MAT1320 Solution to Review Questions

Solution to Review Questions
MAT1320, Fall 2015

3X_24. What is f'(=1)?

1. Letf(x)=

Solution. 3X_24=—1,3x—4:2—x. AX=6,x=3/2.
X_

2. Solve equation 2%~ = 3*%,

Solution. (2x—1)In2=(xx+1)In3,(2In2—-In3)x=In2+1In3. x=

3. Solve equation In x —In (10 — x) = 3.

X

Solution. In ——=-3 —e3 x=e310-x), (1 +e3)x=10e>. x

10—-x 10-x

4. Evaluate the following expressions:

(@) sin (arcsin (—0.3)). Answer. —0.3.
(b) arccos(cos(—zn. Answer. Z.
3 3
(.. (27 V4

(c) arcsin sm(—j : Answer. —.
3 3

(d) sin (arctan a). Answer. a

J+a?

5. Find limits:

. X2—-4
a) lim——.
@ 2+X—X°

2 —_ —
Solution. Iimx—42: Iimw:—limiz: 4 .
2224 X—X" 2 (2=X)([1+X) x>2 14+ X 3

(b) lim¥N+5=3
h—4 h-4

Fall 2015

IN2+In3  In6

2In2-In3  In(4/3) "

_10e”
1+e3"
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Solution.

y Jh+5-3 (vh+5-3)(vh+5+3) . h—4 1
im———=Iim =lim =lim ==.
>4 h—4 >t (h—4)(h+5+3) "4 (h—4)(vh+5+3) hﬁ4\/h+5+3 6

2 J—
(c I|m +x-1
—3/2 2
Solution. lim 2+ ¥X~—2 +\/_ 1 (X +\/— 1)/X —lim 1+ -1/x* 1

d) lim

X

Solution. IimL lim XX = lim 1 = lim ! 1

4x% +1 rH‘°’°\/4x +1/x rH°°\/4X FLI(E) a1 2

6. Suppose a function is defined as

ax+3, X< -2
f(X)=92x+b, —-2<x<3.
(@+D)x+2b, x>3

If this function is continuous for all x, what are a and b?

Solution. When x = -2, we must have —2a+3=—-4+b, or 2a+ b =7. When x = 3, we must
have6 +b=3a+3+2b,or3a+b=3. Thena=-4, and b =15.

7. Find the derivative of the function y = e"*.

Solution. By the chain rule, y' = 2x cos (x?) e

8. Some values of a function y = f (x) and it derivative are given in the following table:

X 1 2 3 4 5
f (%) 2 4 5 1 3
f(x) 1.2 05 0.2 -0.1 2.0

Letg=fof. Fillin the following table:
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X 1 2 3 4 5
9(x) 4 1 3 2 5
g'(x) 0.6 -0.05 0.4 —0.12 0.4

9. Find the second derivative of y = In(x++x* +4) .

Solution, y'— —L (1+ 2X J_ 1 x+\¢+4 ] 1
X+VXC+4 2 +4) x+E+4l P +4 VX +4
yll__ X
(X2+4)3/2'

10. Find the 73rd derivative of thee function y = cos x.
Solution. Since 73 =4 x 24 + 1, (cos x)"™ = (cos x)' = —sin X.

11. If afunctiony = f (x) is defined implicitly by the equation x* —y® + x?% + 3y = 1. Then the
derivative of this function at the point (1, 2) is

Solution. 3x* — 3y + 2xy +x°y' +3y'=0. 3—12y' +4+y +3y'=0. y'=7/8.

2
4 +1)2/3e><

12. Find the derivative of the functiony = (x . Do not simplify.
VX2 +1

3

——+2 —.
3(x* +1) X +1

Solution. Iny = %In(x4 +1)+x° —%In(x2 +1). y'/y=

(XD’ (0 o8xe X
y'= n +2X—— .
Ix2 11 3(x" +1) X“+1
13. Find the derivative of y = (sin x)

sin x

Solution. Iny=sinxInsinx. y'/y=cos x In sin x + cos X.
y' = (sin x)*"*cos x (In sin x + 1).
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14. The surface of a dock is 5 meters above the deck of a boat. The boat on the water is pulled
in by a cable towards the dock. When the boat is 12 meters away horizontally from the dock, it is
approaching the dock horizontally at a rate of 0.5 meters per second. How fast is the cable being
pulled in?

