MATH1005 — Tutorial 3

1. Using variation of parameters find a particular solution to the following equation:
y”+y:ew+x3.
Solution: 1) Find two linearly independent solutions to the corresponding homo-

geneous equation:
y'+y=0

Note that the indicial (auxiliary) equation is

2 +1=0,=r==4i,= y () = cosz,y»(r) = sinz.

) Let yy(x) = s (2)us () + ua(wya(e). From yu(x) = cos, ) = sin, f(z) =
e* + 2% we have

—yof —sinx(e® + 23)
ull(x) = = 2

=5 = , = —sinz(e” +2°), =
1Yy — Y1y2  cos’x +sin“x

1 . . .
uy(z) = §€x(COSZE —sinz) + 2° cosx — 32 sinx — 62 cos x + 6sin .

T 3
cosxl\e A
2(w) = ,y1f/ = ( + 2) =cosz(e” +2°), =
Y1Yh — Y1y2  cos?x + sin“x

1
ug(x) = ée””(cosat +sinz) + 2° sinw + 32% cos ¥ — 6 sinw — 6cos .

Yp(2) = ur(2)y1(z) + uz()y2(z) = %em + 23 — 6.

2. Solve y" + 2z(y')/? = 0.

Solution: Since y does not appear explicitly in the equation, let z = y’. Then
y" = 2/, and the equation becomes 2/ +2z2/? = 0, which is first-order and separable.
Thus,

2V24r = —2nde, = 22V = —2? 4o, = 4z =2t — 2e2® + P, =

1 2
4y =2t —2ca® + 2, = 27 = ng’ — §C$3 + Fr4d.



3. Solve y" — 2yy’ =0, y(0) =1, ¥/(0) = 2.

Solution: Since x does not appear explicitly in the equation, put y'(z) = u(y).
du dy

Then y" = e = wu/, and the equation becomes u(u’ — 2y) = 0. Thus, either

u=0,=19 =0,= y = const;

or

W —2y=0=du=2ydy =>u=1y>+c=

u(0) =y(0)* + .=y (0) =y(0)* +e=c=lL=u=y"+1=

d
3 +yy2 = dx,= arctany = x + d, = arctany(0) = d,= d = arctan 1 = %’ -
™
arctany =z + T

4. Solve the DE: ¢y — 3y" — ¢/ + 3y = 0.

Solution: The indicial equation is 3 —3r> —r +3=0=r = 1,—1,3. Thus
y = cre” + coe”" + c3e®.
5. Solve the DE: vy — 5y” + 8y — 4y = 0.
Solution: The indicial equation is 7 — 512 + 8 —4 =0 = r = 1,2,2. Thus
y = c1e” + (co + czz)e™.

6. Solve the DE: v + 4y” + 6y’ + 4y = 0.
Solution: The indicial equation is 7® + 47? +6r +4 =0 = r = —2,—1 4 4. Thus

y = cre % + (cycosx + czsinz)e ™.

/ — 2
7. Find the general solution: o Ty .
y = bxr—2y



x]andA:

Solution: In matrix form, the system is X’ = Ax, where x = [
Y

=i

2—A 1
det(A—\I) = . 5_ =A—9=A=-3)A+3)=0 = A\ =3, \a = 3.
1 1] 1
For \; = 3, ¢ =0 = —a+b=0,a=1 = vy = .
5 =5 b 1
1 1
For Ay = —3, ; “ =0 = ba+b=0,a=1 = vy = .
5 1 b -5

Thus, Xl(t) —— [ 1 ] and Xg(t) — et [ B

1
+ cpet [ - ], ie.,

t

] are independent solutions, and the

1

general solution is x(t) = ¢’ )

z(t) = cret + cpe”

y(t) = cret — Bepe™

I —9
. Find the general solution: . bz =2y :
y = 8x—2y
Solution:  In matrix form, the system is x' = Ax, where x = [ v ] and
Y
a=|%72
8 —2
6-XN =2
det(A — \I) = =A=22 = M=) =2
et( ) s _9_1 ( ) 1 2

(A—2I)

;-

0
Solving (A — 2I) [

)

1
= 20a—b=0,a=1 = v; = [2]

1
;]:[2]’ = dc—2d=1 = c=1d=15 = v, =



1

1
Thus, x;(t) = €% ) and x,(t) = te* [ )

1
] + 2t [ r ] are independent solu-

tions, and the general solution is

x(t) = (C1X CoX :ezt
[y(t) ] = c1X1(t) + caXa(?)

c1 + Cgt +
201 + 209t + 1.5¢9 |



