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Chapter 1: Introduction

1.1 Basic concepts

What is a differential equation?
First-order DE: f(y/,y,z) = 0.
Second-order DE: f(y",vy,y,x) = 0.
n-th order DE: f(y™, ...y, y,2) = 0.

IVP: Initial value problem = DE with initial conditions.

Family of solutions: if a DE without initial condition, then it may have infinite solutions.
Example. Match the following DE and possible solutions.
DE:(a)y" =y () y=-y (y=1/y (d)y" =~y (e 2*y" —2y=0.

SOL: (1) y =cosz (2)y=cos(—z) B)y=2> A y=e"4+e* (5)y=+2r



Chapter 2: First-order Equations

2.1 Separable equations

An equation is separable if it can be written as

Y = g@) ()

/ﬁdg/: /g(x)dx.

Example 1 Suppose we have the equation % = 37 fcosy_

its solution is

(a) Solve the equation.
Solution: This is a separable equation. We rewrite the equation as
(3y? + cosy)dy = 4tdt. Integrating it gives
y® +siny = 262 + C,

where C' is a constant.
(b) Find the solution satisfying the initial condition y(7) = 0.

Solution: From part a) we have
0% +sin0 = 272 + C,
which implies that C' = —272, and so the special solution is

y® +siny = 22 — 272,

Example 2 Solve the following IVP:

dp
- = (L+pYeet, p(0) = 1.



Solution: We write the equation as

dp
1+ p?

d
/ p :/tetdt.
1+ p?

Now we apply Integration-By-Parts to the right hand side. we obtain

= te'dt,

arctanp = te! — e’ + c.
Since p(0) = 1, we have
arctanl =0—-14+C, C=n/4+1.

Hence
arctanp = te' —e' +7w/4+1, or p=tan(te’' —e' +7w/4+1).

Example 3 Solve the following IVP:

dy 2 2
2 Pt =0 1) = 2.
oY . y(D)

Example 4 Solve the following differential equation

d
(p*—p-— Z)d—f = (p* — 3p+ 2)te".

Remark. One special solution is p(t) = 2.

Example 5 Solve the Logistic Equation:

P P
© kP (1-—
dt ( M)’

where k is the relative growth rate, M 1s the carrying capacity.

Solution: By Partial Fraction,

[ (5 ity )ar= [

Z|v



Its solution is:
M M — P,

e — A=
1+Aeikt, PO

P(t)

Orthogonal trajectory: Orthogonal trajectories are a family of curves in the plane that
intersect a given family of curves at right angles.
To find the Orthogonal trajectories,

1) Calculate 3’ from f(x,y) = 0;

vy _ 1

2) Solve the equation d

Example 6 Find the Orthogonal trajectories of a family of curves y = c/x.
Example 7 Find the Orthogonal trajectories of a family of curves y = ka?.

Example 8 Find the Orthogonal trajectories of a family of curves x* + y* = r2.

2.2 Homogeneous DE

Definition 1 A function z = f(x,y) is said to be a homogeneous function of degree n, if
[tz ty) =t"f(z,y).

For example, f(z,y) = xy* + 2® is homogeneous function of degree 3.

Definition 2 A first-order DE M (z,y)dx + N(x,y)dy = 0 is said to be homogeneous (in
(x,y)) if both M(z,y) and N(x,y) are homogeneous functions of the same degree. It is
equivalent to

dy .y

o= =fC).

Method to solve homogeneous DE: by substitution y = ux.

Example 9 Solve
(2% + y*)dz + (2% — 2y)dy = 0.



Solution: 1) The coefficients are homogeneous functions of degree 2.

2) Let y = ux. Then we get a separable DE

1—u
1+u

1
du + —dzx = 0.
x

The solution is
—u+2In|l+u|+In|z| =1n|.

3) Final solution is
(z +y)? = cxe¥/®.

2.3 Linear equations

Definition 3 A first-order differential equation is called linear if it can be written in the

form
d
a(m)% +b(z)y = c(2).
Zeros of a(x) are called singular points of the equation. The standard form of the first-

order linear DE is:

4 Pla)y = QLa).

If Q(x) =0, then it is called homogeneous; otherwise it is non-homogeneous.

Theorem 1 If y, is a particular solution of the LDE

dy

Pl P(r)y = Q(x)

and y. is the general solution of the associated homogeneous DFE

dy
AN o/ -
o T (z)y =0,

then y. + vy, is the general solution of % + P(x)y = Q(x).



Integrating factors

Consider a first-order linear differential equation

dy

s P(z)y = Q(x).

This equation may be solved by multiplying both sides by the function

I(ﬂf) _ edex’

which is called an integrating factor. The left side becomes the derivative of ye/ 4.

Integration of both sides will yield the solution.

Theorem 2 The general solution of a first order linear equation is given by

y:e’fpdx {/efpdeda:+C]

where C'is an arbitrary constant.
Example 10 Solve y' 4+ zy = x.

This is a linear first order ODE in standard form with p(z) = ¢(x) = z. The integrating
factor is

[(l’) _ efxdx _ €x2/2‘
Hence, after multiplying both sides of our differential equation, we get

i z2/2

_ x2/2
d:c(e y) = xe

which, after integrating both sides, yields
e$2/2y = /xexzmdx =" 24 C.

—x2/2

Hence the general solution is y = 1 4+ Ce . The solution satisfying the initial condition

y(0) = 1is y = 1 and the solution satisfying y(0) = a is y = 1 + (a — 1)e™*"/2,
Example 11 Solve zy' — 2y = x3sinz, (v > 0).
We bring this linear first order equation to standard form by dividing by x. We get

/ —2 2 .:
Y +—y=2x"smnx.
x



The integrating factor is
I(I) _ efdex/x _ 67211136 _ 1/1:2

After multiplying our DE in standard form by 1/x? and simplifying, we get
d

E(y/xQ) =sinz

from which y/2? = —cosz + C and y = —z% cos x + Cz%. Note that the later are solutions
to the DE zy’ — 2y = 23 sinz and that they all satisfy the initial condition y(0) = 0. This

non-uniqueness is due to the fact that x = 0 is a singular point of the DE.

Definition 4 A Bernoulli Differential Equation is a differential equation of the form

dy

Lt Pa)y = Qy”

where n is an integer.

For n = 1, this equation reduces to a separable linear differential equation.

n

Theorem 3 Suppose n # 1. Then the transformation u = y'™™ reduces the equation to a

first-order linear differential equation in u.
Example 12 Solve iy +y = x>,

Solution: This is a Bernoulli DE with n = 3.

1) Let u=y'""" =942 Then o' = (1 —n)y "™y = -2y 3y, = y 3y = —2u/

XU
2) Divide the original equation by y? we have 2
y Yy t=a,=> —%u’ +u=1z=
u —2u = —2x. (1)
3) Now we have a linear DE. The integrating factor is:
[(z) = el 7242 — 722

4) Multiply (1) by I(x):

(e %) = —2ze ",

5) Integrating this we have
e ¥y = /—Qxe_%dx.

By integration-by-parts,

1 1
e 2y = xe 4 56_23” +C,=u=x+ 3 +Ce® y 2 =a+ -+ Ce*.



2.4 Functions of two variables

Definition: A function of two variables z = f(z,y) is a relation which maps each point
(x,y) in a set D in the xy-plane to a unique number z. The set D is called the domain of
the function, which is often denoted D(f).

{(z,y,2) : (x,y) € D,z = f(x,y)} is called the graph of f (which is a surface).
Example. Sketch the graph of the function z = 2* — y? (Hyperbolic Paraboloid):

L5580 0“‘0““0“‘
STRIARINKD

SN
W““”‘

Example. Classify the following quadric surfaces: x? + 222 — 6x —y + 10 = 0.
Solution: We change it to (CC\;;)2 + i—z = 92;1 This is an elliptic paraboloid with vertex

(3, 1, 0), centered with the line x = 3, y = 1.

Example. Find the domain of the function f(z,y) = /4 — 22 — 2.
Solution: 4 — 22 — y*> > 0, i.e., > + y*> < 4. Thus D = {(z,y) : 2* + y*> < 4}.

Level curves (contour maps) of f(x,y): f(z,y) = k for different k.
Example. Let f(z,y) = 222 + 20y°. Sketch three level curves for k = 10, 30, 50.

