9.1 Consider the following second-order ODE:

dx?
(a) Using the central difference formula for approximating the second derivative, discretize the ODE
(rewrite the equation in a form suitable for solution with the finite difference method).
(b) If the step size is & = 1, what is the value of the diagonal elements in the resulting matrix of coeffi-
cients of the system of linear equations that has to be solved?

Solution

(a) The central difference formula for the second derivative at the point x = x;, is given by

2 =2+ o . .
ﬂz’ = y"l—y;y’” Substituting this into the ODE yields:
dx h
yi—l_zyi+yi+1 — yi+xi2
h2

Collecting like terms gives:
Yio1—(2+ hz)J’i Vi1 = hzxiz
which is the discretized form of the ODE.

(b) The discretized form of the ODE obtained in part () is a tridiagonal system of equations with the ys as

the unknowns. The diagonal elements are the coefficients of the y; terms: —(2 + n*).For h = 1, the diago-
nal elements are equal to -3.
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9.2  Consider the following second-order ODE:

2
ay,
dar?

S

=C

N I

where C is a constant.

(a) Using the central difference formula for approximating the second derivative, discretize the ODE
(rewrite the equation in a form suitable for solution with the finite difference method).

(b) If the step size is & = 0.5, what is the value of the diagonal elements in the resulting matrix of coeftfi-
cients of the system of linear equations that has to be solved?

Solution

(a) The central difference formula for the second derivative at the point x = x; is given by

2
=2y, o . .
‘Q; = y"l—z’ﬂj’“ . Substituting this into the ODE vyields:
dx h
yi—l_zyi+yi+l+Jii - C
n T
Collecting like terms gives:
Ty +(h2_2ri)yi+riyi+l = Chz”i

which is the discretized form of the ODE.

(b) The discretized form of the ODE obtained in part (@) is a tridiagonal system of equations with the ys as

the unknowns. The diagonal elements are the coefficients of the y,; terms: W - 2r;. For h = 0.5, the diag-
onal elements are equal to 0.25 - 2r; .
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9.3  Consider the following second-order ODE:
2
4y Dy ox foro<x<1,with y(0) = 1 and y(1) = 1
dx? dx
(a) Using the central difference formulas for approximating the derivatives, discretize the ODE (rewrite
the equation in a form suitable for solution with the finite difference method).
(b) What is the expression for the diagonal terms in the resulting matrix of coefficients of the tridiagonal
system of linear equations that has to be solved?

Solution

(a) The central difference formula for the second derivative at the point x = x, is given by

2
=2y + Y, . . . .
‘QZ’ = y’—‘—yzlﬂ}’” . The central difference formula for the first derivative at the point x = x; is given
dx h
by ZI% = y”%hy"l . Substituting these into the ODE yields:
X

2y4y 1=V
Yi-1 Vi yl+1+x‘(yl+1 yl*1)+yl.= 2Xl-
A 2h

2 1
Collecting like terms, the discretized form of the ODE is:

(2-hx)y; -+ (2h2 - Dyyi+ 2+ hx)y; . = 4xih2
This forms the following system of equations:

(2-hx,) (2h° —4) (2 + hx,) 0 0 0 ] 4x, b’
0 (2-hxy) 2h°—4) Q+hxy) ... 0 0 ¥, 4x3h°
0 0 (2-hx,) 2k —-4) (2+hx,) 0 V3 4x,h°
0 0 0 0 =
. Yn-1
(2—hx, ) (2h*—=4) 2+hx,_,) 0 Vn 4x, |k’
0 0 0 (2-hx,) (2h*-4) (2+hx,) n 1] | 4x, i |

