MATH1005 — Tutorial 6
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1. Find the radius and the interval of the convergence of Z n(m2—n) :

n=1

n(z—1)" '

Solution: Let a, = ==

1 -1 n+1

n—00 Qp, n—0oo on+1 / 2n n—00

1

We use Ratio Test. When L < 1, we have |z — 1| < 2. The series is (absolutely)

convergent; When L > 1, we have |x — 1| > 2. The series is divergent. Hence

R=2.
o0 _2 n o0
When z — 1 = —2, the series is Z n(2—n) = Z(—l)"n, which is divergent by
n=1 n=1

Divergence Test.

R Y 2] L L .
Wh —1=2th E—:E , which is d t by D
en T , the series is 2 on 2 ln which is divergent by Divergence
Test.

Thus the interval of convergence I = (-1, 3).

2. Find the Maclaurin series of e°®.

+ %2 4 R=oo;

. 2,.2
Solution: ¢ =1+ 5% 4 2% -

2!

3. Let Z cn(z — 1)" be the Taylor series of f(x) = sin 6z, centered at a = 1, find cs.

n=0

Solution: f'(x) = 6cos6z, f”(x) = —6?sin 6x, f”(x) = —63 cos 6z. Thus

cz = f"(1)/3! = —36 cos 6.

4. Let Z ¢,z be the binomial series of f(x) = ﬁ, find ¢4.
n=0



Solution:

11 1 1 “(—1)"1-3-5---(2n—1)$2n

c4 is the coefficient of z*, where n = 2.

1(-1)%1-3 3

“T e T

. Find the Taylor Series of Smagm) near x = 0;

Solution:

o) _ "$2"+1 .
sin(z)  Loaro o (—1)ra2n

n=0 (2n+1)!
= =) —— 0.
x x Z (2n +1)! v#

n=0

. Which of the following is the coefficient of (z + 1)? in the Taylor series of f(z) =
In(4 + 2z) about a = —1 (center at -1)7

(@) =2 (b)-1/2  (¢)=3/4 ()6  (e) —1

Solution: (b).
flz) =2(4+2x)7" f'(2) = =2°(4 4+ 22) 7%, f"(2) = (—1)(-2)2°(4 + 22) 7,
FD (@) = (~1)(-2)(-3)2}(1 + 22) ™,

f”(—l) B _22272 B 1

20 2 2’
. Let f(x) be 2m-periodic such that

f) = { -1, for xz € [—m,0);

1, forxzel0,m).

a) Find the Fourier coefficients for this function.

b) List the first two non-zero terms of the Fourier series.

Solution: a) Since f(x) is odd, f(x)cos(nx) is also odd, thus ay = a, = 0.

2



b, = —/7T f(z) sin(nz)dz

—T

2 [7 2
= — 1si d = —— T
- /0 sin(nx)dx — cos(nx)|j
2 " 4 for odd n;
= — (1 — (_1) ) = nw
nmw 0, for even n.

b) The first two non-zero terms of the Fourier series:

. . 4 . .
bisinx + bz sin3xr = —sinx + — sin 3x.
s 3T

. Let f(x)

l—z, 0<z<l.
0, 1<z<?2;

(i) Let foqa(x) be the 4-periodic odd extension of f(z). Find the expression of
Joaa(x) when —1 < x < 0.

Solution:

Joda() = =f(—2)=-1—=(-2)=-(1+2)=—-1—2
(ii) Let fepen(z) be the 4-periodic even extension of f(z). Find the expression of
feven(x) when —1 < x < 0.

Solution:
feven(®) = f(—2) = (1 = (—2)) =1+

(ili) Find the Fourier sine series.

Solution: Fourier sine series: forn =1,2,3,...,

2 nmwT

by = %/OLf(x)sin(”—zx)dx: §/O2f(x)sin(7)dx
- /%1—@mm%?ﬁm

0

2 nwT 4 . nrx !

= {—E(l—x)cos( 5 )_n27r2 sin( 5 )]0
2 4 . nr
T nr n2n2 SIH(T)



n=1

(iv) Find a¢ and a,, of the Fourier cosine series.

Solution:

2 2

@ = 7 i f(a:)d:c:§/0 f(z)dx
1
2

nw n2m?
4 4 (nﬂ>
= cos(—
n2w?2 np2p? 2