)
)
% =

Partial derivatives

e Partial derivatives of z = f(x,y):

Zg = 02 = g = fo(z,y) := D, f := lim flethy) = fy)

T 0r Oz h—0 h ’

10



which is the derivative of f with respect to x;

_ 0z . g — fy(x’y) — Dyf — lim f(lf,y+h)—f($,y>

VT oy T oy B0 h ’

which is the derivative of f with respect to y.
e Methods:

1. To find f,: regard y as a constant, and differentiate f(x,y) with respect to x;
2. To find f,: regard z as a constant, and differentiate f(x,y) with respect to y.

e Meaning: f, means the rate of change of f with respect to x when y is fixed.
Example. Let f(z,y) =e™ + . Calculate f,(0,1), f,(0,1).
Solution:
|
Jo=ye™ + 7 f2(0,1) =2.

fy = xe™ —

T
"l fy(0,1) = 0.

Higher derivatives:

o3
foc:c; Wyfax - fxyzv-"

Example. Let f(z,y) =™ + 2. Calculate fuz, foy, fyy-

Solution:
1

fo=ye 4=, f, =z — =
)

1 2
f$$:y26my’ fxy:6$y+xyexy—gF7 fyy:x emy_’_F‘

The Chain Rule

1. If z = f($,y), T = g(t)a Yy = h(t)a then
dz Ozdzx 8zd_y

@t owdt Toydt

11



2. % means rate of change of z with respect to ¢ along the path x = ¢g(t), y = h(t),
teD.

Example. Suppose z = f(x,y) where xz = ¢g(t) and y = h(t). Given the data
9(1)=1,4(1) =2,
h(1) =2,h'(1) =3
f2(1,2) = =1, f,(1,2) = 2.
Find % when t = 1.

Solution. dz _ %d_x 0z dy

@ " ordt Toga 9T
t=1= (z,y) = (9(1),h(1)) = (1,2)
dz ,
PG = f2(1,2)g'(1) + fy(172)h/<1)
=(=DR)+(2)(3) =4

Example. Consider the following function

z=a’y+e"cosy, x=tsint, y=1t>

Calculate % by using Chain Rule.

2.5 Exact equations

By a region of the zy-plane we mean a connected open subset of the plane.
Definition 5 The differential equation

d
P(z,y) + Q(fv,y)ﬁ =0

is said to be exact on a region R if there is a function f(x,y) defined on R such that
df(z,y) = P(x,y)dz + Q(z,y)dy,
which is also called exam differential. The function f(z,y) is called potential function.

Equivalently,

0 0
L Py 2 -Qw)

12



Condition: The equation is exact if

oP  0Q
S (2)

The exact equations are solvable. In fact, if f(z,y) is a potential function, then the

solution of the exact equation is

f(z,y) =C.

Example 13 Solve 2x2yfl—g + 22y +1=0.

Solution: Here P = 2zy? + 1, Q = 22%y. The equation is exact since

To find f we have to solve the partial differential equations

of 2 of 2
— =2 1, — =2z%y.

If we integrate the first equation with respect to z holding y fixed, we get

flz,y) = 2°y* + 2+ ¢(y).
Differentiating this equation with respect to y gives

of o 1N o0
8y—2xy+¢>(y)—2fvy

using the second equation. Hence ¢/(y) = 0 and ¢(y) is a constant function. The solution

is 2%y + 2 = C.

Example 14 Solve

d
y—x+(m+y)£:0.

This is an exact equation. The solution in implicit form is z(y — z) + y(z +y) = C, i.e.,
y? + 22y — 2? = C.

Integrating Factors.

13



If the differential equation P + Q' = 0 is not exact, it can sometimes be made exact by
multiplying it by a continuously differentiable function I(z,y). Such a function is called an

integrating factor. An integrating factor I satisfies the PDE:
o(Ipr) 0(Q)

dy ox

which can be written in the form

oP  9Q\ oI Ol
(&) =955

e Case 1: [ is a function of z only.  This happens if and only if

orP _ 0Q
dy ox

Q

is a function of x only, in which case

We have
oP _ 9Q
I(x) =exp Q0T gy,
(z) ( 0

e Case 2: [ is a function of y only.  This happens if and only if

oP 0Q

dy ox
—p

is a function of y only. We have
oP _ 9Q
I(y) = Oy o= 4]
(y) = exp ( / —5

Example 15 Solve 22% +y + (2*y — z)y’ = 0.

Solution: Here op 00
9y ox  2—2xy —_2

Q  22y—z oz
so that there is an integrating factor I which is a function of x only which satisfies I'/I =
—2/z. Hence I = 1/2? is an integrating factor and 2 + y/2* + (y — 1/z)y’ = 0 is an exact
equation whose general solution is 2z — y/z + y*/2 = C or 22% — y + zy*/2 = Ch.

14



Example 16 Solve y + (2z — ye¥)y’ = 0.

Solution: Here
9P _ 9Q
Oy Ooxr 1

_p y
so that there is an integrating factor which is a function of y only which satisfies I'/T = 1/y.
Hence y is an integrating factor and y?+ (2zy —y%e¥)y’ = 0 is an exact equation with general
solution zy? + (—y* + 2y — 2)e¥ = C.

Remark. The solutions of the exact DE obtained by multiplying by the integrating factor
may have solutions which are not solutions of the original DE. This is due to the fact that

I may be zero and one will have to possibly exclude those solutions where I vanishes.

Chapter 3: Second-order Equations

3.1 Basic Definitions

A second order differential equation is an equation involving the unknown function y,

its derivatives ¥’ and y”, and the variable x. Linear second order DE:

a(x)y” + b(x)y + c(x)y = g(x).
Definition 6 The functions vy, ..., y, are linearly independent on an interval I if

an+-cyp=0=>c=---=¢,=0.

15



3.2 Linear Homogeneous Equations

Consider a linear, second-order, homogeneous equation in standard form,

y' 4 p(x)y" +q(x)y = 0. (3)

Theorem 4 If y; and ys are two linearly independent solutions, then the complementary

function y. = c1y1 + coyo 15 the general solution.
Reduction of order

Suppose that one solution g; is known. Then a second, independent solution ¥, is

obtained by letting ya(z) = u(x)y;(z), u(x) to be determined.

yo = uyr = Yo = wyr +uyy, Y ="y + 2u'y; + uyy,
SO 1o is a solution if and only if

[w"y1 + 20"y, + wyi] + p()[u'yr + un] + (@) [ugn] = 0,

ie.,
uly + p(2)yi + q(@)y] + u"y + 2u'y; + p(a)u'yr = 0.
Since y; is a solution, y{ + p(x)y] + q(x)y; = 0. Thus, ys is a solution if and only if

u'y + ' [2yy + p(x)y] =0,

ie.,

u 2y +p(x)y
2@ g
u n U1

Integration with respect to x then gives

Inju| = =2In|y| — /p(a:’) dr.

—2In|y1 In |y1|~2

=e = —, we

Taking the exponential of both sides and using the fact that e -,
Y1
obtain
|U’| — ie_fp(it)dw’ or u = :l:ie—fp(m)dm'
y% y%

Taking the plus sign and integrating once more, we obtain

1
u(x) :/—Qe_fp(x)dxdx.

Y1

16



Theorem 5 If y; is a solution of (3), then the second linearly independent solution is:

1
yg(x) _ y1(x) / ?e—fp(x)dx dr.
1

2 is a solution of

Example 17 Given that y, = x
2*y" —3xy +4y =0, x> 0,
find the general solution.
Solution:
u(z) = /ie_fp(gﬁ)dx drx = / %e_f_?)/:”dg” dx = $—3dx =Inz.

yi x !
Thus y2(x) = y1(z) Inz = 22 Inz. The general solution is
y(r) = C12° + Coz’Inz.

3.2.1 Homogeneous linear equations with constant coefficients

Second-order homogeneous linear equation with constant coefficients
ay” + by’ + cy = 0.
Let r; and ro be the two solutions of the Auxiliary equation
ar® +br +c = 0.
o 1y # 1yt y = Cre"" 4 Che™”.
o 1y =19 y=(Cy + Cox)e™™.
o r=a+1if: y=e**(Ccosfr+ Cysin fx).
Example 18 Find the general solution:
1. 2y" — Ty — 4y =0,
2. y" 4+ 6y +9y =0,
3.y +4xy + 8y = 0.
Example 19 Solve the IVP: 4y" + 4y + 17y = 0, y(0) = —1, 3/(0) = 2.

17



Solution: y = e™*/?(— cos 2z + 2 sin 2z).
3.2.2 Second-order Cauchy-Euler equation:

An equation of the form
anxny(n) + an_lx"_ly(”_l) Tt ary +agy =0,

is called a Cauchy-FEuler equation.

