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Example 3.3 Are the following pairs of graphs isomorphic?
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4 Walks, Trails, Paths, Cycles. Connectivity.

Note that the terminology of this section differs from the textbook. A conversion glossary

is provided below.

4.1 Walks, Trails, Paths, Cycles
4.1.1 Undirected graphs

AN SV

Definition 4.1 Let G =

graph) with the function f: F — {{u,v} :u,v € V}. Let n € N.

A walle
0% G such that

of length vi_ is a sequence of edges

Flei) = 4% 20y s

A walk is called a ’tma.LQ_
A walk is called a Taiﬁ\' if 1ts(t h‘(‘e\’na.;Q) \!'317:\'1@) and therefore %’.c(%&/x )
are pairwise distinct, (l . Y F&ie\ IVN 0\\{),/\(&“‘ = %&w Q)

A walk with % =

A trail with &

(AN

= K,

e is called

is called

’)QZ) €5) ,eg

if its {o{%»

Heresd
Lered  tnasl.

(( R €y f/, e_(
(V, E) be an undirected graph (possibly multigraph or pseudo-

walle

A path with 2, = XL, is called QJéC/QL .
Terminology conversion table
Our term | Rosen’s term || Our term Rosen’s term
walk path closed walk | circust
trail simple path closed trail | simple circuit
path none cycle none

€4y €ay ..

Xy & N and

4

L=

Qaf €, 02, €5,€4,8, ¢, 69- ;

> e"‘l

A

are pairwise distinct.
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Note: In a simple graph, a walk ey, es, ..., e, with e, = {29, }, e, = {z1,22},...,6n =

{%n_1,2,} can be more simply denoted by its sequence of vertices:
QC'D)CC’* STy (a\ﬂ'ﬂ 5 x"'\

Example 4.2 What can you say about vertices u and v in the following graphs if you know

that there exists a path from v to v?
1. a niche overlap graph
2. a friendship graph -
3. an airline connection network
4.2 Connectivity in undirected graphs

Definition 4.3 A graph G is called v e X ed if there exists ¢ Ma@\n_

between every pair of vertices in G.

Example 4.4
3¢ovm<c,smé e 2 cOnneche .L CE-MV@'V\ efv‘l"{"g
Conne ol i Alconne | vy d& Aeorane cfe éf

Definition 4.5 Maximal connected subgraphs of G are called csnn e thed B rene Jv\"’g I
A TA .

Note: Every graph is a CBQ_,QQ chiom ofits cennecked C‘**(’m"‘)é'}@“ mﬁ;‘“
Number of connected components in a connected graph: 4 (\ge_q g”f”(' g\a,.yw.q)

Theorem 4.6 Let G = (V, E) beagraphand u,v € V. In G, there exists a, = —
48z, a walk from u to vEif and only if there exists a —

£25, a path from u to vE . M W é
L2 : ’ e ) ;.
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5 Euler trails and tours

Example 5.1 The origins of graph theory — the Bridges of Konigsberg

In 1736, while stationed in St. Petersburg, the Swiss mathematician Leonhard Euler took
interest in the following puzzle. The townsfolk of Konigsberg, Prussia (now Kaliningrad,
Russia) take long Sunday walks. They wonder if it is possible to walk around the town,
traverse each of the seven bridges of Kdnigsberg exactly once and return to the starting
point.

Graph model:

Vo s b
 faeid, o)

\rjrdcx v eadk Qoud map
e ; CB'V\V\C.C,Q-\M ""EAH%
& o W Ya Lamiiax i

This is equivalent to the following question:

Do ?m exut o an)zf,J thou c,e»va% e"[?)ué;
Definition 5.2 An  Eullre “heur  inagraph Gisa closel +trail
in G containing <ty edqt oL G

Anfepen) Eulire. rasl inagaph Gisa Lhosl (Le. wo edoer oo mr@d& 4}

in G containing {&\‘/ejla QA%Q B’(— &L

So: does the graph K above contain an Eolir ‘Lgu}z, / I ”‘Ki&m;aé ?

b

No Bulex 4oy .
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Example 5.3 For each the following graphs, determine if it has an Euler tour. If not, does

P .

it have an (open) Euler trail?

