MAT 1320D Calculus I
Midterm 2 Solution
Professor: Wanshun Wong

1. [2 points] Find the derivative of f(z) = (cosx)”.

We use logarithmic differentiation: In f(z) = In(cosz)® = xIncosz. Differentiate both
sides with respect to x, we get
1 1

m-f’(x) =Incosz + x - -

- (—sinx).
Therefore f'(x) = (cosx)*(Incosz — xtanz).

2. [2 points] A spotlight on the ground shines on a wall 6 m away. A boy of height 1 m
is walking from the spotlight toward the wall. How fast the length of his shadow on the
wall is changing when he is 4 m away from the light and walking at a speed 0.5 m/s?

Let x be the distance between the spotlight and the boy, and y be the length of the
shadow. By comparing similar triangles we get

y 1

6
hence y = %, and ¢ = —l%-ac’. When z = 4, we get v’ = —4¢ % G
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This is an application of Fundamental Theorem of Calculus and Chain Rule, the answer
zt + el

Vb + tan z2

4. [5 points] Evaluate the following integrals:

1s 2.
(a) /arctan(2az)d$

First we use substitution y = 2z, dy = 2dz, and

1
/arctan(2x) dx = §/arctanydy.



Then we use integration by parts with u = arctany, du = ﬁ dy, v =1y, dv = dy.

1 1
§/arctanydy:§- (yarctany—/1_{’73y2 dy)

where the last integral can be computed by substitution easily. Therefore the final answer
is

1
x arctan(2x) — 1 In(4z* 4+ 1) + C.

(b) /xwlnxdx

We use integration by parts with « =Inz, du = X dz, v = ””1—111, dv = 2'%dz. So
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(c) / (22 — 2 + 2)3/2 dz

By completing square,

1 1
/ @ =2 = / (@11 ™

Then we use substitution y = x — 1 to get

1 1
| e [ g

The last step is to use trigonometric substituation y = tan 6, dy = sec? 0 df.

1 1 9
/—(y2 1y dy :/—(sec2 NEE sec” 6 db

= /cos@d@

=sinf + C.

and the final answer is




Rewriting the answer in terms of x (by drawing a right angled triangle with opposite

side and adjacent side of length y = 2 — 1 and 1 respectively), the final answer is
r—1

——+C
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(d) / sin® z cos® x dx
0

Let u = cosz, du = —sinzdr. When x = 0,u = 1; when = 7/2,u = 0.

w/2 w/2
/ sin® 2 cos* x dor = / sinz(1 — cos® z)(cos* z) dx
0 0

o Lo

Let u=/z, du = ﬁdz. When z = 7%/4,u = 7/2; when x = 72, u = 7.

71'2 i
/ Cosﬁdx:/ 2 cos udu
w2 /4 \/E w/2

= 2sinuly, = —2.

5. [2 points] Find the linear approximation of f(z) =9+ 2z at x =0 and use it to

estimate v/9.5.

We have f'(x) =

,s0 f'(0) = %. The linear approximation is

2\/9—#-

f(a:)%3+%(x—0):3+%.

Then v9.5 = f(0.5) ~ 3 4 %2 = 3L



between z =0

6. [2 points] Use R, to estimate the area under the curve y = 51
x

and z =1.

We have Ax = i’ and the right endpoints of the subintervals are %, %, %, and 1. Therefore

_1(1+1+1+1>_77
4 +1 0 142 143 1447 240

Ry

between z =0 and z =17

7. |1 point] What is th der th =
[1 point] at is the area under the curve y = 7———

We have

07 4

1+4z 1

/1 Lo ln(1+4x)|1_ln5
0