Second-order Cauchy-Euler equation:
asx*y" + arzy’ + agy = 0,
with as, a; and ag constants. In standard form, the equation is
! A / B
Y+ -y +—=y=0.
x x
Let y = 2". Find m so that y is a solution of the equation.
y =ra" Y =r(r—1)2"2

Substitute them into equation we get a” (agr (r — 1) +a1r +ag) = 0. Thus we get the

auxiliary equation
asr (T — 1) +ar+ag = O) or, (127’2 + (al - a2) r+ap = 0.
If 7y # ro are real, then y; = |z|™ and yy = |2]™.
If 11 = ry (real), then y; = |z|™ and yo = 2™ In |x|.
If ri,ry = a 4P (complex), then y; = |x|*cos(f1n |z|) and yo = |x|*sin(S In |z]).
: A B :

Proof. Since p(z) = — and ¢(z) = —; are undefined at x = 0, the solution may be unde-

fined at x = 0. Thus, we assume that x # 0. A Cauchy-Euler equation can be transformed

into a constant-coefficient equation as follows:

For 2 > 0, let x = e’ and y(x) = 2(t). Then t = In(z) and, by the chain rule,

dy dzdt 1dz d2y_ 1dz+1d22dt_ 1dz+1d22
dv  dtde xdt’ dz2  22dt  xdi2dr  22dt 22 dt?
d? d d
and the equation z2%y” + Azy’ + By = 0 becomes {d_tj — d—ﬂ + Ad_j +Bz=0, or

2"+ (A—-1)2"4+ Bz =0,

18



which has constant coefficients.

If z(t) and z3(t) are two independent solutions of z” + (A — 1)z’ + Bz = 0, then two

1/

independent solutions of x%y” + Azy’ + By = 0 are given by

y1(z) = z1(Inx) and ys(x) = z(Inx).
Since solutions of a constant-coefficient equation are sought in the form z = ¢ and
y(z) = 2(t) with t = In(z), y(z) = €™ = '@ = @) = g7 Thus, solutions of an Euler
equation can be sought directly in the form y = z".
If ri # 7y are real, then z; = €™ and 2z, = €™ — y; = 2™ and yp = 2.

If 71 = ry (real), then z; = " and 2z, = te™! — y; = 2™ and yo = 2™ In(z).

If 71,79 = a=£if (complex), then z; = e* cos(ft) and zo = e sin(ft) — y; = x* cos[f In(z)]
and y, = xsin[f In(x)].

For z < 0, let = —e' and y(x) = z(t). Then ¢t = In(—=x), and the same equation for z(¢)

results. In either case, t = In |z|.

>0
Since |z| = { oo 0 }, replacing = by |z| gives the solutions for any x # 0. Thus,

If ry # ro are real, then y; = |z|™ and yo = |2|™.
If T =Ty (real), then Yy = |x|7“1 and Yo = ™ In |:L‘|

If 1,79 = a £ i (complex), then y; = |z|* cos(f1n|z|) and yo = |z|* sin(F In |z|).

Example 20 Solve the following equations:

1. 2%y + 22y — 2y =0, z > 0.

Solution: This is an Euler equation. The auxiliary equation is

P4r—2=0= (r+2)(r—1) =0 =>y:clx_2+chzc—12+02m.
T

19



2. 22" +5xy +4y =0, z > 0.

Solution: This is an Euler equation. The auxiliary equation is

@)

P 4dr+4=0 = (r+2°=0 = y=—+c—,
xXr X

3. 2%y +4day +4y =0, v > 0.

Solution: This is an Euler equation. The auxiliary equation is

—-3++9—-16 3 7
r24+3r44=0 = r= 5 :—iigi;»

y=a"2 [cl oS (gln(x)> + o 8in (gln(:c)>] :

4. 2%y — 6y = 2*In(x), = > 0.

Solution: This is an Euler equation. The auxiliary equation is

P—r—6=0= r—-3)r+2)=0 = y =2 yp =22 yp = c12® + o2

23 In(z
Py = T ),
x3 x72 Yo f 1 [ 1In(x) )
Wiy, ya] = 2y _9p-3 | =9, Uy = — Wd = 5/ . dr = 1—[ln(x)] ,

1 1 1
Uy = Malx———/:754111(:13)dx=——x51n(96)+—5/x4d00=

: W _1 5 25 2
— 2—5x5 In(z) + 35%5 =
Yp = ULY1 + Uy = %O[ln(yc)]zyc3 + [—2—15355 In(x) + %xf’} 2=
1 1 1
1—0[1n(l‘)]2$3 — %—51153 In(z) + @x?’ = 1
Y=Yp+Yn= TO[IH(I)]ng - 2—5373 In(x) + Ef’ + 23 4 o2

20



3.3 Linear Nonhomogeneous Equations

Consider a linear, nonhomogeneous equation in standard form,
y' +p(@)y +q(x)y = G(z). (4)

The general solution is
Y="Yp+ Ye

where y, is a particular solution of (4), and y. = ¢1y; + c2y» is the general solution of the

associated homogeneous equation:

y' + p(x)y + q(z)y = 0. (5)

3.3.1 The method of undetermined coefficients

e G(z) = P(x) a polynomial with degree n.

1. If 2* is not a solution of (5) for any k < n, then let y,(z) be a polynomial with

degree n.

2. If 2% is a solution of (5) for k& < n, then let y,(z) = zQ(z), where Q(x) is a

polynomial with degree n.

3. If 2% and z* are solutions of (5) for k < n and s < n+1, then let y,(x) = 2*Q(z),

where () is a polynomial with degree n.
o G(r) = e

1. If € is not a solution of (5), then let y,(x) = Ae**.
2. If e is a solution of (5), but ze*® not, then let y,(z) = Azer®.

3. If both € and xe*™ are solutions of (5), then let y,(z) = Az2ek=.
e G(x)=acoskx + bsinkz.

1. If cos kx and sin kz are not solutions of (5), then let y,(z) = Acoskx + Bsin kx.

21



2. If cos kx or sin kx are solutions of (5), then let y,(x) = z[A cos kx + Bsin kx|.

o G(x) = e P(z)(scosmz + tsinmx).
Let y,(x) = e**[Q(x) cos mx + R(z) sinmz], where deg Q = deg R = deg P.

e G(z) is a combination of P(z),e*, cos kx,sin kz. Then use the Principle of Superpo-

sition.

The Principle of Superposition: If y; (z) and y»(z) are solutions of " +p(z)y' +q(z)y =

Gi(z) and ¥ + p(x)y’ + q(z)y = Gao(x) respectively, then y;(z) + ya2(x) is a solution of
v + @)y + q(2)y = Gi(z) + Ga(z).

Example 21
Example 22
Example 23
Example 24
Example 25
Example 26
Example 27

Example 28

Solve iy — 2y — 3y =2+ x.
Solve y" — 2y =2 + x.

Solve y" — 2y’ — 3y = 2e”.
Solve y" + 2y’ — 3y = 2¢e”.
Solve y" — 4y’ + 4y = 2e**.
Solve y" — 2y" — 3y = 2 cos(3z).
Solve y" + 4y = 2sin(2x).

Solve y" + 4y = 82 + 10e”.

3.3.2 Variation of parameters

Let y; and y, be two, independent solutions of the associated homogeneous equation

Y+ p(x)y +q(x)y = 0.

We seek a particular solution y, of the nonhomogeneous equation in the form y,(zr) =

ur(x)y1(x) + ua(z)ya(z), uy and us to be determined. Then

Yp = Uiy + UgYy = Y, = U Y1 + uryy + upya + uayy = (WY1 + unya) + (ury) + ugys).
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The requirement that y, be a solution of the nonhomogeneous equation imposes one condi-
tion upon the functions u; and us. Since there are two functions to be determined, we may

impose a second condition upon them and, thus, we require that u}y; + w5y, = 0. Then

/ —_—

Y, = uryy + uayhy =y = wy) +uhy] + uhyh + usys,

and vy, is a solution if and only if

[uryy + uiys + usys + uays] + () [wryy + uayh] + (@) [wiyr + uays] = f(2),
ie.,
uilyi + p(@)yr + a(@)yn] + ualys + p(x)s + a(@)y2] + uiy) + upys = f(2).
Since y; and y, are solutions of the homogeneous equation y” + p(z)y'+q(x)y = 0, the latter

requirement reduces to u}y] +ubys = f(z). Combining with the first condition imposed, we

obtain the system of equations

uiyy +ubys = 0
uhyy Husbyy = f(x)

for the unknown quantities u} and u}. The system may be expressed in matrix form as

1 Y2 U/1 _ 0
Y1 Y Uy flx) )
with the solution
CE-(in) G )ty () ()
uh v vh f(x) woye |\ ¥ wm flx) )

(T

Y1 Yo

Y Yo

Wronskian of the functions y; and y,. Thus,

<U’1>: 1 ( Y —m)( 0 >: 1 (—mf(ﬂf))_>
U W)\ —y1 wn (=) W(z) \  yif(x)

—yaf yf yaf yf
uy = V; andu’zzlw—)ulz—/%dxandm: lwdx.

