
MATH 3705*A
Test 4 Solutions

March 2012

Questions 1-2 are multiple choice. Circle the correct answer. Only the answer will be marked.[Marks]

1. The solution of the wave equation uxx =
1

9
utt, 0 < x < 2, which satisfies the boundary[4]

conditions u(0, t) = u(2, t) = 0, is given by

u(x, t) =
∞∑
n=1

sin
(nπx

2

)[
an cos

(
3nπt

2

)
+ bn sin

(
3nπt

2

)]
.

If u(x, t) satisfies the initial conditions u(x, 0) = 0 and ut(x, 0) = 3 sin(πx) − sin(3πx), then
the coefficients an and bn are given by

(a) b2 = 3, b6 = −1, bn = 0 otherwise, and an = 0 for all n ≥ 1.

(b) b2 =
1

π
, b6 = − 1

9π
, bn = 0 otherwise, and an = 0 for all n ≥ 1.

(c) a2 = −3, a6 = 1, an = 0 otherwise, and bn = 0 for all n ≥ 1.

(d) a2 = − 1

π
, a6 =

1

9π
, an = 0 otherwise, and bn = 0 for all n ≥ 1.

(e) None of the above

Answer: (b)

2. The solution of Laplace’s equation urr +
1

r
ur +

1

r2
uθθ = 0 inside the circle r = 3 has the form[4]

u(r, θ) =
a0
2

+
∞∑
n=1

rn[an cos(nθ) + bn sin(nθ)].

The solution which satisfies the boundary condition u(3, θ) = 1 + 2 sin(3θ)− 3 cos(2θ) is

(a) u(r, θ) = 1− 27r−2 cos(2θ) + 54r−3 sin(3θ)

(b) u(r, θ) = 1− 3r2 cos(2θ) + 2r3 sin(3θ)

(c) u(r, θ) = 2− 1

3
r2 cos(2θ) +

2

27
r3 sin(3θ)

(d) u(r, θ) = 1− 1

3
r2 cos(2θ) +

2

27
r3 sin(3θ)

(e) None of the above

Answer: (d)
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3. Find the polynomial solution u(x, y) = αx+βy+γxy+ δ of Laplace’s equation uxx+uyy = 0[6]
within the rectangle 0 < x < 2, 0 < y < 1, which satisfies the boundary conditions

u(0, y) = y, u(2, y) = 0, u(x, 0) = 0, u(x, 1) = 1− 1

2
x.

Write down the complete solution u(x, y).

Solution:

u(x, 0) = 0 ⇒ αx+ δ = 0 ⇒ α = δ = 0 ⇒ u(x, y) = βy + γxy.
u(2, y) = 0 ⇒ βy + 2γy = 0 ⇒ (β + 2γ)y = 0 ⇒ β = −2γ ⇒ u(x, y) = −2γy + γxy.

u(0, y) = y ⇒ −2γy = y ⇒ γ = −1

2
⇒ u(x, y) = y − 1

2
xy.

u(x, 1) = 1− x

2
⇒ 1− x

2
= 1− x

2
.

Thus, u(x, y) = y − 1

2
xy.

4. The solution of Laplace’s equation uxx + uyy = 0, 0 < x < L, 0 < y < M, satisfying the[8]
boundary conditions u(x, 0) = 0, u(x,M) = 0, u(0, y) = 0, u(L, y) = f(y), has the form

u(x, y) =
∞∑
n=1

an sinh
(nπx

M

)
sin

(nπy
M

)
.

Find the solution of Laplace’s equation uxx + uyy = 0 within the rectangle 0 < x < 2,
0 < y < 1, which satisfies the boundary conditions u(x, 0) = 0, u(x, 1) = 0, u(0, y) = 0,
u(2, y) = 1. Write down the complete solution u(x, y).

Solution:

L = 2, M = 1 ⇒ u(x, y) =
∞∑
n=1

an sinh(nπx) sin(nπy).

1 = u(2, y) =
∞∑
n=1

an sinh(2nπ) sin(nπy) ⇒

an sinh(2nπ) =
2

1

∫ 1

0

sin(nπy) dy = − 2

nπ
cos(nπy)

∣∣∣∣1
0

=
2

nπ
[1− (−1)n] ⇒

an =
2[1− (−1)n]

nπ sinh(2nπ)
⇒ u(x, y) =

∞∑
n=1

2[1− (−1)n]

nπ sinh(2nπ)
sinh(nπx) sin(nπy).

5. The solution of the wave equation uxx =
1

c2
utt, 0 < x < L, which satisfies the boundary[8]

conditions u(0, t) = u(L, t) = 0, has the form

u(x, t) =
∞∑
n=1

sin
(nπx

L

)[
an cos

(
nπct

L

)
+ bn sin

(
nπct

L

)]
.

Find the solution of uxx = utt, 0 < x < 1, which satisfies the boundary conditions
u(0, t) = u(1, t) = 0, and the initial conditions u(x, 0) = 0, ut(x, 0) = x− x2. Write down the
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complete solution u(x, t).

Solution:

Here, c = 1 and L = 1, and u(x, t) =
∞∑
n=1

sin(nπx)[an cos(nπt) + bn sin(nπt)].

Since u(x, 0) = 0, an = 0, n ≥ 1.

x− x2 = ut(x, 0) =
∞∑
n=1

nπbn sin(nπx) ⇒

nπbn = 2

∫ 1

0

(x− x2) sin(nπx) dx

= − 2

nπ
(x− x2) cos(nπx)

∣∣∣∣1
0

+
2

nπ

∫ 1

0

(1− 2x) cos(nπx) dx

=
2

n2π2
(1− 2x) sin(nπx)

∣∣∣∣1
0

+
4

n2π2

∫ 1

0

sin(nπx) dx

= − 4

n3π3
cos(nπx)

∣∣∣∣1
0

=
4

n3π3
[1− (−1)n].

Hence, u(x, t) =
∞∑
n=1

4[1− (−1)n]

n4π4
sin(nπx) sin(nπt).


