ | |
B Ak, hoel dael, dbeh ) Jaedl
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2.4 Bipartite Graphs

Definition 2.14 A simple graph G = (V, E) is called s jﬁ+€
if V' can be partitioned into two sets V; and V, such that \/,1 M \/ e %

ot exer ; QA%, im. OF cevwect i ol Verchex o \/i el
A ek jmy cen W 5 e (%“L k@w A UD Qé‘%t lge{ﬂu eeny \/ ex o ) “I‘.:
wlo ek i omd lebween Vet /Dfr rllased \/l)

Example 2.15 I{; ‘HJ&,Q %/\_avrzs& %‘(FMFH:J{ >

e JLQ[DQQ\ e ~— ‘ OL. o .
e s SR
e S SR T g e e e &

Theorem 2.16 The following statements are equivalent for a simple graph G = (V, E):
1. @ is bipartite

4
2. The vertices of G can be coloured with Z colours so that ™Mo TwWoO

aﬁo\w\nk Uc}z,%?csz_/s oSl am»i%wqmi ‘WA,L ACNE. slsuix

{ 1D i
3. G has no subgraph that is & (,..\Q&_ ﬁi\» Bod o %wx
<

@i‘i Yoo C Erau 2.0 | =

ool P 1 ol vertices frae ene U
&) K T ew ﬁr e Pwocol T \ s
\ J{OLLQ'Q— S Lo has %‘1\9.1’3& A k@’\.\)cdl R %‘\ﬂ

) & and 4 dove a cnd oJowr! ad T W eyedof
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3 Graph Isomorphism. - Sectisw 10.%

Example 3.1

)= (i

Definition 3.2 Let G, = (Vi, E;) and G2 = (V5, Ep) be simple graphs.
An ZC;‘@W\B'L\M_Z ween from Gy to Ga is a ,’iumcilm p: V1=V

such that \€ in biedhve amde s 4
(u. amd. v o\c&&@w& e C-n) &« (‘f(u\) OJ\ACL \{3(\3) G_CL&&QM e .2)

Graphs G; and G are called Caenm L if there exists an A WS WAL

from Gy to G,. ((B\W N = \c\\‘e&dg\/\ l/ae’k’w&“ \'UU{‘L\CU.\ OJV e twin
I c{,[m"kx Yot Prrerres Xhe adian c% oo e,
Note: Isomorphic graphs are “essentially the same”, that is, one is obtaified from the

other by relabelling the vertices. Many graph properties are Lo \J“clh,{onf}i

(i.e. preserved) under 1somorph15m e.g.

= Lh&rmon C Mgy gha =-~.«\,u§; have H Bhikes y I
e N g | Y v fa same wumben of

— st ‘E‘f\‘L{A‘F f‘[r\raut_\ B j%.% ur:'gaf:,
z,d%ﬂ":

— tw@meﬁ\«.&uc x&m,&cﬁ: ﬂzone'{«vx rave 4%;.”;& Q[_‘ZIM_),A i-“{l
SIS SITEN :

i p . |
"}b\&‘\rc Twe Aome Mml-@(:_n f@‘[

To prove that Gy and G, are isomorphic, we must s Mot Hhene  ex; )J; A

J—Wﬂ"(“@ﬁ\-zeu‘ ons Apem & Yo Gy

To prove that G} and Gy are " @:k isomorphie, it suffices to A wew) tHhat "‘P/uu,g
— artfhar ’zusu,e C}I-..L:?)'J'E’ TOL G PRV S Y U—Ef \m%cﬂ;
— ellar. Qawe ol ;{mo v o© \’\_‘-‘\._.u\"(\_lrvc,‘: RA b:% od. LYIN
- eiffery hane A,L fernas ot TSRS L_{\ "‘-e.h_l\ s &{' &

centolon An_%m



