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CHAPTER 9
Exercise 9.2

1. (a) f'(z) = -4z + 8 = 0 iff x = 2; the stationary value f(2) = 15 is a relative maximum.
(b) f/(x) =102 +1=0iff z = —1/10; f(—1/10) = —1/20 is a relative minimum.

(¢) f'(x) =6x=0iff x =0; f(0) =3 is a relative minimum.

2.
(a) Setting f'(x) = 32% — 3 = 0 yields two critical values, 1 and —1. The latter is outside the
domain; the former leads to f(1) = 3, a relative minimum.
1
(b) The only critical value is * = 1; f(1) = 105 is a point of inflection.
(c) Setting f’(z) = —32% 4+ 92 — 6 = 0 yields two critical values, 1 and 2; f(1) = 3.5 is a
relative minimum but f(2) = 4 is a relative maximum.
3. When z = 1, we have y = 2 (a minimum); when = —1, we have y = —2 (a maximum).
These are in the nature of relative extrema, thus a minimum can exceed a maximum.
4. (a) M =¢'(2), A=o(x)/z
(b) When A reaches a relative extremum, we must have
dA 1
L Sl (@)~ o)) = 0

This occurs only when x¢’(x) = ¢(x), that is, only when ¢'(x) = ¢(z)/x, or only when
M= A.

(c) The marginal and average curves must intersect when the latter reaches a peak or a

trough.

M
(d) EZZzlwhenM:A.

Exercise 9.3

1. (a) f'(x) =2ax+b; f'(x)=2a; f"(x)=0

(b) f'(z) =282%—3; f"(x)=2842% f"(x)= 168z
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(©) Fe) =30 —2)% ['(2)=601—2)% f"(x)=18(1 )~
d) fl@)=21-2)"% f'(z)=41-2)"% f"(z)=12(1-2)""
2. (a) and (b)
3. (a) An example is a modified version of the curve in Fig. 9.5a, with the arc AB replaced by
a line segment AB.
(b) A straight line.
4. Since dy/dx = b/(c + x)* > 0, and d*y/dz® = —2b/(c + z)®> < 0, the curve must show
b
y increasing at a decreasing rate. The vertical intercept (where z = 0) is a — p when x
approaches infinity, y tends to the value a, which gives a horizontal asymptote. Thus the

b
range of the function is the interval [a — =, a). To use it as a consumption function, we should
c

stipulate that:
a > Z [so that consumption is positive at zero income |
b > ¢? [so that M PC = dy/dx is a positive fraction throughout ]
5. the function f(z) plots as a straight line, and g(x) plots as a curve with either a peak or a

bottom or an inflection point at = 3. In terms of stationary points, every point on f(z) is a

stationary point, but the only stationary point on g(z) we know of is at z = 3.

(a) The utility function should have f(0) — 0, f'(z) > 0, and f”(x) = 0 for all x. It plots as

an upward-sloping straight line emanating from the point of origin.

(b) In the present case, the MN line segment would coincide with the utility curve. Thus

points A and B lie on top of each other, and U(15) = EU.
Exercise 9.4

1. (a) f'(z) = —4z+8; f"(x) = —4. The critical value is * = 2; the stationary value f(2) = 33
is & maximum.
(b) f'(x) = 32% + 12x; f”(z) = 6x + 12. The critical values are 0 and —4. f(0) = 9

is a minimum, because f”(0) = 12 > 0, but f”(—4) = 41 is a maximum, because

F(—4) = —12 < 0.
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1
(c) f'(z) = 2® — 6z +5; f"’(x) = 2z — 6. The critical values are 1 and 5. f(1) = 55 is a
1
maximum because /(1) = —4, but f(5) = 755 is a minimum because f”(5) = 4.

(d) f'(z) =2/(1 —2x)? # 0 for any value of z; there exists no relative extremum.

2. Excluding the wall side, the other three sides must satisfy L + 2W = 64ft, or L = 64 — 2WV.
The area is therefore

A=WL=W(64—2W) = 64W — 2IW?

To maximize A, it is necessary that dA/dW = 64 — 4W = 0, which can occur only when

W =16. Thus
W*=16ft L*=64-2W*=32ft A" =WL=>512ft
Inasmuch as d>A/dW? = —4 is negative, A* is a maximum.
3. (a) Yes.

(b) From the demand function, we first get the AR function P = 100 — Q). Then we have
R = PQ = (100 — Q)Q = 100Q — Q.
1
(¢c)T=R—-C = —§Q3+6Q2—11Q—50

(d) Setting dr/dQ = —Q* + 12Q — 11 = 0 yields two critical values 1 and 11. Only Q* = 11

gives a maximum profit.