Theorem 6 If y; and ys are two linearly independent solutions of the equation

The quantity = y1y5 — Yyy2 is denoted by W (z) = Wlyi(z) yo(z)] and called the

Y +p(x)y +q(x)y =0,
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then a particular solution of
y' + @)y +q(x)y = f(z)
s given by
Yp = wiys +uaye, W(x) =1y — Yiye, v = — Niid dr, uy = / Niid du,
Uiy + ugys = 0.
Example 29 Solve the equation
y' +y=tanz, 0<x<m7/2

Solution: 1) The auxiliary equation is: r? + 1 = 0, So, the solution of y" +y = 0 is:

Ye = C1SINT + Co COST.

2) Using variation of parameters, we seek a solution of the form

Yp = UY1 + Ugya = U3 SINT + Uy COS T.

Then
y; = (u} sinx + uj cos ) + (uy cos T — ug sin ).
3) Set
uf sinx + u cos . (6)
4) Then

Y, = Uy COST — UgSin .
Y, = U} COST — Uy SN — 1y Sin & — Uy COS T
For y, to be a solution, we must have
Y, -+ Yp = uj COST — upsinx = tanz. (7)
5) Solve (6) and (7) we get
uy =sinx, = u; = —cos .
Uy = COST — sec T, = up = sinx — In|secx + tan z|.

Thus
Yp(r) = —cosxn |secx + tan z|.

24



3.4 Equations Reducible to the First Order Equations

Case 1: A second-order equation (linear or nonlinear) in which the dependent variable (e.g.,

y) does not appear explicitly can be reduced to a first-order equation by letting u(x) = v/’

Case 2: A second-order equation (linear or nonlinear) in which the independent variable
(e.g., ) does not appear explicitly can be transformed into a first-order equation for ¢y as

a function of y. Thus, given the second-order equation

fy.y' y") =0,
, ) y du dy du )
let y/(z) = u(y), then, by the chain rule, y"(z) = o = U and the equation becomes
yax Y

f(y,u,uu’) =0, or g(y,u,u’) = 0, which is of the first order.

1
For example, given y” + (y')? <y + —) = 0, in which = does not appear, let ¥/(z) = u(y) to
Y
1
obtain the first-order equation uu’ + u? (y + — | = 0. Once u is determined by solving the

first-order equation, y is obtained by solving the first-order equation 3" = u(y).

Example 30 Solve y" + 2x(y')? = 0.

Solution: Since y does not appear explicitly in the equation, let z = ¢/. Then y” = 2/,

and the equation becomes 2’ + 2x2? = 0, which is first-order and separable. Thus,

-2 -1 2 1 / 1 / dx
27 =="2r = —2z =—x"4+c = z= = Yy = = y=
2 —c 12 —c 2 —c
1 9 dx
Ifc=0,theny=——+k Ifc=—-a"<0,theny= [ ——
x x? + a?
d
r =atan(t) = d—f = asec’(t) and 2% + a® = a*[tan®(t) + 1] = a®sec?(t), so the integral
1 1 1
transforms into y = — /dt = —t+ k; = — arctan (£> + ky.
a a a a
) dx 1 1 . .
Ifc=a" >0, theny= [ ——=— — dx by partial fractions. Thus,
2—a® 2a) r—a x+a

Tr—a

+ k.

1 1
y:2—[1n|a:—a|—1n|x+a|}+k‘2:—ln
a

2a T+a

Example 31 Solve yy" + (v')> = 0.

Solution: Since = does not appear explicitly in the equation, put y'(z) = u(y). Then
du dy
n_ =9

== wu/, and the equation becomes yuu’ + u? = 0. Thus, either
y dx

u=0,=y =0,= y = const;
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1

k 1
oru ' = -y = Injul = -Injy|+c = uzg =y =k = §y2:k$+k1 =

y::t k2$+/€3.
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Chapter 4: Higher-order Linear Equations

4.1 Homogeneous Equations

4.1.1 Higher-order homogeneous linear equation with

constant coefficients

ary™ + apay" Y 4+ ary + agy = 0.
The auxiliary (indicial) equation is

Ml air4ap = 0.

akrk + a7
o [f the auxiliary equation has k different roots r;, then the solution is
y=cie 4 - 4 cpet”.
e [f the auxiliary equation has a root a with multiplicity m, then one solution is
y=e"(cy + cor + -+ ™).
e [f the auxiliary equation has a root a 4+ b with multiplicity m, then one solution is
y = e cos(bx)[c1 + cax + - + ™ + e sin(bx)[dy + dox + -+ + dpa™ .

Example 32 Solve the DE: y" — 2y" — 3/ + 2y = 0.

Solution: y = c1€” + cpe™® + c3e??.
Example 33 Solve the DE: y" + 3y" — 4y = 0.
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Solution: y = ¢, + cpe 2 + czxe 2,

Example 34 Solve the DE: y™® + 2y +y = 0.

Solution: y = ¢y cosx + ¢y sinx + c3x cosx + cyxrsinx.

Example 35 Solve the DE: y® — 12y® 4+ 52y — 156y’ + 169y = 0.

3 3 3

Solution: y = ¢;e3% cos 22 + c2e3* sin 22 + c32e3® cos 2o + cqze> sin 2.
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Chapter 5: Linear Systems

5.1. Homogeneous systems

A linear system of differential equations has the form

dx
WL (0 a4+ an (B, + (D),
dz,,
— = an ()21 + ana(D)zs + -+ ann (D0 + fult).
1 ayip - Qip J1
Letting X — | A= : : : ,and F = ¢ |, we obtain the matrix
T, Gp1 - Onn Jn

differential equation X' = AX + F.

A linear system of homogeneous differential equations has the form

dl‘l
E = an(t)l'l + am(t)xQ + -+ aln(t)xn,
dx,,
- = a1 ()1 + an2()za + -+ + apn(t) .
For example, a system of two, linear, homogeneous equations with constant coefficients has
the form
¥ = ax+by
Yy = cx+dy,

where a,b,c and d are constants, and x and y are functions of ¢t. The system may be

expressed in matrix form as

()-()-(20)6)
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x a b
Letting x = ( ) and A = ( J > , we obtain the matrix differential equation x’ = Ax.
Y c

Superposition principle. Let X; (i=1,....,n) be a set of solutions of the homogeneous
system

X' = AX, (8)

where X is a vector with n-entries of variables. Then the linear combination ¢; X; +...+¢, X,

is also a solution.

Linear dependence/independence. If there exist n constants c,..., ¢,, not all zero, such
that ¢; X7 + ... + ¢, X,, = 0 for all ¢ in an interval, then X; (i=1,...,n) are linearly dependent.
Otherwise, independent.

Criterion for Linearly Independent Solutions. If the Wronskian W (Xy,..., X)) =
det(Xy, ..., X)) # 0 for all ¢ in an interval I, then X; (i=1,...,n) are linearly independent on
L.

Fundamental Set of Solutions. Any n linearly independent set of solutions of (8) is
called a fundamental set of solutions of (8). The linear combination of any fundamental set

of solutions of (8) is the general solution of (8).

Example 36 Two large tanks, each holding 24 liters of brine, are interconnected by two
pipes. Fresh water flows into tank A a the rate of 6 L/min, and fluid is drained out tank B
at the same rate. Also, 8 L/min of fluid are pumped from tank A to tank B and 2 L/min from
tank B to tank A. The solutions in each tank are well stirred sot that they are homogeneous.
If, initially, tank A contains 5 in solution and Tank B contains 2 kg, find the mass of salt

i the tanks at any time t.

To solve this problem, let z(t) and y(¢) be the mass of salt in tanks A and B respectively.
The variables x, y satisfy the system of the first order DE

, dr -1 1

X —%—?Jfﬁ-ﬁy,
gty 11
dat 3 37

The first equation gives y = 122’ + 4x. Substituting this in the second equation and
simplifying, we get
x”+gx’+ix20
3 12 '
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The general solution of this DE is

x = cre ? 4 e S,

This gives y = —2c1e™ %2 4+ 2c5e7/6. Thus the general solution of the system is

€T = cle*t/2 + cge’t/G,

Y= _2016—7:/2 + 2026_”6.

—i—cze_t/G L .
2

Using the initial condition z(0) = 5, y(0) = 2, we find ¢; = 2, ¢co = 3. Geometrically, these

These equations can be written in matrix form as

equations are the parametric equations of a curve (trajectory of the DE) in the zy-plane
(phase plane of the DE). As t — oo we have (x(t),y(t)) — (0,0). The constant solution
x(t) = y(t) = 0 is called an equilibrium solution of our system. This solution is said to
be asymptotically stable if the general solution converges to it as ¢ — co. A system is

called stable if the trajectories are all bounded as ¢t — oc.

