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Statistical Science 

1024a(W2014)

Ch.3 The Normal Distributions

Note: TABLE A (Standard Normal proportions) 

is posted in the Resources folder in

“Course formula and Tables” posting

PRINTcopy of TABLE A for Ch3 lectures
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• Sometimes the overall pattern of a large number 

of observations is so regular that we can 

describe it by a smooth curve
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Example Data: Heights of 3000

Criminals

• distribution 

of heights of 

3000 

criminals in 

1902

• distribution 

is nearly 

symmetric
• (box plot shows 

outliers)
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Histogram of Heights

Height in Inches

F
re
q
u
e
n
c
y

75726966636057

500

400

300

200

100

0



5

Histogram to Density Curve
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Histogram Areas
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Density Curve Area
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More on Density Curves

• a density curve describes the theoretical 
pattern or distribution of the data that can 
be obtained. The description is in terms of 
a mathematical function

• for the theory to coincide with the 
observations, the histogram and the 
density curve should be similar
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The Mean as the Centre of 

Gravity of the Density Curve
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Properties of Means and Medians of 

Density Curves

For a symmetric density curve 

• mean = median

For an asymmetric or skewed density curve

• mean > median if the long tail of the curve is 
in the right of the distribution (skewed to the 
right)

• mean < median if the long tail of the curve is 
in the left of the distribution (skewed to the 
left)
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Normal Density Curves

• Normal Density curves are an important/special 
class of density curves for several reasons;

– They are a good description for some distribtuions of 
real data

– They can be used to get a good approximation to 
results of many kinds of chance outcomes (e.g.  
repeated coin tosses and outcome probabilities)

– Many statistical inference procedures based on 
Normal distributions work well for roughly 
symmetric distributions

• We will  use Normal density curve frequently, especially 
the standard normal density curve
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Standard Normal Distribution
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• bell-shaped curve 
centered around 0 

with most of the 

curve between   -3 
and +3

• symmetric around 
0 so that the mean 
and median are 
both 0

• standard 
deviation equals 1
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(General) Normal Distribution

• the mean µµµµ of the distribution determines 

the location of the distribution or the centre 
of the bell-shaped curve

• the standard deviation σσσσ determines the 
shape or how spread out the bell shape is

• Notation used: N (µµµµ ,σσσσ ) ,Standard 
Normal Distribution is N(0,1) 
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Same Standard Deviations, Different 
Means

• the curve on 
the right has 
a larger mean 
than the 
curve on the 
left

• the amount of 
the shift is 
equal to the 
difference in 
the means
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Same Means, Different Standard 
Deviations

• the lower 
curve has a 
larger 
standard 
deviation

• the spread of 
the curve 
increases 
with the 
standard 
deviation
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Same Rule, Different 

Expression

• 68% of the area under the curve is 

between µ – σ and µ + σ

• 95% of the area under the curve is 

between µ – 2σ and µ + 2σ

• 99.7% of the area under the curve is 

between µ – 3σ and µ + 3σ
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Example1(68-95-99.7%) Rule

You are given that  set of test scores are 
approximately normal, with mean(µ)= 65, and 
standard deviation(σ)=10

(a) give intervals that contain

(i) The middle 68% of scores

(ii) The middles 95% of scores

(iii) The middle 99.7% of scores

(b) What percent of people have scores above 65?

(c) What percent of people have scores above 85?
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Example2(68-95-99.7 Rule)

If the distribution of ages in this class is normal and  

an interval containing 68% of the ages is (20,22)

a) What is the mean age?

b) What is the standard deviation of ages?
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Standard Normal Distribution
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Example Calculation Using the 68-95-99.7        

Rule for N(0,1)
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Standardizing

  ,
σ

µx
z

)( −
=

• If z≥0, x is above the mean, if z<0 , x is below the 
mean, if  z=0, x equals the mean

• z has no units-distance is measured from the mean 
or in number of standard deviations from the mean

• Standardizing is useful for

– hiding real units such as test scores, salaries, etc

– Comparison of values from different distributions

– Determining proportions (percentiles, probabilities)
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Examples-Standardizing

• Ex 1: Ten years ago, the average price of 3 litre bags of 
milk was $3.75 with a standard deviation of 0.5  and the 
average price of a loaf of bread was $1.60 with a standard 
deviation of $0.40.  Suppose in that same year, someone 
paid $4.00 for the milk and $1.75 for the bread.  Which was
relatively more expensive, the bread or the Milk?