1
(e) Maximum profit = 111§

4. Tf b=0, then the MC-minimizing output level becomes Q* = —3—2 = 0. With its minimum at
zero output. The MC curve must be upward-sloping throughout. Since the increasing segment
of MC is associated with the convex segment of the C curve, b = 0 implies that the C curve
will be convex throughout.

5. (a) The first assumption means 7(0) < 0. Since 7(0) = k, we need the restriction k < 0.

(b) Strict concavity means 7" (Q) < 0. Since 7"/ (Q) = 2h, we should have h < 0.
(¢) The third assumption means 7/(Q*) = 0, or 2hQ* + j = 0. Since Q* = —j/2h, and since

h < 0, the positivity of Q* requires that j > 0.

6. (a) Q=f(L); R=PQ=Pf(L); C=WoL+F;n=R—C=Pf(L)~WoL—~F
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(b) dn/dL = Pyf'(L) — Wy =0, or Pyf'(L) = Wy. The value of marginal product must be

equated to the wage rate.
(c) d®>m/dL? = Pyf"(L). If f”(L) < 0 (diminishing MPPp,), then we can be sure that profit
is maximized by L*.
d
7. (a) S= @AR = —23 4+ 2.2Q — 0.054Q?

2
(b) % =2.2-0.108Q = 0 at Q* = 20.37 (approximately); since % = —0.108 < 0, Q*

will maximize S.
Smax = S|log=g+ = —23 4+ 2.2(20.37) — 0.054(20.37)2 = —0.59(approximately).

(c) Since Spax is negative, all S values must be negative.

Exercise 9.5

L (a) 120 (b) 40320 (c) 4(33'!):4 (d)(()‘)(iwzﬁﬁ:%
(o) BFDOTDR_ ()t 1)

2. (a)
dlr) = (1—x)7t so that $(0) = 1
Plx) = (1—-a)7? P = 1
¢'(x) = 2(01-a)7? ¢"(0) = 2
&) = 61— §"0) = 6
oW(@) = 24(1—a)" o@(0) = 24

(b)

¢(z) = (1—2)/(1+z) sothat »(0) = 1
¢'(z) = —2(1+a2)7? ¢'(0) = -2
¢"(z) = 4(1+a2)7? ¢"(0) = 4
" (x) = —12(1+x)~* #"(0) = -12
oW(z) = 48(1+x)"° oW () = 48

Thus, by (9.14), the first five terms are 1 — 2z + 222 — 223 + 224
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3. (a) ¢(=2) = 1/3, ¢/(=2) = 1/9, ¢"(=2) = 2/27, ¢""(=2) = 6/81, and ¢*)(—2) = 24/243.
Thus, by (9.14),

1 1 1
2 2)3 + —(x+2
F @+ 2+ @427+ go(@+2)" + Ry

—— (211 + 131z + 512% 4 112 + 2*) + Ry

(x+2)+

Nef i

o(r) = 3+

Wl
[t

243

(b) ¢(=2) = =3, ¢'(=2) = —2, ¢"(-2) = —4, ¢"(—2) = —12, and ¢*(—2) = —48. Thus,
by (9.14),
p(r) = —3-2@+2)—2(x+2)?-2(x+2)°-2(x+2)*+ Ry

= —63— 98z — 6222 — 182 — 22* + Ry

4. When = = x, all the terms on the right of (9.14) except the first one will drop out (including
R,), leaving the result ¢(x) = ¢(xp).

Exercise 9.6

1. (a) f'(x) = 322 = 0 only when z = 0, thus f(0) = 0 is the only stationary value. The first
nonzero derivative value is f"”/(0) = 6; so f(0) is an inflection point.

(b) f'(z) = —42® = 0 only when x = 0. The stationary value f(0) = 0 is a relative maximum

because the first nonzero derivative value is f(4(0) = —24.
(¢) f'(z) = 62° = 0 only when x = 0. The stationary value f(0) = 5 is a relative minimum
since the first nonzero derivative value is f(6)(0) = 720.
2. (a) f'(z) = 3(x —1)?> = 0 only when x = 1. The first nonzero derivative value is /(1) = 6.
Thus the stationary value f(1) = 16 is associated with an inflection point.

(b) f'(z) = 4(z —2)®> = 0 only when # = 2. Since the first nonzero derivative value is

f@®(2) = 24, the stationary value f(2) = 0 is a relative minimum.

(c) f'(z) = —6(3 —x)> = 0 only when = 3. Since the first nonzero derivative value is

f©)(3) = 720, the stationary value f(3) = 7 is a relative minimum.

