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Example 3.3 Are the following pairs of graphs isomorphic?
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4 Walks, TYails, Paths, Cycles. Connectivity.

Note that the terminology of this section differs from the textbook. A conversion glossary

is provided below.

4.L Walks, TYails, Paths, Cycles

4.1.L Undirected graphs

ur*[k- *ri*t!- sr^t0" o* egA/ ' ' l-i ' ' '- t--<

",, '( i ,er,*{rQ):Q tV <rrez54r,.,€s *, ' Ir"o <q( ( <t ,rr,r+,4+ff,€q( >
Definition 4.1, Let G : (V,E) be an undirected graph (possibty multigraph or pseudo-

graph) with the function f : E--- {{u,o} : u,u €V}. Let r, € N.

A wJk of length yL is a sequence of edges ct, err - - . - €n

oiGsuchthat  Ttut \  *  lA. i - r ,€. i \  ,  cc;e V a*A i* fT

A walk is called u tt-,-r-iQ* if its Ual.a"r, are pairwise distinct.

A walk is called 
" trdfu 

if its(i"{-r".Q2 ver#eD (and therefore u,J6r" )

are pairwise distinct. Il." " [1.c- F*t&.- ix o't-,n.e. 6r tt 
";A] 

i'

E I
A walk with *; = t^ is called clar*-J r*[E .

A trail with So o tc* is catled Js""J t..r-*iA .

A path with rc. : tC.^ is called 
%.-L 

^

Terminology conversion table

l3

Our term Rosen's term Uur term Rosen's term
walk path closed walk ci,rcui,t
trail si,mple path closed trail sr,mple ci,rcu'it
path none cycle none
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N o t e :  I n  a  s i m p l e  g r a p h ,  a  w a l k  € 1 , € 2 , . .  . ,  € 7 ,  w i t h  e r :  { r o , r t } , e z :  { r t , r z } , . . . , € n :

{rn-t,rn} can be more simply denoted by its sequence of'vertices:

{ t ,  * l  , ,  En* r  . . ,  \

Example 4.2 What can you say about vertices z and u in the following graphs if you know

that there exists a path from u to u7

1. a niche overlap graph

2. a friendship graph r

3. an airline connection network

4.2 Connectivity in undirected graphs

Definition 4.g A graph G is called Lv-rtq oS*A if there exists G w-aOL
between every pair of vertices in G.

Example 4.4

I4

c,tr\1^rre.dkl

Definition 4.5 Maximal connected subgraphs of G are called

Theorem 4 .6  Le tG:  (V , .8 )beagraph andu,u  eV.

@a walk from u to upif and only if there exists a

In G, there exists a.

lrrvl/\r\' *"-{ L

3*t,nr<ckj *1"'"' *nJs

no h;q.tt
beFar.e v\ {({-

2Ve,th"c*r

fua"e".,1t_*_duJ
de^ n u- C*J ce"*,lj-nq1.re,\d.A,

n h  I
Note: Every graph is a CB{-.{-ee*is'.* of its cslnt\*.$*J e*",r*.f,eA*d$,

J- e-On{!"c.,fa I

Number of connected components in a connected graph: 
4 f>** $**4 $,3",^")

@ " 
path from u to ufi
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Euler trails and tours

Example 5.1 The origins of graph theory - the Bridges of Konigsberg

In 1736, while stationed in St. Petersburg, the Swiss mathematician Leonhard Euler took

interest in the following puzzle. The townsfolk of Konigsberg, Prussia (now Kaliningrad,

Russia) take long Sunday walks. They wonder if it is possible to walk around the town,

traverse each of the seven bridges of Krinigsberg exactly once and return to the starting

point.

15

\/
I

t

Graph model:

= \+ i  g ,  c ,J t
- fa, bi..,a, .,{,fr} ,,

aqcA- {a.*.d. 4l/tq.e6

ffi*f€^?\* wlan4
,**A*

This is equivalent to the following question:

An t-*n,-l.. *,v*1"

.-,{*\ *j.t* +

4 .

