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Chapter 6 : Laplace Transforms

1 Definition

The Laplace Transform of a transformable function f(t), £(f) is define the following
way

LU®)S) = [T et s>
L is linear (Le.. Llaf(t)+ Bg(t)) = aL{f{t)) + BL(g(t))) and has an inverse

transform (L74).

2 Building Blocks
Here are some transforms of common functions :

) | Fls) = L{f{)}

£ nl/svh rn=0,1,2,... and s > 0
e 1/(s — a) PS> a

sin{kt) k(s + k) ;8>0

cos{kt) s/(s*+k*)  ;s>0

sinh{kt) | k/(s*—k?) s>k
cosh(kt) | s/(s*—~k*) s>k
&{(t — a) e as 8> 0

—as

5 >0

U(t“a) Blg s

Here, §(t—a) is the Delta-Dirac function shifted at e and u{t —a) is the Heaviside
function shifted at o defined as follows :

6 iisa

oo Hi=a

6(t—a)m{



0 ift<a
”(t““)“{ 1 ift>a

3 Transforms of Derivatives and Integrals

LI W)(s) = " L)) = 57 (0) = 57211(0) = ..~ [(0)
2l #r)dnl(s) = L))

4 Shifting Theorems
Suppose for the following that F(s) = L{f(¢)).
Theorem 1 (First Shifting Theorem)
L7HF(s —a)) = ™ f(t) or L™ f(£)) = F(s —a).
Theorem 2 (Second Shifting Theorem)

Liu(t — a)f(t — a)] = e"*F(8) or L7Me * F(s)] = ult ~ a)f(t ~ a)

5 Derivatives and Integrals of Transforms
Theorem 3
F)(s) = (~=1)"L{E" f(1))(s) or L7HEFM(s)) = (~1)"t"f(2)

£ exists, then

Theorem 4 If limy .o+ =

el [7 @z or [ Fig)ag) = Lro



6 Convolution

The Conwolution of a function f(#) with a function g(f) is :
¢
(F ) = | F()glt = )ar.
The Convolution is distributive, associative and most importantly comutative.

Theorem 5

L(f * g) = L{F)L{g) or LTHF(s)G(s)) = LT (F(s)) * L7HG(s))

7 Laplace Transforms and Differential Equations

The use of the Laplace Transform to solve a differential equation can be described
as follows:

1.Let Y(s) = L(y(t)) where y(t) is the {yet unknown) solution to the differential
equation.

2.Find an expression for Y'(s).
3.Compute £ (Y (s)) to come back to y(t).

Note that these steps often make use of the results presented earlier in this doc-
ument,