Here we consider homogeneous Linear system

dX
— = AX.
dt

Analogous to second-order, linear, homogeneous equations, we seek solutions in the form

x = eMv, where ) is a constant and v is a vector to be determined.

x = eMv = x' = MMy, so X = Ax & NeMv = AeMv o Av =),

i.e., A is an eigenvalue of A with the corresponding eigenvector v.

To find all eigenvalues, we solve the following characteristic equation
det(A — \I) =0,

where [ is the identity matrix, and solve for A\. For each eigenvalue A, the corresponding

eigenvectors are the nonzero solutions v of the matrix equation (A — A\I)v = 0.

(2 x 2) Homogeneous Linear systems
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We now describe the solution of the system % = AX for an arbitrary 2 x 2 matrix A.

There are three main cases depending on whether the discriminant
A = tr(A)? — 4det(A)

of the characteristic polynomial of A is > 0, < 0, = 0.

Case 1: If the 2 x 2 matrix A has two distinct real eigenvalues A;, As. Then the matrix
A has two independent eigenvectors v; and vy, corresponding to the eigenvalues A\; and

At A

Ay tespectively (distinct or not), then x; = eMlvy and xo = e*?'vy are two independent

solutions of the matrix equation, with the general solution x = c¢;x; + co9Xo, where ¢; and

co are arbitrary constants.

2

_ it Aot
TN o nn At [ V12 T = e’ + e
=€ + coe — At Nat .
Y Va1 () Y = c1e7 V9 + e Vg9

/

v v
In terms of the original variables, if v = ( M ) and ( 12 ), then
V21 V22

2x — vy

Example 37 Find the general solution: . .
y = 3r—2

x
Solution: In matrix form, the system is x’ = Ax, where x = ( ) and A =
Y

2 —1
3 -2/
det(A — \) = 2-r

=2 1=A-DA+1D=0 = A =1 hp=—1.
5 _9_) ( JA+1) 1 2

1

-1 1
For Ay = —1, s “ =0 = -3a+b=0,a=1 = vy = .
3 -1 b 3

1
Thus, x;(t) = €’ ) and x5(t) = e™* 5 | e independent solutions, and the general

1 1 t —_= t —t
solution is x(f) = cy¢’ ( ) ) + cae™ ( 5 ), ie., #lf) = ere’  cae

y(t) = cret + 3cge™

1 -1 1
For A = 1, “V=0= —a+b=0a=1= v, =
3 -3\
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Case 2: If the 2 x 2 matrix A has repeated eigenvalues A\; = Ay = A, and the matrix A has

two independent eigenvectors vy and vs, then it is same as Case 1:

fl = 6”’171, fg = 6”’[72.

/
= 3
Example 38 Find the general solution: { $, 3x .
y = 9y

30
Solution: In matrix form, the system is x’ = Ax, where A = ( 0 3 ) .
Two eigenvalues are A\ = Ay = 3.

1 0
For A\ =3, = v; = , Vo = :
0 1

Case 3: If the 2 x 2 matrix A has repeated eigenvalues Ay = Ay = A with only one
independent eigenvector K, then one solution is given by x; = eMK. A second linearly

independent solution is given by
Xy = teMK + eMP,

where P satisfies

(A= X)P =K. 9)
"= 3x—18
Example 39 Find the general solution: { x/ . .
y = 2r-—9y

x
Solution: In matrix form, the system is x’ = Ax, where x = ( ) and A =
)

3 —18
2 -9
Two eigenvalues are A\ = \y = —3.
3 3
Fordy=-3 = wi=K={(_ | = X1(t)=e3t<1 >

To find a second linearly independent solution, we solve (9),

(A+3)P=K, = P= (O(‘)5>.
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3 0.5
Thus, x5(t) = teMK + eMP = te™3 ( | ) +e ( 0 ), and the general solution is

x(t) = e1x1(t) + caxa(t).

Case 4: If the 2 x 2 matrix A has complex eigenvalues, A\ = a + bi. Let K be the

corresponding eigenvector. Then

X1 = (Bl cos bt — B2 sin bt)e“t, X2 = (BQ cos bt + B1 sin bt)eat, B1 = RGK, BQ = ImK.

A A

In fact, x; = eMtvy and xy = e*?'v, are two complex solutions. In this case the roots of

the characteristic polynomial are complex numbers
r=atiw=tr(Ad)/2£i\/A/4
The corresponding eigenvectors of A are (complex) scalar multiples of

1

oxar

where 0 = (o — a)/b, 7 = w/b. If X is a real solution we must have X = V + V with

1
V = ~(c; +icy)e*(cos(wt) + isin(wt)) 4
2 o+ ir

It follows that

X = e*(c; cos(wt) — ¢y sin(wt))
o

+ e (cy sin(wt) + ¢; cos(wt)) [?_] :

The trajectories are spirals if tr(A) # 0 and ellipses if tr(A) = 0. The system is asymptoti-
cally stable if tr(A) < 0 and unstable if tr(A) > 0.

/

6 _
Example 40 Find the general solution: . v
y = br+4y

Solution: In matrix form, the system is x’ = Ax, where x = ( v ) and A =
Yy
6 —1
5 4
Two eigenvalues are A\ =5+ 21, Aoy =5 — 2.

The general solution is

X = e%(cy cos(2t) — cysin(2t))

+ €% (cy sin(2t) + ¢y cos(2t)) [_02] .
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Chapter 6: Sequences and Series

6.1 Sequences

Sequence:

a1,092, ..., p, ...

ay, is the nth term. If lim,,_., a, exists, then we say the sequence converges. Otherwise, we

say the sequence diverges.

Example. The sequence {IHT”} is convergent.

Solution: l . 1
lim an_ lim . lim il =0.
n—oo N r—o00 I T—00

Example. The sequence {vn? +3n —1—+v/n? — 1} converges to 2.

Example. The sequence {cosn} is divergent; {arctan(—n)} converges to —3

Example.

P B R ¥
n—00 oo, |r|>1.

)"} is convergent, but the sequence {(3)"} is divergent.

Thus the sequence {(5

Property: If a, = f(n) and lim f(x) = L, then lim a, = L.
T—00 n—00
Properties: Let {a,} and {b,} be convergent, ¢, d € R.

1. lim (ca, + db,) = ¢ lim a,, + d lim b,.
n—00 n—00 n—00

2. lim (anb,) = (lim a,)(lim b,).

n—oo — 00
. lim an | .
3. lim & = ===—if lim b, # 0.
n—oo " anw n n—o0

4. lim a® = (lim a,)?, if a, > 0 and p > 0.

n—oo n—oo
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5. If lim |a,| =0, then lim a, = 0.
n—oo n—oo

Squeeze Theorem: If a, < b, <¢, and lim a, = lim ¢, = L, then lim b, = L.
n—00 n—00 n—r00

Example. { } converges 0.

cosn
Bounded above: q, < M for all n.

Bounded below: a,, > m for all n.

Bound and Convergence: A convergent sequence is bounded.

Monotonic Sequence Theorem: Every bounded monotonic sequence is convergent.

Example. Given the sequence {a,}: a1 = 2, ay41 = 3(a, + 6).
(a) Show that the sequence is increasing and bounded above.

Solution: (i) We will show that a,, < 6 by induction: Note that a; < 6. Assume that
an < 6. Then a,4+1 = 3(a, +6) < 1(6+6) = 6.
(ii) @n+1 —an = 3—1a, > 3— 3% = 0. Thus the sequence is increasing. (b) Find the limit

of the sequence.

Solution: By Monotonic Sequence Theorem, the sequence is convergent. Let the limit
be L. Then by the recursive relation, L = (L 4+ 6) = L = 6.

Example. a, = .37 is decreasing, and 0 < a, <1 for any n.

To check it, let f(z) = 5. Then f'(z) = % < 0 when x > 1. Hence f(z) is

decreasing when x > 1.

6.2 Series

A basic fact is
lim " =0<|r| <1.

n—oo
The sum > 0. a; = a1 + ag + as + ... is called infinite series.
j=1%J 3

Partial sum: .

Sn = Zaj.

J=1
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Then .
Zaj =S lim S, =S5.

n— oo
Jj=1
e Geometric series: if |r| < 1 then Y 2 ari™t = %,
J= 1—r
o k1 _ 1
n(ntk) — n n+k”

Harmonic series Y22, - is divergent.
e Divergence Test: If lim,,_, a, # 0, then Z;’;l a; is divergent.
o > 2 (caj+dby) =y a;+dY 2 by

Example. Determine if the series converges or diverges:
0 92n+2

(a) 3n+l

() Syt
(0) oo S
(d) >0 e
Solution:(a)

°° 92n+2 ©_92(n+1) © 4 n+l

It is a geometric series with ratio r = 4/3 > 1. Therefore it is divergent.