(d) f'z) = —8(5 — 2z)® = 0 only when z = 2.5,. Since the first nonzero derivative value is

f®(2.5) = 384, the stationary value f(2.5) = 8 is a relative minimum.
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CHAPTER 11
Exercise 11.2

1. The derivatives are: f, =2z +y, fy =+ 4y, fou =2, fyy =4, and fy, = 1. The first-order
condition requires that 2x +y = 0 and x 4+ 4y = 0. Thus we have

*

¥ =y"=0 implying =3 (which is a minimum)

2. The derivatives are: f, = =20+ 6, f; = =2y + 2, foo = =2, fyy = =2, and fyy = 0. The
first-order condition requires that —2z = 6 and —2y = —2. Thus we find
=3 y*=1 so that z* =10 (which is a maximum)

3. fo=2ax, fy=2by, foa =2a, fyy =20, and fy, = 0. The first-order condition requires that
2ax = 0 and 2by = 0. Thus

*

¥=y*=0 so that Zf=c

The second derivatives give us fzg fyy = 4ab, and f;fy = 0. Thus:

(a) z* is a minimum if a, b > 0.
(b) z* is a maximum if a, b < 0.
(c) z* gives a saddle point if a and b have opposite signs.
4. fo=2(e* 1), fy =4y, fox =4€*, fy, =4, and f,, = 0. The first-order condition
requires that e?* = 1 and 4y = 0. Thus
r=y"=0 so that z¥ =4

Since frxfyy = 4(4) exceeds f7, =0, z* = 4 is a minimum.

(a) And pair (x,y) other than (2,3) yields a positive z value.
(b) Yes. At z* =2 and y* = 3, we find
fo=4@—-2" and f,=4(@y-3"=0
(c) No. At 2* =2 and y* =3, we have fop = fyy = foy = fya = 0.

(d) By (11.6), d?2 = 0. Thus (11.9) is satisfied.
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Exercise 11.3

2. For (b): ¢ = —2u? + 4uv — 4v2. For (c): ¢ = 52% + 6xy. Both are the same as before.

3.
4 2
(a) 14> 0,4(3) > 2% — positive definite
2 3
-2 2
(b) 1 —2 <0, —2(—4) > 22 — negative definite
2 -4
5 3 .
(c) : 5> 0, 5(0) < 3% — neither
30
4.
3 =2 U
(a) ¢=[u v]
-2 7 v
1 3.5 U
(b) ¢=Tlu v]
35 3 v
-1 4 U
(€) ¢=Tlu v]
4 =31 v
-2 3 T
(d) ¢=[z y]
3 =5 Y
3 —1 2 uy
() g=lur w2 usl| -1 5 -1 Ug
2 -1 4 us
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5.
(a) 3>0,3(7) > (—2)? — positive definite
(b) 1> 0, 1(3) < (3.5)? — neither
(c) =1 <0, —1(=31) > 4?2 — negative definite
(d) =2 <0, —2(-5) > 32 — negative definite
3 -1 2
3 1 " .
(e) 3>0, =14>0,| -1 5 —-1|=37>0 — positive definite
-1 5
2 -1 4
— 2
(f) -1 <0, =0 - neither (no need to check |Ds])
2 -4
6.
(a) The characteristic equation is
4—r 2
=2 —-7r+8=0
2 3—1r
Its roots are rq, ro = % (7 + \/17). Both roots being positive, u’' Du is positive definite.
(b) The characteristic equation is r% + 6r + 4 = 0, with roots 71, ro = —3 £ V5. Both roots
being negative, v/ Eu is negative definite.
(c) The characteristic equation is r? — 5r — 9 = 0, with roots
T, Tg = % (5 + \/61). Since 71 is positive, but ry is negative, v’ F'u is indefinite.
4—r 2
7. The characteristic equation = 72 — 5r = 0 has the roots 11 = 5 and ry = 0.
2 1—r
. . . -1 2 x1
(Note: This is an example where |D| = 0). Using 7 in (11.13’), we have
2 —4 T9
0. Thus z1 = 2z5. Upon normalization, we obtain the first characteristic vector
2
V1 = \{g
v
x
Next, using 75 in (11.13’), we have Y= 0. Therefore, z; = —%xg. Upon
2 1 X2

normalization, we obtain
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\/5
These results happen to be identical with those in Example 5.