Note that y, = »(0) = 1 and y,,, = y(1) = 1. Substituting into the above system and rewriting the first
and last equations (rows) yields the following tridiagonal system of equations:
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- ] ]
2h°—4) (2 +h 0 0 0 0 Y2
( ) (2 + hxy) y 4x,h° =2 + hx,
(2-hxs) (2h°—4) Q+hx;) 0 0 0 3 2
i Vs 4x3h
0 2 hx)) QK =4) 2+h 0 0
( xq) ( ) (2+ hxy) v | 4x4h2
0 0 =
0 0 ) ,
n-2 4x h
0 0 (Q2ohx, ) (2K -4) Q+hx, ) Tt
yn—] 2
5 4x,h" -2 - hx,
| 0 0 0 (2 _hxn) (Zh _4) | Y - h

(b) From part (a) above, it can be seen from the resulting tridiagonal matrix that the above-diagonal terms
are: (2 + hx;), where i = 2,3, ..n—1.
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9.4 Consider the following boundary value problem:

d’ : .
d—xg +ay+by* = 0 for 0 <x<1, with the boundary conditions: Z—y =0and y(1) =1
X
x=0
where a and b are constants. Discretize the second-order ODE using:
(a) Second-order accurate forward difference.
(b) Second-order accurate backward difference.

(¢) Discretize the boundary condition at x = 0 using the second-order accurate forward difference.

Solution

(a) The second-order accurate forward difference formula for the second derivative is the four-point for-
2f(x) = 5/ ) + 4 ) = x4 5)
h2

mula given in Table 6-1, f''(x,) = , which in the present case would

. 2 2y, =5y, +4y., ,—V; o e . . . .
be written as: 4¥ = 2T Vie 1 ¥ Wisa T Vivs Substituting into the ODE yields the following discretized

dx n

8]

form:
2yi_5yi+l +4yi+2_yi+3

+ay;+ by? =0
B

Note that y,,,; = »(1) = 1.

(b) The second order backward difference formula for the second derivative is the four-point formula
£ = —fxi_3) + 4f(x; ) = 5/(x;_ 1) + 2/(x)

> , which in the present case would be written as
h

2 —y. 4y. . —5v. 2y, L. . . . .
dy _ ZVies¥Wiea 7 2Vie1 ¥ Vi qupgtituting into the ODE yields the following discretized form:

dx* n

—YVi3+t4y; =5y, + 2y,
i

+ayl-+by? =0

(¢) The boundary condition at x = 0 discretized using a second-order accurate difference formula, i.e. the

. . . -3 4y, — . .
three-point forward difference formula, yields Z—y = % = 0. Since y, = y(0), is
X x=0
unknown, the latter equation can be solved to yield:
_h 4
= 3 3
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9.5 Consider the following boundary value problem:

d’y dy ) .
d_x)3_}+d—§c}_ siny = 0 for 0 <x< 1 , with the boundary conditions: y(0) = 0, Z—y = 0and y(1) = 10.
X
x=0
Discretize the third-order ODE using second-order central differences. When the boundary conditions are

discretized, make sure that the order of the truncation error is compatible with that of the ODE.

Solution

The second-order accurate central difference formula for the third derivative is given in Table 6-1 as

f(x) = —f(x,»_z)+2f(x,»_1)—32f(xi+1)+f(xi+2), which in the present case may be written as

2h
3 —Yi 2V =2y Y . .
‘i%/ = 2T ioi . Yie17)it2 Qimilarly, the second order accurate central difference formula for the
dx 2h
first derivative is ;i)-’ = &Lz_hyl;l . Substituting these into the ODE yields the following discretized equa-
X
tion:
Vit 2V 1 =2V Vi fisr 7 Vion siny, = 0
2153 2h
Taking y, = »(0) = 0 and y,,, = y(1) = 10, the only boundary condition that must be discretized is
4l = 0. If the second order accurate central difference formula is used, J%) = 0 or y, = y,, where
X
x=0