Definition 5.2

in G containing

in a graph G is a

G
"-t*au I Ln*,. {

e"kff*)Eda-)L 'bde in a graph G is a b-r^i-[ Li ". 
n,o dff^ *rr" trrfe"}<J;

Iin G containing e v dza 
"+ "+ G

So: does the graph K above contain an LJr-r. +-^.\ / €^-U$L {*.*-l{ {
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34

z

is also €Ng'rt

16

Example 5.3 For each the following graphs, determine if it has an Euler tour. If not, does

it have an (open) Euler trail? ! " ''.

r,lo E$r- {.*.i No E"q_gcru.{0"h,!_ N"E.t."r"l , 0*4 venh,.er>
2 Verr-\co:s J Jl 2't, + tJl i-ee ,r v,,:d-oltj- 'l d":qryr++*\r 'ridc&X*% 

A &,ry&fr,4

" i  , , r ,  , 1 2 a 1  5 - t b 2 { 6 4

.

4$* n.***qf*-gr. frL \,,a. i r ! r"r vY-.;Lflcp-a 
"t 

o4<s

E"irrl+lL.d( E 
"-AD=+rI.:t N, Y Y4

' 4. a b E?* 
uqq\ 

!15l' dzFl; '\'lo€'lriaiL' F-i"!' {'*'t".

Theorem 5.4 A .*..r**.f.J graph G (possibly multigraph or pseudograph) has an

Euler tour if and only if erz<)"*6 t,r+";a{-*.v '4o*-n ** e,,\fe},\ &t*,

Pnoop. Suppose a graph G : (V,E) has an Euler tour

Al, tl,t tJ.t E- \ " / ; ' s ;

First we note that G rnust be (-€l^y',..n * *X u A , since the tour contains a path

betweenanypairof  vert icesorc. ' t - '  e,  {* t  * t ra i tAvi ."{ ' * i :E " ;* , ' i ' * '  t :  {* ,
Each time a vertex 'e*" 

i C * f- ,='t, is visited by the tour, Z edges of the

graph are used up, contributing 2 to the degree of di Hence J"li.ti is
\/d*r1 g.r,*,- for all internal. vertices of the tour.

For \Fd , the initial edge of the tour adds 1 to j"", i ,tsrj , each visit of

r$* as an internal vertex of the tour adds L , and the turt 
"a$ 

of thj tour adds {

Hence q0q")
Conclusion: E* *% veLt(+ q^*r. **\^ a^re,r1 &q*_



Graphs - M'qT L348

Conversely, suppose G is c.errr-rre-"*gA and that €-L[

€-\Jer'fu {ge,\.ae, ,
{}

We construct an Euler tour in G as follows:

Then 7'must in fact be &-

4. Since G is W.nxrc-c-L.e{

5. Join ? and ?'into 
'T'f

Replace ray T/!

6. Repeat Steps 2-5.

77

r/an*ex -0.a.t a rlt

*0s 
-m,rl

ass fu 4 oo ,s, \ 8-16r ''l
X a.!\ab-tilA {{E& +" +fr*l

1. Let?:,1!-6$-t 1h,... .tF,r.-4?F** be o, -*n4.4 ,4 G. l* e-ata L*c- <t,'r 'ta*t*io.i

ar' 4*&s.x g, Cl"B.$5q 4,4,\ ry h:&
---l-' , A!'s o^d_ c\n- nJpfqVejlt-q( e"+ (:r -

Since T is a !.,vr-a*Jrr4 ruJt ) +/.ai{ in t

qve'rL t%""t- , T must in fact be G' .-'{-s5t-

2. If T uses all edges of G, then ? is the required \

3. Otherwise, remove the edges of ? fiom G to obtain a graph C'. {r"lo{-e $.{tdd Gt -{^-4r\

LetT'be o- to1.;A 4 G'"

ds{eA -briaie.

, ? and T'must have O, egW\ r/ri.en/L Ve.,f-kX \f^

o.- 
f*iU nus.nnk& 4 ve,rder*u;

terminates, producing an Euler tour.

Corollary 5.5 Ao*""r,"."*cJ graph G (possibly multigraph or pseudograph) has an

open Euler trail if and only if ib 4ta} €

T?^,i<, \ruT$t'er, $,r*S {4*- uw^rs r.*"q^^ r1""^r 'e"&r.L tgedq fnr {fu. ed.
t

Note that since G has

this algorithm indeed !



Graphs - MAT 1348 1B

Example 5.6 Use the algorithm from the proof of Theorem 5.4 to construct an Euler tour

of the graph below.

/\A /v\A

A F  ) <  X

1 z z q s \re ms,- **€J J 

" '; 

***4r'*q rje,r\ es*b
rV

-*.r;.iS*