8. The characteristic equation can be written as
72 — (d11 + do2) 7 + (di1dag — di2dar) =0
Thus 1, 75 = 3 [(dn +da2) + \/(dll + doo)? — 4 (di1daz — dradan)

(a) The expression under the square-root sign can be written as
E = d}, + 2d11dao + d3y — 4dy1dag + 4dyadoy
= d2, — 2dy1dy + d3y + 4d1aday = (dyy — dag)® + 4d3y > 0
Thus no imaginary number can occur in r; and 7s.
(b) To have repeated roots, E has to be zero, which can occur if and only if di; = daa (say,
=c) and at the same time d15 = do; = 0. This would mean that matrix D takes the form
c 0
0 c

(c) Positive or negative semidefiniteness allows a characteristic root to be zero (r=0), which

of

implies the possibility that the characteristic equation reduces to di1dss — di2de; = 0, or

|D| = 0.
Exercise 11.4

1. The first-order condition
fi=2x1 —322=0
fo=—-3x1 + 6z +423=0
fs=4xo+ 1223 =0
is a homogeneous linear-equation system in which the three equations are independent. Thus
the only solution is
i =a5=25=0 so that z*=0
2 -3 0
The Hessian is | —3 6 4 |, with |Hy| =2 > 0, |[Hs| = 3 > 0, and |Hs| = 4 > 0.

0 4 12
Consequently, z* = 0 is a minimum.
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2. The first-order condition consists of the three equations

f1:—2331=0 f2=—233220 f3:—2$320

Thus i=x5=25=0 so that z* =129
-2 0 0

The Hessian is | 0 —2 0 |, with |[Hy| = -2 < 0, |[Hz] =4 > 0, and |H3| = —8 < 0.
0o 0 -2

Consequently, z* = 29 is a maximum.

3. The three equations in the first-order conditions are
201+ 23 =0
200 +x3 =1
T, + To+ 6x3 =0
Thus ] :2—10 a:;:% T3 = —355 so that 2 =—1
2 01
Since the Hessianis | 0 2 1 |, with |Hy| =2 > 0, |Hz| =4 > 0, and |Hs| = 20 > 0, the z*
1 16

value is a minimum.

4. By the first-order condition, we have
fo=2e—2=0, f,=—eV+1=0, f,=2we" —2" =0
Thus ¥ =0 yr =0 w=1 so that Z¥=2-—e
Note:The values of z* and y* are found from the fact that ¢® = 1. Finding w* is more

complicated. One way of doing it is as follows: First, rewrite the equation f,, =0 as

Taking natural logs yield

or
w2 w
Inw+1Ine” =lne
1 2 __
or lnw-+w” =w

or lnw=w-—w?
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If we draw a curve for Inw, and another for w — w?, their intersection point will give us the
solution. The Inw curve is a strictly concave curve with horizontal intercept at w = 1. The
w — w? is a hill-type parabola with horizontal intercepts w = 0 and w = 1. Thus the solution
is w* = 1.

4 0 O

The Hessianis | 0 1 0 | when evaluated at the stationary point, with all leading principal

0 0 4e

minors positive. Thus z* is a minimum.

5.

(a) Problems 2 and 4 yield diagonal Hessian matrices. The diagonal elements are all negative
for problem 2, and all positive for problems 4 and 5.

(b) According to (11.16), these diagonal elements represent the characteristic roots. Thus
the characteristic roots are all negative (d?z negative definite) for problem 2, and all
positive (d?z positive definite) for problem 4.

(¢) Yes.

6.

(a) The characteristic equation is, by (11.14):
2—r 0 1
0 2—r 1 =0
1 1 6—r
Expanding the determinant by the method of Fig. 5.1, we get

2-rN2-rnGE-r)—2-7r)—(2-7r)=0
or (2-r)[(2-r)(6—7)—2]=0 [factoring]
or (2—r)(r*—8r+10)=0
Thus, from the (2 — r) term, we have r; = 2. By the quadratic formula, we get from the
other term: 79, r5 = 4 + /6.

(b) All three roots are positive. Thus d?z is positive definite, and z* is a minimum.

(c) Yes.
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Exercise 11.5

(a)

Let w and v be any two distinct points in the domain. Then
fw=u> f)=0v2  flOu+(1—0)v]=[0u+(1—0)0]
Substituting these into (11.20), we find the difference between the left- and right-side
expressions in (11.20) to be
0u? + (1 — 0) v — 0%u2 — 20 (1 — 0) uv — (1 — ) v?
=1—-0)u?—-20(1—-0)uv+6(1—0)v?
=(1-0)(u—v)*>0 [since u # v ]

2 is a strictly convex function.

Thus z =z
Let u = (ug,u9) and v = (v1,v2) be any two distinct points in the domain. Then
flu)=ui+2u3  f(v)=0vf+203
Flou+ (1 =0)v] = [fuy + (1 — 0)v1]” + 2[Oua + (1 — 0) va)”
The difference between the left- and right-side expressions in (11.20) is
0(1—0) (ui —2u1v1 + vf + 2u3 — dugvy +203) = 0 (1 —0) |(uy — v1)? 42 (ug — 1}2)2i| >
0

Thus z = 22 + 223 is a strictly convex function.