¥, 1s an additional point that is introduced outside the original domain. Note that y, will appear in the

equation relating y,, v, 1, v;, and y,. But, this is not useful because it introduces another unknown with-

out providing another equation. Consequently, the derivative boundary condition must be discretized using
-3y, +4y,— 4y, —

dy _ N J’2J’3=y2J’3=00r

dx 2h 2h

x=0

4y, -y, = 0. Incorporating these boundary conditions, the system of equations that results from the dis-
cretized form of the ODE is:

the second order accurate forward difference formula

4y,-y; =0
'J’1+2y2_2y4+)’5+J’4_)’2_siny _
NE 2h 3

=Via+2y; =2y +yi+2+yi+1_yi—1

5 57 —siny; = 0 fori =4,5,...,n-2
2h

Excerpts from this work may be reproduced by instructors for distribution on a not-for-profit basis
for testing or instructional purposes only to students enrolled in courses for which the textbook
has been adopted. Any other reproduction or translation of this work beyond that permitted by
Sections 107 or 108 of the 1976 United States Copyright Act without the permission of the
copyright owner is unlawful.



_yn—3+2yn—2_2yn+yn+l +yn_yn—2

—sin =0
2h3 2h yn—l
Substituting for y, and y,,, yields the following simplified system of equations:
4y,-y3 =0
2y, =2y, + -
V2 )’34 Vs Y4 yz—siny3 -0
2% 2h
—V. A+ 2y,  =2V.. .+ =V
Yi-2 Yi-1 Vi1 yt+2+yt+1 yt—l_sinyiz 0 fori=4,5,...
3 2h
- +2 -2y, + 10 -
Yn-3 V-2 Vn +yn yn—2_sinyn_1 =0

This is a system of n -1 equations in the n -1 unknowns y, through y, .
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9.6 Consider the following boundary value problem.

d’y . 1d : .
€222 = 0 foro<x<l , with the boundary conditions: dy

R 2 = ay(1)+ by*(1)

x=1

- 0and ¥
=0 dx
where a and b are constants. Discretize the ODE using second-order accurate central differences for the
derivatives. When the boundary conditions are discretized, make sure that the order of the truncation error
is compatible with that of the ODE.

Solution

Using second order accurate central differences,

Yio1=2yi+Yig 1()’;41‘)’[4)
+_
hz xi 2]’[

= -0
Collecting like terms,

(2x; - h)yl._ Ay + 2x;+h)y,,, = —Zthxl-
Note that the entire equation has been multiplied by x; to accommodate the singularity at x = 0. The

boundary conditions are also discretized using the one-sided, second-order accurate difference formulae
given in Table 6-1:
3y +4y, - s
2h
where y, is the value of yat x = 0, y, isthe valueof yat x = /,and y, is the value of y at x = 24. This
boundary condition can be simplified to:

=0

4y, -y

= 23 .
The second order backward difference formula is used for the other boundary condition:
Yvoa—4yn_1+ 3y

4
h = ayy+byy

Collecting terms,
4
Yn_a—4yn_ 1+ (B —2ah)yy—2hbyy = 0
Note that since y, is unknown, and the associated boundary condition at x = x, is nonlinear, the solution
methods described in Chapter 3 will have to be used in solving this set of equations.
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9.7 Consider the following boundary value problem:
L
dx?
What are the diagonal elements of the resulting tridiagonal matrix when the finite difference method with
first-order accurate central differences is applied to solve the problem with a step size of 1/4?

- n?u = 2n?sin(nx) for 0 <x <1 , with the boundary conditions: «(0) = 1 and u(1) = -1

Solution

The discretized form of the ODE is:

u; | —2u;+u;

-1 N, 2 .

—(%} + 7 u; = 2n?sin(mx;)
h

Multiplying through by #” and collecting like terms yields:
—u;_+(2+ hzﬂz)ui —U;j = 2n2hzsin(nxi)

The diagonal elements of this tridiagonal system are (2 + hznz) . For a step size of 4 = é , the diagonal ele-

2
ments are (2+%) = 2.154213.
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9.8 Consider the second-order ODE of the form:
d’y . dy _
TPty =)

where p and ¢ are constants, and r(x) is a given function. Using second-order accurate central differences
for the derivatives, discretize the ODE.