• Ex 2: Sue is 14 years old and her IQ is 134.  The mean IQ 
score for 14 year olds is 110 and the standard deviation is 
16. Sue’s brother Mike is 20 years old and his IQ score is 
144.  The mean IQ score for 20 year olds is 120 and the 
standard deviation is 20. How would you compare these two 
IQ scores?
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Example: Heights of Women

Assume women’s heights have a normal distribution with 

mean 163.8 cm and a standard deviation of 6.4 cm 
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Then

 

6.4

163.8height −

has a standard normal distribution
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Table A (copy posted on OWL (see page 1note)

Table A gives the area under the standard Normal curve to the left of any z-value. 
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Table for 

z-values < 0
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Table for 

z-values > 0
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Tables for the Normal Distribution are Based on 

N(0,1)
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Any area can be obtained from the basic table 

calculation

1 – 0.0708

= 0.9292

0.0708 – 0.0582

= 0.0126 
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mean µ = 163.8 cm

standard deviation σ = 6.4 cm 

x (height) =  170.2 cm 

We calculate z, the standardized value of x:

mean from dev. stand. 1  1
6.4

6.4

6.4

163.8)(170.2)(
=>==

−
=

−
= z  ,

σ

µx
z

Because of the 68-95-99.7 rule, we can conclude that the percent of women 

shorter than 170.2 cm should be, approximately, .68 + half of (1 − .68) = .84, 

or 84%.

Area= ???

Area = ???

N(µ, σ) = 

N(163.8, 6.4)

µ µ µ µ = 163.8 x = 170.2

z = 0 z = 1   

Example: Women heights

Women’s heights follow the N(163.8,6.4) 

distribution. What percent of women are 

shorter than 170.2 cm tall?
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Area ≈ 0.84

Area ≈ 0.16

N(µ, σ) = 

N(163.8, 6.4)

µ = 163.8    x = 170.2 
z = 1   

Conclusion: 

84.13% of women are shorter than 170.2 cm.

(Also,by subtraction, 1 − 0.8413, or 15.87%, of 

women are taller than 170.2 cm)

For z = 1.00, the area under 

the standard Normal curve 

to the left of z is 0.8413.

Percent of women shorter than 170.2 cm: Exact Calculation
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Example-Finding a value

• The finishing times for competitive 
swimmers in a certain tier on the 100-
meter butterfly are normally distributed 
with a mean of 55 seconds and a standard 
deviation of 5 seconds.

• What time must a swimmer finish to be in 
the fastest 3% of finishing times?
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When you know the proportion, but you don’t know the x-value that 

represents the cut-off, you need to use Table A backward.

Finding a value given a proportion

1. State the problem and draw a picture.

2.   Use Table A backward, from the inside out to the margins, to 

find the corresponding z.

3.   Unstandardize to transform z back to the original x scale by 

using the formula:    

 zσµx +=
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mean µ = 163.8 cm

standard deviation σ = 6.4 cm 

proportion = area under curve = 0.25

We use Table A backward to get the z. 

On the left half of Table A (with proportions ≤ 0.5), we find that a 
proportion of 0.25 is between z = -0.67 and –0.68.  

We’ll use z = –0.67.

Now convert back to x: 

The 25th percentile for women’s heights is about 159.5 cm

Example: Women’s heights

Women’s heights follow the N(163.8,6.4) 

distribution. What is the 25th percentile for 

women’s heights?  

cm159.5120.67)(6.4)(163.8   =−+=+= zσµx
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Other Densities: Example

Uniform Distribution

Suppose that the time it takes a student to eat their lunch is 

uniformly distributed between 5 and 20 minutes.  What 
percentage of the time does it take a student more than 10 but 

less than 18 minutes to eat lunch?