Let u = (u1,usz) and v = (v1,v2) be any two distinct points in the domain. Then

fu) = 2u?—ujug +uy fv =20 —vivy + 02
flou+(1—=0)v] = 2[0ur+ (1—0)vi] — [fus + (1 —6)v1] - [fuz + (1 — 0) vo]

+ [Bug + (1 — 0) vy]?

The difference between the left- and right-side expressions in (11.20) is

0(1-196) [(21@ — 4uqvy + 21}%) — U U9 + ULVy + VU — V1V + (u% — 2uqvy + v%)]
—0(1-0) [2 (ur — v1)% — (ug —v1) (uz — v2) + (uz — vg)ﬂ >0

because the bracketed expression is positive, like 6 (1 — 0). [The bracketed expression, a
positive-definite quadratic form in the two variables (u; — v1) and (ug — v2), is positive
since (u; —v1) and (ug — v3) are not both zero in our problem.] Thus z = 222 — vy + 3>

is a strictly convex function.
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2.
(a)
(b)
(c)
3. No.
4.
(a)
(b)
(c)
5.

(a)
(b)

With f’ (u) = —2u, the difference between the left- and right-side expressions in (11.24)
is

2

v+ ut+2u(v—u)=—-v24+2uv —ut=—(v—u)” <0

Thus z = —z? is strictly concave.
Since fy (u1,us) = fa (u1,us) = 2 (ug + uz), the difference between the left- and right-side
expressions in (11.247) is

(01 4 v2)? = (w1 + u2)” = 2 (ur +ua) [(v1 — w1) + (v2 — us)]

= (v1 + v2)2 —2(vy +v2) (ug +uz) + (ug + us)?

= [(v1 +v2) = (w1 +uz)]* 2 0
A zero value cannot be ruled out because the two points may be, e.g., (u1,us) = (5,3)
and (v1,v2) = (2,6). Thus z = (21 + 22)> is convex, but not strictly so.

Since fi (u1,u2) = —ug, and fo (u1,us) = —uq, the difference between the left- and

right-side expressions in (11.24’) is

—v1vgturustus (v — ug)tug (v — ug) = —v1Ve VUt UV —u U = (V1 — uy) (V2 — ug)

0

Thus z = —xy is neither convex nor concave.

That theorem gives a sufficient condition which is not satisfied.

The circle with its interior, i.e. a disk.

Yes.
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(a) The set of points on an exponential curve; not a convex set.
(b) The set of points lying on or above an exponential curve; a convex set.
(¢) The set of points lying on or below an inverse U-shaped curve; a convex set.

(d) The set of points lying on or above a rectangular hyperbola in the positive quadrant; a

convex set.

(a) This is a convex combination, with § = 0.5.
(b) This is again a convex combination, with 6 = 0.2.

(c) This is not a convex combination.

(a) This set is the entire 2-space.

(b) This set is a cone bounded on one side by a ray passing through point u, and on the other

side by a ray passing through point v.

(c¢) This set is the line segment uwv.

(a) 8= ={(z1,...,mn) | f(21,00sz) <k} (f convex)
Sz ={(z1, ..., ) | g (T1, ey T0) > K} (g concave)

(b) S< is a solid circle (or disk); SZ is a solid square.

Exercise 11.6

(a) No, because the marginal cost of one commodity will be independent of the output of the

other.
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(b) The first-order condition is
T =Py —4Q: =0 Ty = Py —4Q2 =0
Thus Q] = %Plo and Q5 = %PQO. The profit is maximized, because the Hessian is
—4

0 -4
depend on where they are evaluated. Thus the maximum in this problem is a unique

, with |Hy| < 0 and |Hz| > 0. The signs of the principal minors do not

absolute maximum.

(¢) 712 = 0 implies that the profit-maximizing output level of one commodity is independent
of the output of the other (see first-order condition). The firm can operate as if it has

two plants, each optimizing the output of a different product.

2.
(a) By the procedure used in Example 2 (taking 1 and Q2 as choice variables), we can find
Qr=3% Q3=47 Pr=06{ P5=242
— 2
(b) The Hessian is , with |Hy| = —4 and |H3| = 28. Thus the sufficient condition
9  _
for a maximum is met.
(c¢) Substituting the P*’s and @Q*’s into the R and C functions, we get
* __ 43 * __ 85 = 4
8. Jea| = |43 50| = 452 = 2. Similarly, |car| = 1% = 4, and |eas| = $42 = §. The highest

is |eq1]; the lowest is |caz].