(b) We have
Zl gntig=2n — 23 34T = 32 G)

This series is a geometric series with first term a = 9/4 and common ratio r = 3/4. Since

|r] < 1, the series converges and we have

- 9/4
3n+12—2n _ a =" _9
; 1—r 1/4

(c) Divergent by Divergence Test.
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6.2.1 The Integral Test

Integral test: If f(z) is continuous, positive, decreasing, f(j) = a;, then

Za] is Convergent @/ f dZE 18 Convergent
7j=1

lnn
Then f(x) > 0 for z > 3. Since

Example. Determine if the series converges or diverges E
="

Sol: We use Integral Test. Let f(z) =

(ln z(lnz)3"

—3[(Inz)? + 3(Inz)?]
22(Inx)b ’

f'(x) =

f(z) is decreasing. By substitution with u = Inz, we have

00 3 b
——dr =1 d
/3 z(lnx)? e 3 z(lnx)? ’
Inb
3
= lim —3du
b—o0 In3 u
3,1,
=50

Hence it is convergent.

Example. Show that the series Z — diverges.

The p—series: > - is Convergent if p > 1 and divergent if p < 1.

]lp

Example. For what value of p is the series

[e%S)
>
n=1

convergent?

Solution:

i nP~1 = i (l) o .
n=1 n=1 n

Hence, if —p+1 > 1, i.e., p < 0, then the series is convergent.
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6.2.2 The Comparison Tests
Comparison test: if 0 < a; < b;, then

oo oo
E b; is convergent = E a; 1s convergent.
7=1 7=1

oo oo

Z a; is divergent = Z b; is divergent.
=1 j=1

o0 1

Example. Determine if the series converges or diverges > >, NS SYER

Solution: By Comparison test,
0<> >, m <™ 4 < oo (p-series, p =2 > 1), so convergent.

n=1 n2

The Limit Comparison test: Suppose that a; > 0 and b; > 0 for any j, and

. a
lim - =¢>0.
J—00 b;

Then either both » 7% a; and 72 b; are convergent or both diverge.

Example. Determine if the following series is convergent or divergent:

e}

3 .
— Indyn+1

Solution. Note that
B 3nd +2n+1 3n3 1

in = In3y/n+1 - In3y/n B 3v/n

1 1
by = —— = ——.

\/ﬁ n1/2

>h
n=1

is divergent by p-series test with p = 1/2. Since

Let

Then

I an, 1
im — = -
n—oo b, 3’

the given series is divergent by Limit Comparison Test.
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Remainder estimate: Let R, = >~ ., a;. Then

/OO flx)de < R, < /Oo fx)da.
n+1 n

Example. (1) Estimate the error if we use the sum of the first 10 terms to approximate

o0
3
nt’
n=1

(2) Find the smallest n such that S,, is within 0.000001 of the sum.

Solution. (1) Let f(z) = 2. Then
. f(x)dr < Ryp < ; f(z)dx,= e < Rip < 0

1 1
R, < —,= — < 0.000001, = n > 100,
n n

Rgg > / f(x)dz = 0.000001.
100

6.2.3 Alternating series

1. Alternating series Test: The alternating series > 2, (—1)’~'b; is convergent if
1. bj >0

2. bj decreasing (by > by > b3 > --+)

For the alternating series, we can estimate the remainder by using the following inequality

|Rn’ S bn—i—l-

Example. Test the series Y > (—1)""' "o for convergence or divergence.
"l Then

Solution: This is an alternating series. Let b, = — g

1) lim, o b, = 0;

2) Let f(z) = "5 for > 1, then




Therefore f(z) decreases for x > 1. In particular,

fln) > fln+1)

for all positive integer n. Hence b, decreases.

By the Alternating Series Test, the series converges.

6.2.4 Absolute and Conditional Convergence

1. Absolute and Conditional Convergence If the series Z;’il |a;| is convergent, then we
say that » 77| a; is absolutely convergent; If the series ) % a; is convergent, but > 2 |a;|

is divergent, then we say that Z;’il a; is conditionally convergent.

Property:
Z la;| is convergent = Z a; is convergent.
j=1 j=1
Example. Determine whether the series is absolutely convergent: Zle(—l)”’lnz’ﬂil.
Solution:
- ne1 N +2 = n+2
Sl ity
o n +n-+ —/ nc+n+
Note that
n+ 2 SN 1
n2+n+1-"3n2 3n
The series
=1
— 3n

is divergent (the harmonic series), by Comparison Theorem, the original series is not abso-

lutely convergent.

By Alternating Series Test, the series is convergent, therefore the series is conditionally

convergent.

n—1 cos(5n)
n2+mn+3"°

Example. Show that the series is absolutely convergent: > 7 (—1)

2. Ratio test: Consider the series Z;; a;, with lim;_, [“£2| = L.
J

e If L <1, then the series is absolutely convergent;
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o If L > 1, then the series is divergent.
e If L =1, then the test is inconclusive.

. | .
Example. Test the series ) ° | I for convergence or divergence.

Solution: Let a, = :—,'L Then

n ol
a“:( o ) — - <1
an, n+1 e

By the Ratio Test, the series converges.

3. Root test: Consider the series > | a,, with lim,_,, {/|a,| = L.
e If L < 1, then the series is absolutely convergent;
o [f L > 1, then the series is divergent.
e If L =1, then the test is inconclusive.

Example. Test the series Y~ Z—Z for convergence or divergence.
Solution: lim,, . {/|a,| =0 < 1. By the Root Test, the series converges.
(=~

Example. Show that the series >~ , (2’\’;77—+1)” is convergence.
1

Solution: lim,, . /|a,| = 30077 = % < 1. By the Root Test, the series converges.

Chapter 7: Taylor Series

7.1 Power Series

Definition. The series >~ ¢,(z —a)" is called power series, a is called the center. There
exists R > 0 such that the series is convergent in |z — a| < R and divergent in |z — a| > R.
R is called radius of convergence.

e Radius of convergence: Using Ratio Test to find R.
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e Interval of convergence I: Symmetric to the center a, with two end points a — R and
a+ R. The convergence or divergence at the two end points t =a— Rand xr =a+ R
should be checked.

[e.e]

—1)"(x —1)"
Example. Find the radius and interval of convergence of Z (=1) (g ) .
n n
n=1
Sol: We use Ratio Test.
" -1 n+1 _1n+1 —1)» — 1) 1
lim |2 g (ST @D D@ D L
n—00 (O n—00 (n + 1) 5n+1 n 5n n—oo Hn + 1
1
=_lzr—1| = L.
5

When L < 1, we have |z — 1| < 5. Hence

and —4 < x < 6.
When z = —4,

(=DM —1)" XN (—=D)(—4-1)" X1
;< Pleolt s ECAZ sl

n=1 n=1 n=1

which is divergent (Harmonic series).

When z = 6,
(=) —1)" = (—-D"(6-1" & 1
;( e >_Zl< ik >_;(_1)n5,

which is convergent by Alternating Series Test. Therefore,
I =(—4,6].

Example. Find the radius and interval of convergence of the following power series:

o0

n=1 n2
Solution: Let
(2x — 3)"
A, = ———.
n2
Then | | )
. Ap+1
| = -2z — 3)| = |20 — 3.
n=co |ay| n—oo (n + 1)2 (2% )| = [2z |
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By Ratio Test, |2z — 3| < 1, i.e., |z — 1.5] < 0.5. Therefore R = 0.5 and 1 < z < 2.

When x =1,

3

oo (o.9]
e ose
77/2
n=1 n=1

which is convergent by Alternating Series Test.
When z = 2,

(22 -3)" 1
> =
n=1 n=1

which is convergent by p—Series Test. Therefore,

I=11,2].
‘ ‘ ‘ > —l)"(x _ 1)3n
Example. Find the radius and interval of convergence of E 3 .
n n
n=1
Sol: We use Ratio Test.
lim |21 = iz —1[*
1
= —|z — 1.

By Ratio Test, we have |z — 1|*> < 8, i.e., |x — 1| < 2. Hence
R=2 and —-1<ux<3.

When z = —1,

i( D (x —1)3 =1
vt n 8" n

which is divergent (Harmonic series).

When z = 3,
SIS S

n=1 n=1

which is convergent by Alternating Series Test. Therefore,

I=(-1,3]
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7.2 Representations of Functions by Power Series

e Basic result:

1 =
1_x:Zx .z < L
n=0
e Term-by-term differentiation: If
fl@) =Y calw —a)",
n=0

then

fl@) = nea(z —a)"
n=1
and f and f’ have the same radius of convergence.

e Term-by-term integration: If

@)= eala —a)",

then

/f(x)dx:C—l—Z Cn (z —a)"*,

n+1
and f and [ fdz have the same radius of convergence.

