MATH 3705B
Test 4 Solutions
March 17, 2011

[Marks]  Questions 1-2 are multiple choice. Circle the correct answer. Only the answer will be marked.

1
[4] 1. The solution of the wave equation u,, = §utt, 0 < z < 2, which satisfies the boundary

conditions u(0,t) = u(2,t) =0, is given by
= nmwx 3nmt 3nmt
1) = E i <—> n bysin (| — || .
u(zx,t) 2 sin { — {a cos ( 5 ) + ( 5 )}

If u(x,t) satisfies the initial conditions u(z,0) = 0 and w;(x,0) = 3sin(7mx) — sin(37x), then
the coefficients a,, and b,, are given by

(a) by = 3, —1, b, = 0 otherwise, and a,, = 0 for all n > 1.
1 1
(b) by = — = —— b, = 0 otherwise, and a,, = 0 for all n > 1.
T’ 9
(¢) ay = -3, ag =1, a, = 0 otherwise, and b, = 0 for all n > 1.
1
(d) ag = , ag = —, a, = 0 otherwise, and b, = 0 for all n > 1.
7’ 97
)

(e) None of the above

Answer: (b)

1 1
[4] 2. The solution of Laplace’s equation u,., + —u, + — Ugy = 0 inside the circle » = 3 has the form
r r

o0

+ Z r"[ay, cos(nf) + b, sin(nh)].

The solution which satisfies the boundary condition u(3,60) = 1 + 2sin(30) — 3 cos(260) is
(a) u(r,0) =1 — 27r=2cos(20) + 54r—3 sin(30)

(b) u(r,0) =1 — 3r*cos(20) + 273 sin(36)

_ L, 2 3.
(c) u(r,0) =2 u cos(26) + 57" sin(360)

1 2
(d) u(r,0)=1- §r2 cos(26) + 2—77“3 sin(30)

(e) None of the above
Answer: (d)



3. Find the polynomial solution u(z,y) = ax + By +yxy+ 6 of Laplace’s equation w,, + 1y, =0

within the rectangle 0 < x < 2, 0 <y < 1, which satisfies the boundary conditions
1
u(0,y) =y, w(2,y) =0, u(,0) =0, u(z,1) = 1 - Zz.

Write down the complete solution u(z,y).

Solution:

u(z,0)=0 = axr+d=0 = a=0=0 = u(z,y) = Py + yry.

w2,y) =0 = By+29y=0 = (B+27)y=0 = B=-27 = u(z,y) = -2y +y2y.
u0,y) =y = —2yy=y = 72—% = ulz,y) =y - Y.

u(x,l):l—g 11—%:1—%

Thus, u(z,y) =y — %Y.

. The solution of Laplace’s equation ug, +u,, =0, 0 < x < L, 0 < y < M, satisfying the

boundary conditions u(z,0) =0, u(z, M) =10, u(0,y) =0, u(L,y) = f(y), has the form

u(z,y) = Zan sinh <n_]\7:;c) sin <%) :
n=1

Find the solution of Laplace’s equation u,, + u,, = 0 within the rectangle 0 < z < 2,
0 < y < 1, which satisfies the boundary conditions u(z,0) = 0, u(x,1) = 0, u(0,y) = 0,
u(2,y) = 1. Write down the complete solution u(z,y).

Solution:
L=2 M=1 = u(zr,y) = Zan sinh(nmz) sin(nmy).
n=1
l=u(2,y) = Zan sinh(2nm) sin(nmy) =
n=1
0, sinh(2n )—g/lsin(n Yy = — 2 cosnmy)| = 21— (<1 =
" 7T_10 = T Wyo_mr
21 = (=1)"] 2= (=D .
Ll w0 ) =S G .
¢ nm sinh(2n7) = (@) ;mrsmh(QmT) sinh(nme) sin(ny)

1
. The solution of the wave equation u,, = —un, 0 <z < L, which satisfies the boundary
c

conditions u(0,t) = u(L,t) = 0, has the form

- t t
u(z,t) = Zsin (n_z:v) [an cos <%> + b, sin (m;c >] :

n=1

Find the solution of u,, = uy, 0 < x < 1, which satisfies the boundary conditions
u(0,t) = u(1,t) = 0, and the initial conditions u(x,0) = 0, u;(x,0) = x — 2%, Write down the



complete solution u(zx,t).

Solution:
o0

Here, c=1and L =1, and u(z,t) = Z sin(nmz)|a, cos(nrt) + b, sin(nwt)].

n=1

Since u(z,0) =0, a, =0, n > 1.

r— 2% = w(x,0) = Zmrbn sin(nrz) =

n=1

1
nrb, = 2/ (z — %) sin(n7x) dx
0

2 ) oot
. Iy S d
— (x — x%) cos(nmx) ) + mr/o ( x) cos(nmx) dx
2 ' !
= =3 (1 — 2z)sin(nmz) ) + 32 /0 sin(nrz) dx
g
=~ cos(nmz) ) =53 1—(=1)"].

41— (—1)n
Hence, u(z,t) = E % sin(nmz) sin(nwt).
ntm
n=1



