Final test - December 2015

1+vVA—22 if -2<z<2

1.(10) (a) f(x) = { 3_ it R — draw the graph on

[725 5]
5
and use it to evaluate:/f (x) dz.

—2

x

(b) Calculate F' (z) if F (z) = /el’tzdt and determine whether F' (z)

—x2
is increasing, or decreasing.

2.(10) Evaluate:

cos® x
s—dzx

@) f sin®
(b) [(e® +1nz)dx

iy 2% +4
3.(6) Calculate F (z) if F' (x) = a1 and F (—1) =0.

72 _
4.(18) Evaluate:

/2

Ccos T
a ———dzx
<) /4+sin2z

(b) /sec4mdz

0
3

(c) /:c2 V14 zdz

0

5.(8) Evaluate the improper integrals, or show why they are divergent:

o0

® [

0[5

-1

6.(16) (a) Sketch and calculate the area enclosed by y =6 — 22 & y = 2 — 3z.



(b) Evaluate the volume of a solid obtained by rotating the region bounded
by y = sinz and the z — axis on [0, 7] about y = —1.

(c) Calculate fope of f(z) = on [0, 3].

x

16 + 22
7.(6) Calculate lim a,, or prove that it does not exist:
(3" +1)°

6n
(b) an =In (1+2n?) —In (30 4 2n?)

(a) an =

oo

8.(12) Determine whether the series Z a, is divergent, absolutely convergent,
n=2
or conditionally convergent:

(a) an = n2
—_3\"
(b) an = é+ >e"
1
(©) an = nin®n
9.(6) Determine the radius and interval of convergence of 2 ((nz—jll));

10(8) (a) Calculate the MacLaurin series for f (z) = z21n (1 + 2x)

o0

(b) Calculate S (z) = an%_l and determine its radius of conver-
gence. e
/2 /2
Bonus(5) Show that for a continuous f : /f (cosz)dx = /f (sinz) dz.
0 0



Solutions:

— draw the graph on

(@) = 1+vVd—22 if —-2<x<2
n 3—z if z>2

b ; N
oL
5
and use it to evaluate:/f (x)de=2r+4+.5—-2=27+4+2.5
22

d xr
(b) F'(z) = - / e dt = e 42l (3) = F/ (1) = 142> 0 —

—x2
it is increasing.

2. Evaluate:
3 1 — sin® d
(a) fC.OS xdx:f( sm. ?COS:C ’ =| t=sinz dt=coszdr |=
sin” 2 . sin® x
1-1¢
det:C—g(t2+1):C—Sinx(sin2:r+1):0—sinm—
1
sing’
u=lnz v =1
(b) [(e” +Inz)dr =e"+ [Inzdz = u’—l e =e"+xlnz—
T
[dz=e"—z+azlnz+C
2 +4 8 A B
3. F =5 =14+ — =14+ —+ — 8 =
(z) x? —4 +(w—2)(a:—|—2) +33—2+33—|—2 -
A(x+2)+ B(z—2);
Ife =-2:8=—-4B - B= —2andifz =2:8 =44 - A =
2 2
2. Theref F = 1 - = 21 - 2| —
erefore, F () f<+$_2 P de = z + 2In|z — 2|

2Injz 4+ 2|+C. If F(—1) =0 then: —1+2In|-1—-2|-2In|-142|+C =
C+2ln3-1=0—-C=1-2In3 - F(z) =z+2In|z — 2|-21n|z + 2|+
1—-2In3.

4. Evaluate:



/2
cos T
a ———dr =
(2) /4+sin2m

t,o1 1
—arctan —|j = - arctan —
2 2 2

t=sinx dt = cos xzdx

1
_/ at
A+

0

2=0—1=0 ng—w:l

4 /4
sect xdx = / sec? z (1 + tan? gc) dr =
0

t=tanx dt = sec? zdx

(b)

