MATH1005 — Tutorial 1

1. Solve
dy xva?+1
der yev

Solution: By separating x and y we have

yeldy = V2?4 ldx = /yeydy = /x\/ x? + ldz.
By Integration-by-pats,

/yeydy =ye’ —e¥ + C.
Let v = 2% 4 1, then du = 2zdx. Thus
du 4 3/2 4., 3/2
zVa?+ lde = \/ﬂ?:§u +C:§(1’ + 1)+ C.
The solution is A
ye¥ —e¥ = g(xQ +1)32 4+ C.

2. Solve IVP:

dy 2
— 1 p— ]_'
piak s y(0)

Solution: By separating x and y we have
dy

y?+1

Note that y(0) = 1, arctan1 = 0+ C,= C = 7. Thus y = tan(z + ).

=dx,= arctany =z + C.

3. Solve the DE: ¢ — 3y = e”.
Solution: 1) Find the integrating factor 1(x)

I(z) = ef 380 = =32,
2) Multiply the original equation by I(x) we have
e (y — 3y) = e et = (e Hy) = 2,
3) Integrate the two sides:

1 1
e 3Ty = /e%da: = —5672’” +C,=y= —§em +Ce™.



4. Solve the IVP: ¢/ +y =z + €*,y(0) = 0.

Solution: 1) Find the integrating factor 1(x)
I(z) = el 197 = ¢7.
2) Multiply the original equation by I(z) we have
ey +y) = €z +¢7), > (e7y) = ze” + e,
3) Integrate the two sides:

1 1
ey = /[asex + e¥|dr = xe* — " + 562“” +C=y=x—1+ 5&4—06_“”.

5. Let y(x) be the solution of the IVP:

dy 2
9 0)=1.
o= 2y y(0)

Find y(2).

(a) 1 (b) =1/3 (c) 1/2 (d) -1 (e) =2
Solution: (b). By separating x and y we have
dy _
Y2
Note that y(0) = 1, -3 =0+ C,= C = —1. Thus —, =2° — 1, — &5 = 3,=
y(2) = —1/3.

1
2rdr, = —— =22 + C.
Yy

6. Solve the homogeneous DE:
zy =y + xe¥/*.

(a) y = —zln|z|+C (b) y=xInjz|+C (¢) —y/z =Inl|z|+C

(d) e¥/* =In|z| + C (e) —e ¥/ =Inlz| +C



Solution: (e). Divide the two sides by x we get v = y/x + e¥/*. Let u = 2. Then
Yy = (zu) = u+ zu'. We have

1
utzu' = ute', = zu = e, = e du = —dz,=> —e * =In|z|+C, = —e ¥ = In|z|+C.
T

. Solve the following DE:
, L2y
T T
Solution: This is a Bernoulli DE with n = 3.

)Letu=y" "=y 2 Thenv' = (1 —n)y ™y = -2y3, =y = -1y

2) Substitute this into the DE we have

145, 2 Y3 1, 2 1
Ry + y= 57 U + -y = 2
= L - 2 ! =
——u' + —u=
2 x x?’
4 2
3) Now we have a linear DE.
— 4y —41In|z 1
I(z) = el ~2¢ 2641”:17.
4) Multiply (1) by I(z):
4 21 1 2
/ _ I __
A= e T G =

5) Integrating this we have

u 2 . 2z o 2w
o 53: +0,=u 5 +0, =y 5 +

. Find an integrating factor and thus solve the equation:

l—ay+a(y—z)y =0, z>0.

Solution: Let P(x,y) =1—uzy, Q(z,y) = x(y —x). Then P, = —z, Q, =y — 2x.

P, # Q.. The equation is not exact.
dI_Py—QwI_ rT—y .
dr Q@ - 2(y— 1) T




There exists f(x,y) such that

o) = @) Py) =~y (1)

and
fy(z,y) = 1(2)Q(x,y) =y —z. (2)

Integrating (1) to = we have
1
flay)= [ (- —y)de+g(y) =z —ay+g(y). =

fy(z,y) = —x +g'(y)-
Combining this with (2) we have ¢'(y) = y. = g(y) = %yQ. =
Ly
floy) =Inz —ay+oy" +C.
The solution is

1
ln:v—a:y+§y2:C.