< 12m q

Solution. Let the length of the cable be x and the horizontal distance between the boat and the
dock be y. They are both functions of time t. Then y? + 25 = x*. Taking the derivative on both
sides of this relation to t, 2yy' = 2xx". x'=yy'/x. Wheny =12, x=13andy'=-0.5,

X'=12 x (—0.5) /13 =-6/13. The cable is pulled in at a rate 6 / 13 meter per second.

15. The hypotenuse AB of a right triangle is 10 cm. Angle CAB is increasing at a rate 0.1 radian
per minute. What is the rate of change of the area of the triangle when the length of BC is 6 cm?

C

A B
|« 10 »

Solution. The area of the triangle is A = % 10?sin @#cos &= 50 sin #cos 6.
A' =50 (cos® &— sin” €)8'. When BC =6, sin #= 0.6, cos &= 0.8. Since ' =0.1,
A'=50 x (0.8 - 0.6%) x 0.1 = 1.4 cm?/ min.

16. Use the linear approximation of the functiony = 3/5x+7 at x = 4 to estimate the value of
325 . Give the estimate as a fraction.

. 5 5 . .
Solution. y'= —————. When x =4, y'(4) = —. The linear approximation is
y 3(5x+7)** Y@ 27 PP
y= > (x—4)+3. Letbx+7=25. x= @ The estimation is > §—4 +3:E.
27 5 27\ 5 27

17. If F(x) is an antiderivative of the functiony = 1 L

~ such that F(0) = 2?” what is F(+/3)?
+ X
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F(x) = arctan x + C. F(O)———C F(J_ g —7[:7z.
3 3 3
3 4 4 . 3
18. Suppose L f (x)dx = 5, L f(x)dx =9, L f (x)dx=11. Find L (5 (X)—2x—3)dx..
Solution. [ (5f (x)~2x~3)dx =5, f (x)dx~ [ (2x+3)dx
) 2 2 '
i 3 4 4 3 3
Since jl f (x)o|x+j2 f (x)dx = jl f (x)o|x+j2 f (x)dx,, L f(x)dx=5+9-11=3.

[C@x+3)ax=[x*+3x]’_=8. [ (5f(x)-2x-3)dx=15-8=7
2 a x=2 2 '

19. Suppose some values of a function y = f (x) is listed in the following table:

X 1 12 14 16 18 2 2.2
y 12 18 21 22 19 17 14

Use all the values in the table and the left sum, right sum, trapezoidal rule, and Simpson's rule,

2.2
respectively, to estimate the definite integral .[1 f(x)dx.

Solution. n=6, h=0.2.

Le=02x (1.2 +1.8+2.1+22+1.9+1.7)=2.180.
Rs=02x (1.8+21+22+19+17+1.4)=2220.

Te—0—22><(12+2><18+2><21+2><22+2><19+2><17+14) 2.200.

56_0_32x(12+4 18+2x21+4x22+2x19+4x 17 +14)=2.227,

20. Use the midpoint rule with n = 4 to estimate the definite integral _[Ole‘xzdx.

Solution. n=4,h=0.25. Interval [0, 1] is subdivided by points 0.25, 0.5, and 0.75 into four
subintervals. Calculate the values of function e at points x = 0.125, 0.375, 0.625, and 0.875:

X 0 0.125 0.250 0.375 0.500 0.625 0.750 0.875 1.000
y 1.016 1.151 1.478 2.150

Ms = 0.25 x (1.016 + 1.151 + 1.478 + 2.150) = 1.471.

