APSC 172 Assignment 4 Solutions Due March 16-17, 2015

1. Using polar coordinates in the x-y plane, find the volume of the solid above the cone z = V3r

and below the hemisphere z = V4 - r? . Asa check the answer is approximately 2.2448 but of
course you have to calculate the exact answer.

Solution.
We need a base region in the x-y plane above which the solid lies. The cone intersects the

hemisphere when J3r = V4-r? and this solves to give the circle r = 1. The solid is the region

above z; = V3r and below = V4- r2 inside the circle r < 1. Thus the volume is
27l
V= ([, a2 -za= ] [(Va-r? - Jar rardo
R
00
27

= | j‘(rm_ﬁrzjdrda
00

We calculate the two r-integrals separately. For the first we use the substitution u = 4-r?
du = -2rdr

1 3 3
Ir 4—r2dr=_[—\/ad—u=—1u3/2} =—1(33/2—43/2):1(8—3\/§)==§—\/§.
2 3 4 3 3 3
0 4
The second is
b
fpwhx*}:__
3
0
Subtract the second from the first:

I(r\/ﬁ J3r? jdr_8 J3- \/_ 8- ;"/—

Then:

1 e
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2. A circular pool with radius 20 has water depth 2 at the south end and depth 7 at the north end
and in between increases linearly in the N-S direction. In the E-W direction, the depth is always
constant. Find the volume of water in the pool in two different ways.

() by calculating the integral of the depth. Use polar coordinates in the x-y plane.
(b) by using symmetry to find the average depth of the pool. Take care with your argument.
Solution:

(@) If the pool is centred at the origin with N-S along the y-axis, the depth z is linear in y with
slope 5/40 = 1/8. Thus:

7=2+(y+20)/8 = yg‘%.
We want to integrate this on the disc centred at the origin with radius 20:
2720
V= URy+36dA | rsm9+36 rdrdo
00
1 2720
= = [ [(r?sing+36r)drde
80 0
- 20
27| 3
= lj r—sin¢9+18r2}
ol 3
L r=0
2z
= lj Msm9+7200}d0
8oL 3

27
= [— @cose + 900«9}
3 0

0 + 1800z = 1800z.

(b) The depth of the pool is independent of x and is 9/2 along the x-axis. It is also antisymmetric
with respect to the x-axis, that is the depth at (x, y) and the depth at (x, —y) average to give 9/2.
Thus the average depth of the entire pool is 9/2. Now volume is areaxavge depth:

V = 20°z x 9/2 = 1800x.
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3. Find the mass and centre of mass of the solid S below the paraboloid z = 4 — (x* + y?) and
above the plane z = 0 if the density is p at any point (x, y, z) is the distance of the point from the
z-axis. Use cylindrical coordinates (polar in the x-y plane). As a check the mass is approximately
26.81 but of course you have to calculate the exact mass.

Solution

The base of the solid is formed by the intersection of the paraboloid with the plane z =0 and

that’s the circle x* + y? = 4 of radius 2. The density is the distance from the z-axis and that’s r.
272417

The massis M :”.[s p(Xy,z)dV =J.J.J.Srdv = J. I jrdzrdrd@
00

N

T 272

‘ 2 2;(;2
- I Irz|j;g rdrd@ = I Ir(4—r2)rdrd9: J‘ I(4F2—r4)1rd9
00 50 '

2 3 572 2
= [ as_r de:j 32 _32l4p- j—d9_128”.
3 5 3 5 15 15
0 0 0
Now for the centre of mass. By symmetry it will be on the z-axis. Letitbeat Z. Then:

_r2

Mz = .ms zo(x,y,2)dV = m.szrdv = ZJ?-T'A'J. rzdzrdrd @
00 0

ﬂ'
J' %_% 6 40— J‘512 102477.
3 105 105

0

. 11024 15 1024r 8
Thus Zz=— = =2
M 105 1287 105 7

172-2015 A4 solutions 3



4. At the right is the graph of the double 3-leafed rose /" \
r =1 - 2sin(36). (2 |
Right away you might wonder how there can be two r values for l
a given 6, but when | asked Maple to plot this curve that’s what it \
gave me. For example, for 6 = z/2, the diagram tells me that 1A
there are two r values, 1 and 3. \,\ ( X1

\\|/
(a) What’s going on here? How there can be two r values? %‘é o

(b) Calculate the areas of the big leaf and the small leaf. - -1 C::
As a check the answers are 2.9604 and 0.1812 (so that the area

between the leaves will be the difference 2.7792). These are / / -1 \

approximate but of course you have to calculate the exact ( ? P
answers. . .