(a) C'=15+2Q =15+ 2Q1 +2Q2 + 2Q3

(b) Equating each MR to the MC, we obtain the three equations:

10Q1 +2Q2 +2Q3 = 48, 2Q1 +12Q2 +2Q3 = 90 and 201 +2Q2 +14Q3 = 60

Thus  Qf =28, Q;=63 Q=23

(c) Substituting the above into the demand equations, we get

§ 36 . 36 .
Pl =510, Py=T2g,  Pi=5T

36
97
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(d) Since RY = —8, Ry = —10, RY = —12, and C"” = 2, we do find that:
(1) RY —C" = —10  (2) RYRY — (RY + RY)C" = 80 + 36 = 116 > 0, and (3) |H| =
—960 — (80 + 96 + 120) (2) = —1552 < 0.

4.
(a) ™= PyQ(a,b) (1 + %io)i2 — Pyoa — Pyob
(b) ™= PyQ(a,b) (1+ iio)_3 — Pyoa — Pyob
5. Q(a,b) = 260

Exercise 11.7

(a) We may take (11.49) as the point of departure. Letting P,o alone vary (i.e., letting
dPy = dPyy = dr = dt = 0), and dividing through by dP,y # 0, we get the matrix

equation
_ _ da*

PyQaae rt PyQave rt (a;ao) . 1

PoQave™™"  PoQupe " (aaﬁ:o) 0
Hence, by Cramer’s Rule,

(85) =22 <0 and  (f5) = -2 <o

The higher the price of input a, the smaller will be the equilibrium levels of inputs a and
b.

(b) Next, letting Pyo alone vary in (11.49), and dividing through by dPyy # 0, we can obtain

results similar to (a) above:

da* _ 7P0Qabeirt ob* _ PUQaaeirt
(f85) = "= <0 and () = By <0

(a) Py, 0, Pao, Pro-
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CHAPTER 12

Exercise 12.2

1.
(a) Z=axy+ M2 —x —2y). The necessary condition is:
Zy=2—-2x—-2y=0 Zey=y—A=0 Zy=x—-2XA=0
Thus \* = %, 2* =1, y* = 1 - yielding 2* = 3.
(b) Z =2y +4x+ A8 —2x —y). The necessary condition is:
Zy=8—x—y=0 Zey=y+4—-X2=0 Zy=x—A=0
Thus \* = 6, 2* = 6, y* = 2 — yielding z* = 36.
(¢) Z=2—3y—2y+ A6 —x—y). The necessary condition is:
Zy=6—x—y=0 Zy=1—y—A=0 Zy=-3—-x—-A=0
Thus \* = —4, 2* =1, y* =5 — yielding z* = —19.
(d) Z=7—-y+ 22+ X~z —y). The necessary condition is:
In=-a-y=0 Zy=2r-A=0 Z,=-1-XA=0
Thus A" = —1, 2* = -1, y* = 1 — yielding 2* = 63.
2.
(a) Increase; at the rate % =\=1
(b) Increase; dj; = 6.
(c) Decrease; ddZ: =—4
(d) Decrease; d;; =-1
3.

(a) Z=x+2y+3w+zy —yw+ A(10 — z — y — 2w). Hence:
Zy=10—-z—y—2w=0 Zy=14+y—A=0
Zy=2+z—-—w—-A=0 Zy=3—y—2A=0
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(b) Z=a?+2zy+yw? + X (24 =22 —y —w?) + v (8 — & —w). Thus
Zy=24-2z—y—w?>=0 Zy=8—x—w=0
Zy=2x+2y—2\—v=0 Zy=2zx+w?—A=0
Zw =2yw — 2w —v =0
4. 7 = f(z,y) + A[0 — G(z,y)] = f(x,y) — AG(x,y). The first-order condition becomes:
Zy=—-G(z,y) =0 Zy=fo—AGy =0 Zy=fy—AGy =0
5. Since the constraint g = ¢ is to prevail at all times in this constrained optimization problem,
the equation takes on the sense of an identity, and it follows that dg must be zero. Then it
follows that d?¢g must be zero, too. In contrast, the equation dz = 0 is in the nature of a

first-order condition — dz is not identically zero, but is being set equal to zero to locate the

critical values of the choice variables. Thus d?z does not have to be zero as a matter of course.

6. No, the sign of A\* will be changed. The new \* is the negative of the old \*.

Exercise 12.3

1.
01 2
(a) Since [H|=|1 0 1 |=4, 2" =31 is a maximum.
2 1 0
0 1 1

(b) Since |[H|=|1 0 1 |=2,2* =36 is a maximum.