21. Suppose a particle is moving along the x-axis with velocity (in m/sec) v = 100 — t, t > 0.
Find the total distance (not the displacement!) it travels fromt=0to t = 12.
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Solution. This particle moves forward when t < 10, and it moves backward when t > 10. The

3 10
distance it moves forward is J' (100t )dt_{loot—%} &300 and the distance it moves

t=0

3 12
backward is —— J' (100 —t?)dt = {100t —%} 128 The total distance it traversed is
t=10
2128
3 meters.

22. IFF(x) = | " J2t? +1dt, find F'(x).

Solution. F(x) = jox (2t2 +1)"3dt - j: (2t +D)"3dt. F'(x) = 3x2(2x° +1)3 —2x(2x* +1)*°.

2 —
23. Evaluate the definite integral f X \/_1d
X

J'(X3/2 _l/Z)dX [2 5/2_2)(1/2}4 :2_
S 5

x=1

Solution. J.

[

24. Evaluate the definite integral Jz

X3
dx
0 J2x*+1
Solution. Letu=2x>+1. u'=4x. Whenx=0,u=1: whenx=2,u=09.

B FU e e
°J2x?+1 2x2 +1\4x w3

25. Calculate the indefinite integral j x? arctan xdx .

3

Solution. j x% arctan xdx_%x arctanx——j dx:%x3 arctanx—%j (x— X jdx

1+ x° 1+ x°

:Exsarctan x—Ly2 —lln(1+ x*)+C.
3 6 6

26. Calculate the definite integral j & X
3x% —2x-1
Solution. 22x+1 __A N B =A(x—1)+B(3x+1). A=—1,B:§.
3x“-2x-1 3x+1 x-1 (Bx+1(x-1) 4 4
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J.22X—+1dx=—lf L ogxs3 —d = Linf3xr1l+Sin|x-1)+C.
3x° —2x -1 3x+1 49 x-1 12 4

X+2

27. Calculate indefinite integral _[ T oxiE
X +2X+

Solution. X2+ 2x +5 = (x + 1)* + 4. Letu:%(x+1). Thenu':%,x2+2x+5:4(u2+1),and

X+2=2u+1.
j X+2 _J‘ X+2 2 du:J‘ 2(2l;+1)du:j 2LI du+£j : U
X* +2X+5 X’ +2x+5 4(u”+1) u-+1 us+1
1 2 1 1 2 1 X+1
==In(u” +1)+=arctanu+C ==In(x" +2x+5) + —arctan| — |+C..
2 2 2 2 2
28. Calculate the indefinite integral I 2)(;1
X(X“ +2X+5)
Solution. : :é+ Bx+C (A+ B)x? +(2A+C)x+5A
X(x*+2x+5) x X° +2X+5 X(X? +2X+5)
Then5A=1,A=1/5 A+B=0,B=-1/5,2A+C=0,C=-2/5.
I%dx:lf ldx—lj ;(;de=lln|x|—iln(x2+2x+5)—iarctan(x—+lj+c.
X(X“ +2X+5) 57 X X +2X+5 5 10 10 2
29. Calculate the indefinite integral | %dx.
1-x7)

32

Solution. Letx =sinu,—= <u< % Then x' = cos u, (1 — x%)¥? = cos® u.

NN

cosudu =tanu+C = +C.

1
= dx=
I (1-x?)¥? -[cos u 12

1/5

30. Consider functiony = :
x+1

(a) Find the first and the second derivatives of this function.

(b) Find critical numbers of this function.
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(c) For which values of x is this function increasing / decreasing?

(d) Find all local max / min of this function, if any.

(e) For which values of x is the graph of this function concave up / down?
(F) Find all inflection points, if any.

(g) Find all vertical/ horizontal asymptotes, if any.

(h) Sketch the graph of this function.

_ 4x-1 . 2(18x*—9x-2)
5x3(x+1)* 25x°°(x+1)°

Solution. (a) y'=

(b) Critical numbers are x =0, x=1/4. x=—1 is not a critical number because it is not in the
domain of the function.