2=0—1t=0 m:%—wf:l

(1+¢*)dt ==

(c) [22V1+zdr =

r=0—-ot=1 x—3—>t—4

O\w O\Ho\i N —o

4
t=1+x dt = ’ /t_l Y Vids —
1

1,696
105

(t1/2 — 2632 4 15/2) dt =

)—‘\’b

5. Evaluate the improper integrals, or show why they are divergent:

oo

dz
(@) /xlnsx_
; d
zdx
) [52-
-1

0 1
1 1 | 1 1
3 /(:pl+ +1)dm+/( 1+x+1>dx _sllmlfln‘s -1
1 0

t=Inz dt = ==
T
r=e—t=1 x—00—t— 00

dx ‘

x A B )
3132_1—x_l-f—JH_l—>:10_A(3c+1)—|—B(x_1)_“4_3_5

1
lim —1In ‘32 — 1’ divergent.

s—1—

(a) Sketch and calculate the area enclosed by y = 6 — 22 & y = 2 — 3.
4
6—22 = 2—3z, giving: t = —1,2 =4 — Area = / ((6 — x2) - (2- Sx)) dr =

—1

125
6



(b) Evaluate the volume of a solid obtained by rotating the region bounded

by y = sinz and the z — axis on [0, 7] about y = —1.
l__
y
1 1 o2 3l g
| X
' [
-2 l
3+
VolumeV:W/(sinerl)defw:w/(sin2z+281nz+1)d:cf
0 0

(c) Calculate fupe of f(z) = \/ﬁ on [0, 3].
3 5
f _1/ xdr | t=+/16 + 22 tdt = xdx _l/dt_
we 3l Ji6+a22 |r=0—t=4 z=3—-t=5| 3 o
0 4
1
g.

6. Calculate lim a,, or prove that it does not exist:

371/ 1 2 3TL 1 2 97l 2 37L 1
(a)an:(6;n)—>lim( 6—”;) = lim i 6>:L + = 00 - diver-
gent
! +2
1+ 2n? 2
(b) @, =1n (1 + 2n2)—ln (30 + 2712) — limIn 30_:_727;2 =limIn 237 =
— +2
0.



oo

7. Determine whether the series Z an is divergent, absolutely convergent,
n=2
or conditionally convergent:

1 1

(=1)" VI+n3 VItn? i

(a) ap = ————— — lim|a,| = lim ——— = lim ————
n? 5 n2 1

0 therefore convergent. Since p =2 — - = = < 1 — the convergence

. o, . 2 2
is conditional

) =3 3 (Z)n

" e e — lim |ay,| _hm5+en = lim 5 = oo the series is

not convergent.

oo

1
(¢) an = 5 %Since/dia; =

nln“n zln®x

t=Inz tdt = xzdx
r=2—>t=In2 xz—00—>t— 00

. dt 1 1 I — 1 .
élggo 7T e Shjgog = 13 ;m is convergent (ab-
In2 -

solutely).

e’} 1 n
8. Determine the radius and interval of convergence of Z ﬁ
— (n+1)2"
2)2ntt 2
U )L e S
A1 (n+1)2n n+1
center a = —1 giving interval (—3,1).At the end-points: =z = -3 —

— (-2)" — (-1)" 1
Z(n(—i—l))Q” = Z ((n—i—)l) as ] N\, 0 it is convergent. At x =1 —
n=0 n=0

oo

2n 1
7;) m = z_;) ] with p =1 2 1 — divergent. The interval of

convergence is ther:[—3, 1).

The radius » = lim = 2 and

(a) Calculate the MacLaurin series for f(x) = 2ln(l +2z). As the

MacLaurin series for In (z + 1) = Z (- 1)”Jr1 — on interval (—1,1]
n

n=1
(22)" & L2 11
" 2 n+1 _ -1 n+l <  n42 -
we get f (¢ Z =D e on (g )
(b) Calculate S (x an ~! and determine its radius of conver-
gence. Slncef2x27’ 1 Z [ e = Mmoo 1 1
2n 21— 22

n=1



= d1 1
ifz2 <1 — x € (—1,1). Therefore, S (z) = ch%—l _ _

—~ T dr21—a2
— = on(-1,1).
(22 — 1) ( )
/2 /2
Bonus Show that for a continuous f : /f(cosx) dx = /f(sinx) dzx.
0 0
/2 w/2 ™
t=—-—-x —dt =dx
™
cosz)dr = sin(——2x))dx = 2
/f( ) /f( (2 >> I:O*)t:f I’ZE—)t*)O
0 0 2
/2

/ £ (sint) dt.

0