1 1 0
0 1 1
(¢) Since |[H|=|1 0 -1 |=-2,2"=-19is a minimum.
1 -1 0
0 1 1
(d) Since [H|=| 1 2 0 |=-2, 2 =62 is a minimum.
1 0 0
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0

2. |H| =

g1

n

11

-g2 <0

Instructor’s Manual

3. The zero can be made the last (instead of the first) element in the principal diagonal, with g,

g2 and g3 (in that order appearing in the last column and in the last row.

0 0 g 9 9 au
0 0 g 9 9§ ugi
n |E[} _ 9% gi Zn Ziz2 Ziz Zua
92 95 Zan Zoz Zaz L
93 93 Zs1 Zsy Zsz Zsa
91 97 Zu Zax Zaz Zua
A sufficient condition for maximum z is |ET3| < 0 and ‘}_Ll} = ’H| > 0.

A sufficient condition for minimum z is |F13| > (0 and \H| > 0.

Exercise 12.4

1. Examples of acceptable curves are:

(a)

{b)

(e)

(e}

(f)

z

z

z

AN

R
2
I~
.
N\
o~
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(a)

(b)

Quasiconcave, but not strictly so. This is because f(v) = f(u) = a, and thus f [fu + (1 — 0)v] =
a, which is equal to (not greater than) f(u).

Quasiconcave, and strictly so. In the present case, f (v) > f(u) means that a+bv > a+bu,

or v > u. Moreover, to have u and v distinct, we must actually have v > u. Since

flOu+(1—=0] = a+blfu+(1-0)]
= a+b[0u+ (1—0)v]+ (bu — bu)
= a+bu+b(1—-0)(v—u)

= f(u)b(1—10)(w—u)=f(u)+ some positive term
it follows that f[0u+ (1 —6)v] > f(u). Hence f(x) = a + bz, (b > 0), strictly quasi-

concave

Quasiconcave, and strictly so. Here, f(v) > f (u) means a + cv? > a + cu?, or v? < u?
(since ¢ < 0). For nonnegative distinct values of v and v, this in turn means v < u. Now

we have

flou+ (1 =00 = a+clfu+(1—0)v)

a+cu2+c{[9u+(1—0)v]2—u2}

+ (cu2 — cu2)

Using the identity y? — 22 = (y + x) (y — =), we can rewrite the above expression as
a+cu+clfu+(1—0)v+ul[fu+ (1—0)v—ul
=flu)+c[1+0)u+(1-0)v][(1-10)(v—u)
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= f (u) + some positive term > f (u)

Hence f (x) = a + cz?, (¢ < 0), is strictly quasiconcave.

3. Both f(z) and g (x) are monotonic, and thus quasiconcave. However, f (z) + g (x) displays
both a hill and a valley. If we pick k = 5%, for instance, neither SZ nor S< will be a convex

set. Therefore f (z) 4+ g (x) is not quasiconcave.

(a) This cubic function has a graph similar to Fig. 2.8c, with a hill in the second quadrant
and valley in the fourth. If we pick k = 0, neither S nor S< is a convex set. The
function is neither quasiconcave nor quasiconvex.

(b) This function is linear, and hence both quasiconcave and quasiconvex.

(c) Setting x9 — Ina; = k, and solving for x5, we get the isovalue equation o = Inzy + k.
In the xyx2 plane, this plots for each value of k as a log curve shifted upward vertically
by the amount of k. The set S = {(x1,72)| f(x1,22) <k} — the set of points on or
below the isovalue curve — is a convex set. Thus the function is quasiconvex. (but not

quasiconcave).

(a) A cubic curve contains two bends, and would thus violate both parts of (12.21).

(b) From the discussion of the cubic total-cost function in Sec. 9.4, we know that if a, ¢, d > 0,
b < 0, and b*> < 3ac, then the cubic function will be upward-sloping for nonnegative x.

Then, by (12.21), it is both quasiconcave and quasiconvex.

5. Let u and v be two values of x, and let f (v) = v? > f (u) = u?, which implies v > u. Since

f' () = 2z, we find that
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[ (w) (v —u) =2u(v—u)>0
fflw)(v—u)=2v@w—-—u)>0

Thus, by (12.22), the function is both quasiconcave and quasiconvex., confirming the conclusion

in Example 1.

6. The set S<, involving the inequality xy < k, consists of the points lying on or below a
rectangular hyperbola — not a convex set. Hence the function is quasiconvex by (12.21).
Alternatively, since f, =y, fy = @, frz =0, fzy = 1, and f,,, = 0, we have |B;| = —y? <0

and |Bs| = 2zy > 0, which violates the necessary condition (12.25) for quasiconvexity.

