MATH 3705* A Test 3 Answers and solutions March 2012

Questions 1-5 are multiple choice.

1. [3] The general solution of zy” +¢' + 7Toxy = 0 for x > 0 is

(a) c1Jo(VT ) + o o(VT2)In(z) (b)) e Jo(VT2) + Yo (VT 2)

(c) ard sz (x) + cod_ () (d) erd z(x) + Y m(x)  (e) None of these

2. [3] The general solution of z%y” + xy’ + (52? — 9)y =0 for z > 0 is

(a) 1 J3(VB )+ cad 3(vBx)  (b) a1 Js(vB )+ caYs(v5 )

(c) ard 5(3x) + coJ_ 5(32) (d) e1J 5(3x) + oY 5(3z)  (e) None of these

3, 0<z<?2

3. [2] At x = 20, the Fourier Cosine series of the 8-periodic function f(x) = { 0 2< <4

converges to
(¢c) —= (d) 3  (e) None of these
4. [2] The function x?sin(z) + 2% cos(x) is

(a) even; (b) odd; (c) neither .

5. [2] If f is a periodic function of period 3, and f(x) = 222, 3 > z > 0, then f(97) is

Answers: b, b, a, a, d.



6. [8 marks] Find the Fourier cosine series of f(x) = 2 — 3 on [0, 7]. Give the first three
terms of the series.

Solution:

2 7r
aoz—/ (x —3)dx =7 — 6.

T™Jo

2 4 2 -3 1 ™
Forn > 1, ay == [ (2=3) costna) da - ;{x 5 in(ne) + ﬁcosm)}g _
2 2
= %[cos(mr) —cos(0)] = %[(—1)” —1].
Then the series is
—6 2 4 4
T 5 + nz:l o ((—1)” - 1) cos(nx) = g -3 - ;cos(m) - %COS(?)Z‘) - ...



7.

1
[10 marks| The solution of the heat equation w,, = —wy, 0 <z < L, which satisfies
o
the boundary conditions w(0,t) = w(L,t) = 0, has the form

a’n’n?

= nio; b,, sin (?) e L2

1
Find the solution u(x,t) of u, = §ut, 0 < z < 2, which satisfies the boundary condi-

tions w(0,¢) = 2, u(2,t) = 4, and the initial condition u(z,0) = 5. Write down the
complete solution u(x,t) (give the first four terms).

Solution:

) 1
L=2 a=3. u(z,t) = v(x) + w(x,t), where w satisfies w,, = gWe 0<z<2,
w(0,t) = w(2, t) 0, d v(x) satisfies v”(xz) = 0, v(0) = 2, v(2) = 4. Then

v(z) = ax + b, v(0) = = b =2 = v(x) = axr + 2. Since v(2) = 4 then
2042 =4 = a=1 =v(x ) z+2. Next, w(z,0) = u(z,0)—v(z) = 5—(z—2) = 3—x,
SO

In2n?

s — t
= E b,, sin (@) e 4
n=1 2

with 3 — z = w(z,0) Zb Sm(mm:) =

b, = ;/02(3 x) sin <n2ﬂ> dr = {—%(3—3:) cos <n_72m:)}:_% /02 cos (?) dr =

2
=—3—-(=-1)" > 1. Th
213 (<10 > L. Thus,
) Inn?
nrr\ —
t) = +2 S B3— (=1 (—) 4
(x,t) =z + +;mr[ (—1)"] sin e
9 _97r2t 5 ,
:x+2+—sin<ﬂ)e 4 —i——sin(mz;)e_gﬂt—i—...
s 2 T

Marking Guidelines:

Problem 6: 1 mark for ag; 4 marks for a,, 2 marks for the series, 1 mark for the first three
terms.

Problem 7 : 1 mark for identifying L and «, 3 marks for finding v(x), 3 marks for computing
b,, 2 marks for the complete solution, 1 mark for the first four terms.



