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Instructions:

(a) You have 80 minutes to complete this exam.

(b) The number of points available for each question is indicated in square brackets.

(c) All work to be considered for grading should be written in the space provided.
The reverse side of pages is for scrap work. If you find that you need extra space
in order to answer a particular question, you should continue on the reverse side
of the page and indicate this clearly. Otherwise, the work written on the reverse
side of pages will not be considered for marks.

d) Write your student number at the top of each page in the space provided.

(d)

(e) No notes, books, scrap paper, calculators or other electronic devices are allowed.

(f) You are strongly recommended to write in pen, not pencil.

(g) You have to show your work for each question.

Good luck!
Please do not write in the table below.
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1. Consider the following linear system

Ty + 2.’152 — T3+ 556'4 =1
2.’171 + 2(172 — 2563 + 6LE4 = 3
r1 + X9 — T3+ 31’4 = 2

(a) [4 points] Row reduce the augmented matrix to the reduced row echelon form.

(b) [1 point] Determine if the linear system is consistent or inconsistent. (If the system
is consistent, you do not need to find the general solution.)

Solution: (a)

We write the augmented matrix of the system and row reduce it

Ry — Ry — 2R
1 2 -1 5|1 RiﬁszRll 1 2 -1 5|1

22 —2 63 b0 —2 0 —4)1
11 -1 3|2 0 -1 0 -2
P I T R 12 -1 51
BEBTER 0 2 0 -4 1 | B g 9 0 a1
000 0 005 00 0 0
R R1 — R,
moRmoR [ 1 5 poim |12 150
BB 0 2 0 a0 | 2R 0 0 20
00 0 01 00 0 01
10 —1 1[0
DB L0 1 0 20
00 0 01

(b) Since the rightmost column is a pivot column, the linear system is inconsistent.
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—1
2. [5 points] Determine all values of h such that the vector | h | belongs
6
1 3
to Span —1], |1
0 —8

Solution: We write the corresponding augmented matrix and then row reduce it:

1 3 |-1 R s Rt R 1 3 -1 1 3] —1
-1 1 |h N MU N /R W (R LN | R R |
0 —-8] 6 0 —8| 6 0 0|2h+4
-1 1 3
The vector | h | belongs to Span -1, 11 if and only if the system with the
6 0 -8

latter matrix as the augmented matrix is consistent, that is, the rightmost column is not
a pivot column. This is equivalent to 2h +4 =0, or h = —2.
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3. [6 points] Find the general solution to the matrix equation Ax = b, where

1 -2 -1 1 1
A:{_z A 3 1} and b:[_4].

You should write your solution in vector parametric form.

T
Ta
T3
Ty

Solution:  Assume x = . We row reduce the augmented matrix of the corre-

sponding linear system.

-2 4 3 1|4 0 0 1 3|-2 0 0 1 3

X1, T3 basic. xy, x4 free. Therefore the general solution is:

1 -2 —1 1] 1 ] Ro—Ra+2Ry {1 -2 -1 1] 1 ] Ri—R1+Ro {1 -2 0 4

ZB1:2I2—4[E4—1

To = free
T3 = —3I4 —2
x4 = free

and the vector parametric form of the solution is

T 2552 — 41[’4 —1 2 —4 —1
X = py - 2 x ! +x 0 + 0

T3 —314 — 2 210 Y13 -2

Ty T4 0 1 0
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4. [5 points| Consider the following linear system
Ty — Ty = 2
2x1 + hxy = k.
(i) For what values of h and k does the system have no solution?

(ii) For what values of h and k does the system have only one solution?

(iii) For what values of h and k does the system have infinitely many solution?

Solution:
o (1 =1 2] Resmeom [I -1 2
[A’b]_{Q h k} ’{0 h+ 2 k:—4]‘
(i) b= =2,k # 4;
(i) h # —2,k € R;
(i) hh = —2,k = 4;
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5. [5 points] Consider the following system of linear equations

xr, + 41’2 — 81’3 =0
2171 + 5232 — 7]{31‘3 =0
—333’1 — 9.1'2 + 11k3§’3 =0

Find all values of k£ such that the system has only the trivial solution.

Solution:
1 4 -8 0
The augmented matrix = | 2 5 =7k 0
-3 =9 11k O
R3s — R3 + 3R 1 4 _8 0

Ro — Ro — 2Ry

0 =3 =Tk+16 0O
0 3 11k—24 0

1 4 8 0
Bs2lstlo 1 3 _7k4+16 0
0 0 4k—8 0

Hence, for 4k — 8 # 0, i.e., k # 2, the system has only trivial solution.
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6. Consider the traffic flow described by the following diagram. The letters A through E
label intersections. The arrows indicate the direction of flow (all roads are one-way) and
their labels indicate flow in cars per minute.

X2
B¢
aws
z3
r—=A za| Y/ D —— 100
N VA
E
(a) [3 points] Write down a linear system describing the traffic flow, i.e., all constraints
on the variables z;,7 =1,...,7. (Do not solve the linear system at this stage.)
Solution:
A ry =I5+ 10
B Ts = To + Ty + 50
C 50 = T3+ Tg
D T3+ Ty = 100
E 10 + Ty +2Tg =Xy
Total T = x9 + 100
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(b) [1 point] The reduced row echelon form of the augmented matrix corresponding
to the linear system in part (a) is:

1 0 0 0 -1 0 0 | 10 T
0100 -10 01]-9
0010 0 0 1100
0001 0 0 0] 40
0000 O 1 —1]-50

L0000 0 0 O 0 |

Which variables are free?

Solution: x5, 7.

(¢) [1 point] Find the general solution of the linear system by filling in the following
blank:

Solution: =z, 29, x3, 24, x¢: basic; x5, x7: free.

( T = T5 + 10
T9 = T5 —90
r3 = —x7+ 100
ZE4:4O
rs = free
Tg :.ZL’7—50

L 27 = free
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