Example. Represent the following functions as power series and determine the domain of

the series.
() o = 2aso(=D)"a", Jz] < 1.

(ii) 1+12ac2 - 1—(—12;;:2) = Donso(=20%) =370 o (=1)"2ne®, | =227 < L.

(iii) 6;—::-3 - %Sljulm - %3 2 no(—22)" fZO(_l)n%(x)nH'

To find the domain,

Method 1: This series is convergent when | — 2x| < 1, which is |z| < 0.5. So [ =
(—0.5,0.5).

Method 2: Let a, = (—1)"3-(2)"**. Then

(_1)n+1¥(x)n+4

15 (@)

Ap+1
G,

L = lim

n—oo

= lim

n—oo

= 2|x|.
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By the Ratio Test, when L < 1, we have 2|z| < 1, |z|] < 0.5. Hence R = 0.5. When
x = =£0.5, (—1)"& (2)"" 4 0, the series diverge. So I = (—0.5,0.5).

Example. Represent the following functions as power series and determine the domain of

the series.
() £(z) = e
1 d -1 > >
— (=) et —l<a<1.
(1+2)? d:c(1+:c ;} ; )" nat v

(i) f(2) = i

Example. Represent the following functions as power series and determine the domain of

the series.
(i) f(z) =In(1 + x).
Solution: In(l+z) =z — %2 + “”—33 -, R=1.1=(-1,1].
(ii) f(z) = arctan z.
Solution: .
arctan x = / | ijdx = /(nz%(—l)"ﬁn)dx
AR R
=Ctz-—o+—--—+., R=1
Note that C' = arctan 0 = 0, we have
x> xd al
arctanx:x—g—l—g—?—i—..., -1 <z <1

Remark. It’s difficult to check the two end-points.
Example. (i) Represent f 1Jr%dx as power series and use it to approximate foo
correct to within 0.00001.

——dx

1+:1:3

Example. Represent ix

as a power series.

Solution:
3z —1 2 1 >
= = 2(—1)" — 1]|z™.
2 —1 x+1+x—1 ;[( ) J=

Example. Represent % as a power series, centered at 1.

Solution: -

Z z—-1)" Jr—1 <1

46



Taylor and Maclaurin Series

e Taylor series for f(x) at the center a:
— ["(a) .
Z n! (I - CL) )
n=0
e Maclaurin series for f(x) = Taylor series for f(z) at the center 0:
> f(n)
n!
n=0
e Taylor polynomial:
—~ f9(a) i
T(x) =) S (z —a)"
i=0 '
f(x) = T,(x).
e Taylor’s inequality: If | f"*V(z)| < M for |z — a| < d, then on |z — a| < d,
— _ _ o|ntl
Rufa) = 1) = )] < gl —al"
e Taylor Theorem: If f(x) = T,,(x) + R,(x), and lim R,(z) =0 for |z — a| < R, then
n—oo

f(x) is equal to its Taylor series for |x — a] < R. To this end, the following result is

useful:
xn

lim — = 0.
n—oo N

e Series for composite functions;

e Multiplication and division of power series.

Maclaurin series for some special functions

Example. Maclaurin series for some special functions:
2 3
x T x X .
e"=1+35+5+5%5+..., R=o00;

. - 3 z° . .
sinz =x — 3 + % — ..., R = 00;
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cosr=1—5 + 75 R = o0;
In(14+2) =2 %—l—%— , R=1;
arctanx:x—z—;—i-%—%—l— , R=1

Series for composite functions

Example. Maclaurin series:

(i) e, sin(z?).

(ii)
in2z sin’z
o T3

3 af (x— 4+ +..)°

. . S
M =14+sinx +

:1+(x—§+a+...)+( 51
2

X
:1+x+§+0x3+...

Binomial series

If k is a real number and |z| < 1, then

k(k —1) < [k
l+a)f=1+ke+ ——2+. = "
(1+2) x T Z(n)x

<k>_kz(k;—1)---(k:—n+1) (k)_l
n N n! ’ 0 -

Application: Let f(z) = (1 + z)*, then

here
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Solution:

‘ 1 2 2.5 . 2.5-8
3 o T 22 =2 2.3 4
VIt T =143t =t eyt T g ¢

Example. Let f(z) = v/1+ 22. Evaluate f®(0).
Solution. Use the binomial series to find the Maclaurin series of f(x).

Hence

So f®(0) = —0.8064.

Taylor series at other centers

us

Example. Find the Taylor series for f(z) = sinx at the center z = .
Multiplication and division of Taylor series

Example. Evaluate
e’sinr —x

Iy <5
ving— (14 S 23
e"smmr = +ﬁ+§+§+”' x—§+...
2, 13
=r+x —|—§LE + ...
Therefore )
efsiny —x 1

Example. Let
f(x) = / t3e3tdt
0
(a) Find the Maclaurin series of the function f.

(b) Find the radius of the series in (a).
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Solution: a)
> n 3n

> >z o
n=0 n=0
Hence
/ t"+3dt
3n tn+4

T

— tn+3dt
Z/ n' n' n + 4 0

Z n—|—4

:O

b)
3(n+4)

[@nafn] = (n+1)(n+5)

lz| — 0

as n — 0o. Therefore R = oo.

Example. Find the first 5 non-zero terms in the Maclaurin series for e cos(3x).

Solution. Note that

Hence ) . 6
(3x) +(331:) (3x) n

We have ) 5 .
x x

€T _1 - - -
e” cos(3x) —I—x+2+6+24+




13 7
:1+x—4x2—?m3+6x4—|—...

Example. Find the first 3 non-zero terms in the Maclaurin series for tan x.
Solution: tanz =z + 2%+ Z2° + ...
Applications of Taylor series.

Example.

| 1+1 1+ o
3 5 7 T4

Example. Calculate the sum of the following series, given that it is a known series evaluated

at a certain value of z:

X 1 N 1 1 . 1
4-21 " 16-4 64-6! ' 256-8!
Sol:
. 1 N 1 1 N 1
4-2! 7 16-4 64-6! ' 256-8!
1 1,2+1 N 1/1 §+1 1\°
- 21\ 2 41\ 2 6! \ 2 81\ 2
1
= COS —.
2

Taylor polynomials and approximations

Taylor polynomial of degree n approximating f(x) for x at a:

f"(a)
2!

["(a)

n!

(x—a)*+.. + (x —a)™.

f(x) = Py(x) = f(a) + f'(a)(z —a) +

If n = 1, we have the linear approximation.

Example. Taylor polynomials of f(z) = sinz at z = 0:
Pi(x) = f(a) + f'(a)(x —a) = f(0)+ f(0)(x —0) =sin 0+ (cos0)x = x,

Py(z) = f(a)+f’(a)(x—a)+f”2<!a) (x—a)2+%(ﬁ)(x—a)3 = sin 0+ (cos 0)z—

Zz
= r— —

5

sin0 , cosO 4
x = x
2! 3!

Example. Let f(z) be a function such that
1 1

F)=0.40) = 5, (1) = 15, /(1) = o
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Estimate f(1.15) using the Taylor expansion with order 3.

3 n
F(115) & T5(1.15) = > I )'(1) (1.15 — 1)" = 0.0311475

S

Error in Taylor polynomial approximation: Let P,(x) be the Taylor approximation
of f(z) at x = a, then Taylor’s inequality (The Lagrange Error Bound): If | f"*V(z)| < M
for |z — a|] < d, then on |z — a| < d,

M

|En(2)] = |f(z) = Pu(2)] < mu —a[""

Example. Give a bound on the error Es3 to the function e2* about 0 for —1 < z < 1.
Sol: Let f(x) = e*.

Py(e) = 1+ (20) + 0 + 5
f(3+1)(l‘) _ f(4)(fﬂ) _ 246255’:> |f(3+1)($)| < 1662, |$| <1
_ |fO ()] 3+1 16¢* 341 _ o2
‘ES(x)’—‘f(x)_PS(x)’SW’JC—O’ STl = 2¢°/3.
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Chapter 8: Fourier Series

8.1 Fourier series of periodic functions

A function f(x) is piecewise continuous in interval (a, b) if we have a =ty < t; <

.. <ty = b, such that f(x) is continuous in each interval (¢;,t,;1) and the limits lim f(x)
x—>ti_

and lim f(z) exist for all i = 0,1,2,...,m. In the following, we assume that both f and

a:—)t;L
f! are piecewise continuous.

A function f(z) is called p — periodic if p > 0 is the smallest number such that
f(z +p) = f(x) for any x. The number p is called the period. For example, coskz
and sin kx are 2%—periodic.