Solution

Using Table 6-1,

Vi1 =2Yi+ Vi (yi+l_yi—l) _
¥ +p Y +qy; = r(x;)

Multiplying through by 4° and collecting like terms,
(2=ph)y,_ + 2 +ph)y,, | +(2gh° —4)yi = 2h*r(x)
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9.9 Given the boundary value problem ((‘;—-‘; —2% +y = 0 with @ =0 and ¥(1) = 1. Set up the
X ’ =0

problem for solving using the shooting method. Use the bisection method to determine the value of y(0)
such that the boundary condition at x = 1 is met within a specified error defined as E;, =

v (1) - 1| where
v.(1) is the calculated value of the solution at x = 1. Set up the equations to be solved but do not solve.

Solution

First, re-write the ODE as two first order ODEs:
dy =W with y(0)=Y;
dx
dw .
—=2w-—-y with w(0)=0
dx

where Y is the initial guess for y at x=0. Solve the system to find y.(1). Suppose the value Y;
is such that the calculated value y (1) is below 1. Next, find a value Y, such that integrating the
two ODEs with y(0)=Y; yields a calculated value of y.(1) above 1. Then set:
Y3 _ Yl + Y2
2

and apply the bisection method until |y (1)-1|<Ep.
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2 ] . . .
9.10 Given the boundary value problem ;]—12—25%_ +y = 0 with »(0) = 0 and %1 = 5 . Discretize
X : =

=1

the problem using second-order accurate central differences for the derivatives and a second-order accurate

one-sided difference for the boundary condition at x = 1. For a constant step size A4, what is the term on

the right hand side of the last of the simultaneous equations that result?
Solution
Using Table 6-1, the central difference formulae for the derivatives yields:

s = 2v: + V: -V
Yi-1 Yi Y1+1_2 Y141 —Yi-1 +}’i:O
2
h 2h

11 2 11 0
h_2+H Yi-1 T _h_z Yi+t h_z_ﬁ Yiel =

Collecting like terms,

The discretized boundary conditions are y;(0)=0 and Yi-2 _42}];1_1 *3yi =5. If the points are
labeled x,=0, X2, X3,..., X,=1. Thus, y;=0 and Yn-2 7 4;];11_1 *3Yn =5. Solving for yy:
_ 10h —yp_p +4yn-

Yn 3

i=n-1:
2 4 2 4 1 (10
ot — |y | I |y +| ——1|=2=0

Therefore, the resulting linear system is:
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2
11 2 11 Y2 0
+ 1 0 e e 0 0
(hz h) ( hz) (hz hj y3
|

Yn-2 1001 .
i) o)

2 4 2 4 L i
0 ; ( 2+ j [1 2 )
3h¢ 3h 3p= 3h

The term on the right hand side of the last equation is %(i - 1]
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9.11 Write the BVP in Problem 9.10 as a set of two first-order ODEs, ready to be solved using the shoot-
ing method. Use the linear interpolation method described in Section 9.2 to set up the equation for deter-
mining dy/dx at x = 0 such that the boundary condition at x = 1 may be satistied to a desired error

dv,

defined as E5 = |=— - 5|. where d% is the calculated value of the derivative at x = 1. Set up the
ax x=1 ax x=1
equations to be solved but do not solve.
Solution
First, re-write the ODE as two first order ODEs:
d .
Y ow with  y(0)=0
dx
dw )
d—:2w—y with w(0)=W,
X

where W is the initial guess for the slope of y at x=0. Solve the system to find w;(1) and y;(1).
Suppose the value W, is such that the calculated value w;(1) is below 5. Next, find a value W,
such that integrating the two ODEs with w(0)=W, yields y»(1) and a calculated value of w;(1)
above 5. Then set:

(W -Wp)
(y2(D) -y (D)
The new value W, is then used in the next calculation with a new solution at the endpoint until
lw,()—5|<Ey.

Wh =W +(yc(D-yi1(1)
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