MAT3320 Assignment 2
Total: 10 marks. Due date: Oct. 7th;

1. (3 marks) Let f(z) = 2%, 2 < z < 6. Find the Fourier-Legendre expansion.

Solution:  P,(x) are only defined on —1 < x < 1. So we need to make a linear
transformation from (2,6) to (-1,1). Let s = axz +b. Then —1 = a(2) +b,1 = a(6) + b.
Then a =1/2,b= -2, s = %x — 2. Let

g(s) = f(z) = f(2s +4) = (25 + 4)* = 85> + 485 + 965 + 64.

Note that
, 2 3 , 2 1
S = ng(S) + gpl(S), S = ng(S) + §P0(8)7 S = Pl(S), 1= P()(S).
We imply that
2 3 2 1
g(s) = 8[5P3(3) + gpl(s)] + 48[§P2(3) + §P0(5)] + 961 (s) + 64F%(s)
16 504
= EPS(S) + 32P2(S> + ?Pl(S) + 8OP0(S),$
16 1 1 504 1 1

2. (6 marks=1+1+2+2) Consider the following equation:

22y +y' + 3y = 0.

(a) Show that o = 0 is a regular singular point.
(b) Write down the indicial equation and solve it to determine r1 and rq, 11 > ro.
(

¢) Let y = > 07 ¢,(r)z"™ . Determine the recursive relation for ¢, (r), i.e., relation
between ¢,41(r) and ¢, (r).

(d) Take ¢o(r) = 1. Find two linearly independent solutions y; and y, which are valid for
x > 0 near zo = 0.

Solution: (a) We rewrite the equation as

1 3
1 /
— o+ —y = 0.
v Qxy i Qxy
a(z) = 5= and b(z) = & are singular at 29 = 0; za(x) = 3 and 22b(x) = 3z are analytic
at g = 0, so zo = 0 is a regular singular point.



(b) po = %, ¢o = 0. Then we get the indicial equation: 7% — %r =0. Then r = %, re = 0.
This is Case 1.

(c) Substitute

= Z Co(r)a™ Ty = Z(n + 1) e (r)a™ Ty = Z(n +r)(n 41— 1)ey(r)z™ 2
n=0 n=0 n=0

into the differential equation to obtain

ZZ(n—l—fr)(n—l—r—l)cn(r) T l—i—z n+r)e,(r)z" 1+23cn Y™t =0, =

n=0 n=0

o0

> ((n+r)2n+2r — Dea(r) ”+T1+230n )z =0 =

n=0

r(2r —1) T1+Z (n+7)(2n 4 2r — 1)c, () "”14—23% )"t =0=

n=1

r(2r — 12"+ [(n+ 7+ 1)(2n 428 + Ve (r)z" + Z 3¢, ()" =0 =
n=0

r(2r — 12"t + i[(n +7r+1)2n+2r + 1)1 (r) + 3cu(r)]2"™ =0 =

n=0
(n+7r+1)2n+2r 4+ 1)cy1(r) + 3cn(r), =
Cot1(r) = ~3en(r) ,n > 0.

(n+r+1)2n+2r+1)

(d) Taking r =, = 5. Then

1 -3 1 -3
wril(3) = oy T )@n+1+ 73 = Girpmr @)
1. (=1)"6"
Q)= G
Now we take r = ro = 0. Then
en(0) = (=1)"3" _ (= or (=1"e"
TR )G 2n—1)  nl2n— 1) @n)l

Thus

[e.9] o0

—1)n6n —1)m6n
Y = x1/2z ( ) xn7 Yo = Z ( ) "

—~ (2n+1)! “—~ (2n)!



3. (1 mark) Find the general solution of
22y (x) + 2y (z) + (222 — Qy(z) =0, 2z #0.
Solution: Note that A2 =2 and v> =9, = A = v/2 and v = 3. Since v is an integer,

(@) = J(V2z]),  ya(w) = Ya(v2]]).