Definition. Let f(z) be 2L-periodic function. Then f(x) can be written as
flz) = % —l—;{ancos(?) —i—bnsin(n—zx)}. (10)

This series is called the (full) Fourier series for f(z). The coefficients a,, (n > 0) are called
the Fourier cosine coefficients, and the coefficients b, (n > 1) are called the Fourier sine
coeflicients.

Remark. The ”=" occurs at every © € [—L, L] where f is continuous. If we omit the

condition where f is continuous at z, then we may write

f(z) ~ % + i(an COS(?) + b, sin(?)).
n=1

Theorem. The Fourier coefficients can be calculated as follows:
1 (L
an:z/_Lf(x)cos(?)dx n=20,1,2,.... (11)
1 [E
bn:_/ f(:v)sin(—nﬂx)dx n=123.... (12)
L J_; L
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Proof. The coefficient ag is the simplest to find: integrating (14) from —L to L,

L n L nm
/_Lf(:c)da: = /_ d:z:—l—Z{an/ cos( 7 )d:L’—i-an/_Lsm( 7 )dq:}
L
= / %o dx
2
The series on the right vanishes, and we find that

_%/LLf(:p)dx

We do the same thing to compute, say, b,,, except that first we multiply (14) through by
sin(™7%). We get

/_Lf(x)sin(m”)dx _ /L@sin(mzx)dx—i—

L L2
i a /L cos(mm) sin(mﬂx) dr +b /L sin(w) Sm(mwx) dx
R A A L L e L '

What is important to notice is that all of the integrals on the right side vanish, except for

the one multiplying b,,. The equation for b,, becomes

1 /L
= Z/_Lf(x)sin(mgx)dx m=1,2,3,....

Likewise we can get the formula for a,,.

Formulas (11) and (12) allow us to compute the Fourier coefficients of f.

Example 41 Let
0, forx e |—m0);
fla) - -0
1, forx e (0,m).

and let f(x) be 2m-periodic. We will compute the Fourier coefficients for this function.

Solution:
1 ™ 1 0 s
a = — flz)der = — Odx + ldz | =1,
T J_x n -7 0
1 [T 1([° 1.
a, = — f(z)cos(nz)dr = — 0 cos(nx)dx + 1 cos(nx) = —sin(nz)|j =0,
T J ™ \J_x 0 nm
1 [" - 1/ /° 1
b, = — f(x)sin(nx)dr = — 0sin(nz)dz + 1 sin(nz)dx | = —— cos(nz)|;
I - T o 0 nm
1 N 2 for odd n;
- - >:{ -
nmw 0, for even n.
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Hence the Fourier series for f(z) is:

2 .
+ ; @t )r sin(2n + )z, Vz € (—m,m).

Example 42 Let f(z) = x, for all x € [—m,7), and f(x) be 2m-periodic. We will compute
the Fourier coefficients for this function. Notice that cos(nx) is an even function, while f

and sin(nx) are odd functions.

Solution:

1 [7 1 ["

a = — flz)dx = —/ xdxr =0
T ) x TJ x
1 [7 1 [7

a, = - f(x)cos(nx)dx:—/ x cos(nx)dr =0
T ) _x T ) x
1 [7 ) r [ .

b, = — f(x)sm(nx)dx:—/ xsin(nz)dr =
LR T™J-n

_ 2 / v sin(na)dz = ([——“OS(M)} + {—Sm(zm)] >—<_1)n+13

T Jo 7r n 0 n 0 n

Notice that ag,a, are 0 because x and z cos(nz) are odd functions. Hence the Fourier

series for f(x) = z is:

r = ap+ Z(an cos(nx) + by, sin(nz)) =

n=1
- 2
= Z(—l)"ﬂg sin(nx), Vx € (—m, )
n=1

Example 43 Let f(z) = 2%, © € [-m, ), and f(x) be 2m-periodic.
Solution: Since f is even (f(x) = f(—=) for all x), then b, = 0.

1 [ 2
aoz—/ w2 dr = Z7°,

T ) . 3
and forn >1
1 ™
a, = —/ 2% cos(nz) dx
™ —T
_ 1 a®sin(nz)|” - /7r 22 sin(nx) dx
nmw - .
(=D -4
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Thus for z € (—m, ),

2 0 n
2 T }:(_D -4
r = ? -+ T COS(H:C).

n=1

Points of discontinuity and convergence

In equation (14), ”=" means that the series on the right converges to the function on the
left at each point z. It often happens that the Fourier series of a function f fails to converge
to that function, in particular at the points of discontinuity of f.

The facts are:

e The Fourier Theorem: If the function f(z) is piecewise continuously differentiable

then its Fourier series converges for every x to the average value

fuula) = D), (13)

where

Fla+) = lim f(), fle—)= lim f(2).

t—ax+ t—x—

e At the points where f(z) is continuous, fu.,(x) = f(x).

All the functions we shall consider in the sequel are piecewise continuously differentiable,
and therefore the Fourier series will represent the function. In order to ensure that the
Fourier series of function f(x) converges to that function at every x € R, sometimes it is
necessary to redefine f(x) at the points of discontinuity x, so that f,,(z) = f(x).

In the example above we notice that at the points of discontinuity +nm, n = 0,1,2, ...,
the average value f,,(£nm) = 0.5, whereas the value of the function is 1 for n even and 0

for n odd. Thus, we need to redefine the values of f to be 0.5 at these points.

8.2 Fourier series of functions on finite intervals

Case 1: Full extension

Let f(z) be defined on (a,b). Then we can extend f(z) to a periodic function f(z) with
period b — a. Let 2L = b — a, then L = b’T“
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Definition 7 The Fourier Series of f(x) on (a,b) is

nmx nmwx

f(z) = +Z ay, cos( 7 ——) + b, sin(—— T ) (14)

at every x € [a,b] where f is continuous. The coefficients a,, (n > 0) and the coefficients b,

(n > 1) are calculated as follows:

1t
:z/f(x)cos(n—y)dx, n=20,1,2,... /f sin( )dx n=123,....

3, —-1<x<O;
2, 0<x<3;

Find its Fourier series.

Example 44 Let f(z) = {

Solution: L = 2.

aoz/f

nmx 1 nmw 3nm 4 3nm 4
a, = f( )cosde E(3Sln7+6SIHT+ECOST—E),
1 4
by = /f Siﬂ@dl‘—— 3—1—3cos—ﬂ—6(:08371—7T_|__Sir13n_7T )
nm 2 2 nmw 2

Case 2: Half-range Expansions

Definition 8 Given a function f(x) defined on (0, L).
(i) We extend f(x) as an odd function on (=L, L), i.e

oo f@.  xe@l);
fodd( ) { _f(_gj>, x € (—L,O)

Then a, =0 for all n, (14) becomes

- nmw
= by, sin(—— 15
> basinl ) (15)
which is called Fourier sine series of f, where

9 L
:z/o f(a:)sin(?)d:v n=123,....

(ii) We extend f(x) as an even function on (—L, L), i.e

Jeven(2) = { f(z), i i ((f L);



Then b, =0 for all n, (14) becomes

= 30 + Z a, cos( mm (16)

n=1

which is called Fourier cosine series of f, where

2 L
:f/o f(x)sin(?)dx n=01,23,....

The cosine and sine series here are known as HALF-RANGE EXPANSIONs.

r, 0<x<l1.
0, 1<x<2;
cosine series, (iii) The Fourier series of f(x) on (0,2).

Example 45 Let f(x) = . Find (i) the Fourier sine series, (ii) Fourier

Solution: (i) Fourier sine series: for m =1,2,3,...,

by = / f(z) sin( mwx / f(z)sin mwx) dx

4
— /0 xsm(?)dw = {—%w cos( ;rx> s sin(m;m) 0
2 mm 4 mm
= el e st
(ii) Fourier cosine series: for m =0,1,2,3,...,
2 [* 2 [?
Ay = Z/o f(x) Cos(mza:) dx = 5/0 fx) Cos(m;m)dx
1 1
2 4
= /0 a:cos(mmz)dx = [%m sin(m;rx) + o Cos(m;rx) i
2 . (mﬂ)+ 4 cos(mﬁ) 4
= — SIN( —— _) —
mm 2 m2m? 2 m2m?
(iii) 2-periodic extension of f
x, 0<x<l;
f(z)=1< o, 1<z<2.
fz+2) = f(z), for any z.



In this case, L = 1.

/xdx:
0
/1 (=)™ -1

x cos(mmzx)dr = >
0 (mm)

1

_1)ym

/msm mnx) :( )
0 mm

——— Cos\nmTx (_1)n
(nm)? () + nw

sin(nrz)| .
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