. 1 1 .
Tech help: [sin?(k@)do==6 - —sin(2kd) +C.
[ p: [sin?(k)do =" 0~ -sin(2k6) +C ]

Solution.
(@) For @ =#i2, the formula gives me r = 1 — 2sin(3z/2) = 1+2 = 3 and that’s the intersection at
(0, 3). The intersection at (0, 1) comes from putting 8 = 3x/2, the formula gives me

r=1-2sin(97/2) =1 - 2sin(n/2) =1-2=-1

and the convention here is that when the formula produces a negative r, the point is projected an
equal distance through the origin. Thus the point (0, —1) for 8 = 3z/2 is projected through to the
other side of the origin giving us the point at (0, 1).

(b) The discussion of (a) gives us the 8 limits to use for the areas of the two leaves, the big and
the small, that lie along the y-axis. We need to keep in mind that the big leaf actually does lie
along the positive y-axis whereas the small leaf really lies along the negative y-axis but the r-
convention has projected it through the origin.

Now what are the limits of integration going to be for these two areas? Well they are the angles
that are tangent to the leaf at the origin and these will be the angles at which r takes the value 0.
To find these set:

1-2sin(39)= 0

sin(36) = %

36 =30, 150, 390, 510, 750, 870, ...
6 = 10,50, 130, 170, 250, 290, ...

Here, | have used degree measure as that makes it easier for me to relate to the diagram and |
have also used large enough values for 36 so | can get the limits for the small vertical leaf which
lies either side of 270°. Thus the limits of the large vertical leaf are 50° and 130° (so that it is
centred at 90° and is 80° wide) and the limits of the small vertical leaf are 250° and 290° (so that
it is centred at 270° and is 40° wide—that’s before it is projected through the origin).

In radian measure the #-angles are

0 = n/18, 5x/18, 13#/18, 177/18, 25x/18, 297/18,...

Thus the limits of the large vertical leaf are 57/18 and 137/18 and the limits of the small vertical
leaf are 257/18 and 29x/18.
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The calculations for the large leaf are:

137/18  1-2sin36 zl2  1-2sin30
A= ﬂRldAz j jrdrdezz j jrdrde (by symmetry).
57/18 0 57/18 0
zl2 [ o 1i-2sin36 2 . 2 !
=2 | {r—} do=2 | %9: ﬂl—4sin39+4sin239}19
57/18 0 57118 57/18
712 7l2
=0+ﬂ003349+4[19—isin(69)j =3¢9+ﬂcos30—lsin(60)
3 2° 12 05118 3 3 0=57/18
=3£+£cos(37r/2)—lsin(Sﬂ)—(5—”+ﬂcos(57r/6)—lsin(Sn/3)J
2 3 3 6 3 3
=3£+ﬂ(0)_1(0)_ 5z _ 4 _ﬁ 21 _E
2 3 3 6 3 2 3 2
2t B o604
2
The calculations for the small leaf are:
297/18  1-2sin36 37/2  1-2sin30
AzﬂF.’{LdAz I .[rdrd0=2 I Irdrde (by symmetry).
257118 0 257118 0
3r/2 [ o -2sin36 3712 . 2 37/
=2 [ |& do=2 | (1=25In30)" 45 j(l—4sin30+4sin239)10
2 2
257/18 0 257/18 257/18
3712 3712

=0+ﬂc053¢9+4 lH—isin(GQ)
3 2 12

=30+ ﬂ00339 — %sin(GH)

0=257/18 6=257/18

=33—”+£cos(97r/2)—lsin(97z)— @+ﬂcos(257r/6)—lsin(257r/3)
2 3 3 6 3 3

9_”+£(0)_1(0)_[@+£{£]_E[ED
2 3 3 6 3l 2 3l 2

=£—£z0.1812
3 2
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