(a) Since f, = —2x, fy = =2y, fox = =2, foy =0, fyy = —2, we have
|B| = —42% <0 |Bo| =8 (22 + y?) > 0
By (12.26), the function is quasiconcave.

(b) Since f, = =2(x+1), fy = =2y +2), fow = =2, foy =0, fyy = —2, we have
|Bi|=—-4(z+1)°<0  |By]=8(z+1)°+8(y+2)°>0

By (12.26), the function is quasiconcave.

Exercise 12.5

(a) Z=(x+2)(y+1)+ (130 — 4z — 6y)

(b) The first-order condition requires that
Zy=130—4r —6y =0, Zy=y+1—-4x=0, Z,=2+2—6)1=0
Thus we have \* = 3, 2* = 16, and y* = 11.

0 4 6
(c) |H|=]4 0 1 |=48>0. Hence utility is maximized.
6 1 0

(d) No.
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2.
(a) Z=(x+2)(y+ 1)+ A(B-aP—yhy)
(b) As the necessary condition for extremum, we have
Zy=B—2P, —yPy,=0 or —Pyx — Pyy=—-B
Zy=y+1-AP, =0 —PA+y=-1
Zy=x2+2—-AP, =0 —PA+ax=-2
By Cramer’s Rule, we can find that
A — BJBQPiJ;DJ;Py = 3722Fé+Py . _ B+22Fl;jpy
0 P, P
(c) |ﬁ’ =P, 0 1 |=2PP,>0. Utility is maximized.
P, 1 0
(d) When P, =4, P, =6, and B = 130, we get A\* =3, 2* = 16 and y* = 11. These check
with the preceding problem.
3. Yes. (%—g):%&>0, (g—f,:):—ﬁ,? <0, (%):%PI>O, (%):ﬁ>0,
(35) - 4 0. (3) - 585 <o

An increase in income B raises the level of optimal purchases of x and y both; an increase in
the price of one commodity reduces the optimal purchase of that commodity itself, but raises

the optimal purchase of the other commodity.

4. We have Uy = Uyy =0, Upy = Uyp- =1, |J| = |H| = 2P, P,.

o* = (B#Pjrp) and \* = BH2PatPy) oy

2P, P,
@) (37) = o ond (35) = o
() () = G and (G )

These answers check with the precedlng problem.

5. A negative sign for that derivative can mean either that the income effect (71) and the sub-
stitution effect (T3) in (12.33’) are both negative (normal good), or that the income effect is
positive (inferior good) but is overshadowed by the negative substitution effect. The statement

is not valid.
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6. The optimal utility level can be expressed as U* = U*(z*,y*). Thus dU* = U, dz* + U, dy*,
where U, and U, are evaluated at the optimum. When U™ is constant, we have dU* = 0, or
Updz* + Uydy* = 0. From (12.42"), we have %j = % at the optimum. Thus we can also
express dU* = 0 by P, dx* + P, dy* =0, or -F, dla:* — Py dy* = 0.

(a) No; diminishing marginal utility means only that U, and U,, are negative, but says
nothing about U,,. Therefore we cannot be sure that |H’ > 0in (12.32) and & da:2 >01in
(12.33).

(b) No; if iLz > 0, and hence ’ﬁ} > 0, nothing definite be said about the sign of U,, and

Uyy, because Uy, also appears in }H ‘

Exercise 12.6

1. (a) v/(Jz) (jy) = j = \/Ty; homogeneous of degree one.
3 1
(b [( ) - (jy)ﬂ ’ =J (332 — y2) 2: homogeneous of degree one.

(c) Not homogeneous.

)
)
(d) 2jz + jy +3+/(z) Gy) = j (22 + y + 3,/7y); homogeneous of degree one.
e) (“) ]y) +2 () (jw)=j (—L + wa) homogeneous of degree two.

)

(
(

2 Let = §,then £ = £ (§. ) =/ () = (§). Thus Q= Kv (£).

£) (4 ) - 5(jy) (jw) = j* (2" — 5yw?); homogeneous of degree four.

a) When M PPk =0, we have L29 = Q, or 29 = £ or MPP, = APPy.
oL oL — L>

(b) When M PPy, =0, we have K% =Q, or % % or MPPy = APPxk.

3. Yes, they are true:

4.

(a) APPp, = hence APPy, indeed can be plotted against k.

¢ (k);
(b) MPPy = ¢' (k) = slope of APPy.
)

¢(k) _ APP; __ ordinate of a point on the APPp curve __ .
(c) APPx = 5+ = 5+ = aDsciosn of that point =slope of radius vector to the

APPy, curve
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