() yy>0whenx<—-lor—-1<x<0orO0O<x<1/4,andy <0whenx>1/4. The graph has a
vertical tangent line at x = 0. The function is increasing when x <—1or—1<x<1/4,and itis
decreasing when x> 1/ 4.

8/5
(d) Functiony attains a local maximumatx=1/4. y(1/4) = = No local minimum.

(e) Lety"=0. 18x2—9x—2:0,x=—%, . y">0whenx<-1 0r—%<x<00rx>§,

w|nN

and y" <0 when —1 <x < —% or x > % . The graph of the function is concave up when x < —1 or

—% <x<0orx> %,and itiSCOncavedownwhen—l<X<—% orx> %

1/5 4/5
(F) Inflection points are —l, -— Z 23 .
6 3 5

(9) Vertical asymptote: x = —1, horizontal asymptote y = 0.



MAT1320 Solution to Review Questions Fall 2015

(h) The graph:

2
hocalmax
HAY=0 P R
-3 =2 -1 0 1 2
IP
-1
VAXx=-1 )
-3
31. Find lim2>2>"X
x=0 X —tan X
. . X=sinx ,. 1-cosx ,. sin x . sin x
Solution. lim =lim =lim =lim

-0 x—tanx x-01-sec’x x-0—2secx(secxtanx) x>0 —2(sinx/cos’ x)

1. 3 1
=——limcos’ x=—=.
2

2 x>0

x—7l2

32. Find lim (x—%)tanx.

X—ml2 1

Solution. lim (x—zjtanx: lim = lim ——=0.
X—7/2 2 x-7/2  cot X x—>7/2 5eC° X
33. Find lim (1-2x)"*.
Solution. Lety = (1-2x)"*. ThenlIny= In@=2) Iimlny:IimIn(l_zx):lim 2 __
x—0 x—0 X x—>01—2X

Hence, lim (1-2x)"*= e’

34. Find lim| =X _ 1.}
1"\ x—=1 Inx

. . X 1 . [ xInx—x+1 . In x . 1/x 1
Solution. lim| —-—|=Ilim| ——— |=lim| ——— |=lim| ——— |==.
-\ Xx=1 Inx/) xr{ (x=1)Inx -\ 1-1/x+Inx ) ~r\1/x“+1/x) 2
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35. Find the maximum area of a rectangle inscribed in a isosceles triangle with base 40 cm and
height 30 cm. Justify that what you got is an absolute maximum.

|

—

Solution. Let the height of the rectangle be y and the width be x. Then the area A = xy. Since

2
Y 20X _anf1- X a=s0x[1-2X =30k~ 2 0<x<40. LetA'=30- Sx=
30 20 40 40 4 2
0,x=20. Theny=15,and A=300. A'>0 when x <20 and A" <0 when x > 20. Function A(x)
attains a local maximum at x = 20. Since A(0) = A(40) = 0, this local maximum is an absolute

maximum.

36. A window with perimeter 10 meters has the shape of a rectangle surmounted by an
equilateral triangle. Find the dimensions of the window so that the area of the window is
maximized.

Solution. Let h be the height, and w be the width of the rectangle part of the window. Then the

area of the window is A = wh + ?WZ. The perimeter of the window is 3w + 2h = 10.
= 1(10—3W). Hence, A = 1W(10—3W) + ﬁwz, o<w< 0.
2 2 4 3
LetA'=5-3w+ EWZS— 1(6— \/§)W:0. W =W = 10 ~2.343,h= 1(10— i)
2 2 6—/3 2 6—+/3

= 5(1— 5 3\/§jz 1.485. A~5.858. A'>0whenw <wp, and A' <0 when w > wg. Function A
attains a local maximum at w = wp. Since A(0) =0, and A(10/3) =4.811. This local maximum
is also an absolute maximum.

37. Use Newton's method to find an approximation of a root of the equation €* = x + 1, with
X1 = 2. Stop until | Xp+1 — X5 | < 0.00001.

X2 = 1.556684, x3 = 1.327124, x4 = 1.261360, x5 = 1.256462, Xs = 1.256431.

10