No Fuli dowe | No Bulascodhd. No € foun, Onty verhiews
2 vertteny of ol 2V- Phadd Leg  Hv.glall A

T 3!
p » p— :l r Il 5
23 4 & 135422542 Mo E el Culin 4tsur-

He 2 i0an ot 0ld dyg the 2 :T"-f{»&_;g{ & 42635432661

Conclusion: E tand \OLES Lo MH N\% \éf@& “"““’MW‘ EA(‘ Ve}l‘{*\cm 94— Oié
Theorem 5.4 A Cg\r\m{dtié graph G (possibly multigraph or pseudograph) has an

Euler tour if and only if “a‘/@h*é verdey ‘J@\o\,z; AN @vem eiﬁ..%"&& .

PROOF. Suppose a graph G = (V| E) has an Euler tour

M@ [\9',\ v;l - - [y ’%A)“ﬂ(\)_o

"=y

First we note that G must be Q@*’"Yi‘ﬂfci:@ c& , since the tour contains a path

: . 7 ] ‘ ¢ " : _j{ﬁi ™ . B ' @ \‘.
between any pair of vertices of G. L_\- e . ’8‘3“ MO L Lff“d RS R L}"’M i a )

Each time a vertex ' OLcan is visited by the tour, Z. edges of the
graph are used up, contributing 7. to the degree of ’\9;[ . Hence ::LQ»q {‘9-5 ) is
s &

%~ eu~_ for all internal vertices of the tour.
\ AN A
For ) P , the initial edge of the tour adds /\ to dug, i V- o } , each visit of
(3
I it
‘"‘ﬁ”m as an internal vertex of the tour adds /. , and the last edge of the tour adds //i

Hence C&% Q\ﬁ‘h isalso eNem
Conclusion: Ew@’,\é veaker o oan Cven \
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Conversely, suppose G is covun ag%gi and that QA(&J‘U-(E \IQM{T@K dan aw

eNe A&%F\.LQ, .

We construct an Euler tour in G as follows:

L Let T: Yo%y ... Bui¥, be o bl A G. T can be wuntuucte]

o deflews., Cheone om wﬂy&ﬁwu xLeJWi/ ca{lr G Mo omd an eig&
Len e dond et gl Hle  caw Y deuwe M Gr Tty OSYIMe «Jﬁ:é) 19-,1
AL R ocd @ dgess to Jve, l\} W %0:302‘] ey
U/WJ\‘C- \Aa,s-u C‘_CI\AMO'JF &:&c,‘:‘( ﬂ’\\/\@w -{ %MM - ,\me_ .

Since T' is a(\ma;umaﬁ) "b'u)_g{ in G and every vertex of G has

s | “ f) Ve
Ve, i\uaf,u@ , T must in fact be a dore A XnauXe, 5-%
2. If T uses all edges of G, then T is the required T‘:UJLUL -l'_@ uie,
3. Otherw1se remove the edges of T from G to obtain a graph G'. (Ma@{ Huat ffj a
wﬂa v &?&@ verh, ua.A)
Let T be 0. Thai@ 23 G’ '
Then 7" must in fact be a. elered ‘b*z_a.;e .
4. Since G is u’i\(\nf,c,te&( , T and T must have O. C&vw v e \;@J(X e
: : ~
5 Join T and T" into T ”,

Replace T by T {’

6. Repeat Steps 2-5.

Note that since G has o ,f\.%;{_{b (‘*AW\E‘@@)& *@% \leru{-{ 2o

this algorithm indeed terminates, producing an Euler tour. 0

Corollary 5.5 A cennected graph G (possibly multigraph or pseudograph) has an

open Euler trail if and only if {' dhar  exn ﬂeg 7 vk eeh _enf-« eled :L)jmu
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Example 5.6 Use the algorithm from the proof of Theorem 5.4 to construct an Euler tour

of the graph below.
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