Math 327

Exam 2 - Practice Problem Solutions

1. For each of the following matrices, determine whether it is in row echelon form, reduced row echelon form, or neither.

(a)

1 -4 2 0
0 1 5 -1
0 0 1 4

Since each row has a leading 1 that is down and to the right of the leading 1 in the previous row, this matrix is
in row echelon form.

Since some of the columns with a leading 1 have other non-zero entries, it is not in reduced row echelon form.

1 0 4
0 1 -8
0 0 O
Since each non-zero row has a leading 1 that is down and to the right of the leading 1 in the previous row, each

column with a leading 1 has no other non-zero entries, and the zero rows is at the bottom of the matrix, this
matrix is in reduced row echelon form.

01 0 -2
001 4
00 0 7

Since the last row is not a zero row but does not have a leading 1, this matrix is in neither row echelon form nor
reduced row echelon form.

2. Put each of the following matrices into row echelon form.

(a)

[3 2 4 7
2 1 0 -3
_2 8 -8 2 ]
3 —2 4 7 1 4 1 -3 4 10
rT1—T2—T1
2 1 0 -3 r3 —T9 — T3 2 ro —2r1 — 0 7 -8 =23
_2 8 -8 2 ] 0 0o 7 =8 5
RN b 48 1(2)3 1 Lo 48 23
77"2-)7"2 0 1 -z — %7"3—>7"3 O 1 -7 -5
0 O 0 28 0 O 1
(3 -1 2 4 1]
2 1 3 -1
12 3 -2 3|
3 -1 2 4 1] 1 2 3 -2 3 o 1 2 3 -2 3
2—2T1—T2
2 1 3 -1 2 |rm+<r3| 2 1 3 1 2 | r3—3ri—>r3 | 0 -3 -3 3 -4
12 3 -2 3| 3 —1 2 1 0o -7 -7 10 8
1 2 3 -2 3 1 2 3 -2 3 1 2 3 -2 3
—irg = |0 1 1 =1 3 |rs+Tra—rs| 01 1 —1 % irg—r3 | 0 1 1 —1 %
0 -7 —7 10 8 00035 00015
cosf sinf
—sinf cosf
cosf  sinf } 1 [ 1 sin 0 _ 1 sing 1 sing
_q cos@r1 - ol cos @ T2+SIH9T1 — T2 sin” 6 900b = sin? OCOb cos? 0
[ sinf cosf sinf cosf 0 + cos 6 0 = o

1 sin ¢ 1 tané 1 tané
_ 0 _
[o weithes | =[5 0 Jeostran] §

cos 0 cos 6



3. Put each of the matrices from the previous problem into reduced row echelon form.

(a) Continuing from above:

1 -3 4 10 1 0 2 1 rotBry—sry 1 0o 2 o0
8 23 78 723 17 78

601 -2 - |[rn+3r2—>m |01 —% - |rm—zsr3—>r [0 1 —2 0

0 O 0 1 0 0 O 1 00 0 1

(b) Continuing from above:

1 2 3 -2 3 1 o1o0 i

4 T1—27T2 =71 136
01 1 -1 § To + 173 — T2 01 1 0 g
(000 1 4 0001 32

(¢) Continuing from above:

1 tan6 1
0 1 0

]7"1 — tanfry — ro [

— O
—_

4. Use Gaussian Elimination to find all solutions to the following systems of linear equations.

r+2y+32=9
(a) ¢ 20 —2z= -2
3x+2y+2="7

We begin by finding the augmented matrix associated with this system of equations and then carry out row

operations:
12 3|9 ra2risr 1 2 3|9 ro—ramrs | 102 3|9
2 0 2| -2 |r3—3r—r3 |0 —4 —8|-20|—-3rp,—=r |0 1 25
3.2 1|7 0 —4 —-8|-20 00 0]0

Then y 4+ 2z =5,80 y =5 — 2z, and x + 2y + 3z = 9, or, substituting, x + 2(5 — 2z) + 3z = 9.
Therefore, t =10 —42z+32=9,s0x = -1+ 2

Hence the solutions to this system are all of the form (—1+¢,5 — 2¢,¢) for some t € R.
r+2y+32=9
3r+2y+2="7

We begin by finding the augmented matrix associated with this system of equations and then carry out row
operations:

1 2 3|9 g (L2 3o ]y T2 39
3 2 1|7 |70 4 8| -2 27772 g 1 95

Then, exactly as above, y + 2z =5, so y = 5 — 2z, and = + 2y + 32 = 9, or, substituting,  + 2(5 — 22) + 32 = 9.
Therefore, t =10 —42+32=9,s0z = -1+ 2

Hence the solutions to this system are all of the form (—1 +¢,5 — 2¢,t) for some ¢ € R.

5. Use Gauss-Jordan reduction to find all solutions to the following systems of linear equations.

3x —2y+z2=—6
(a) ¢ 4oz —3y+32="7
2r+y—2=-9

We begin by finding the augmented matrix associated with this system of equations and then carry out row
operations:

3 -2 1 |-6 S, 1 -1 2 13 ro—dr—ore | 1 —1 2 |13

4 -3 3 7 2r3—r9 — 13 | 4 -3 3 7 %7”3 —rg | 0 -1 5 | 45

2 1 -1]-9 0 5 —=5|-25 0 1 -—-1|-5



1 0 1|8 —rp—yry 1 0 1 8 _ 1 0 0] -2
r1+T3—T1 1 T1—T3—7T1
r3+ 179 — T3 0 —1 51|45 a3 = T3 0 1 —-5|—-45 ro 4+ dr3 —> 1o 01 0 )
0 0 4140 00 1 10 0 0 1|10
Therefore, the unique solution is x = —2, y = 5, and z = 10

3z -2y +z2z=4
(b) ¢ z+3y—2z=-3
4z — 10y + 4z = 10

We begin by finding the augmented matrix associated with this system of equations and then carry out row
operations:
3 -2 1] 4 1 3 -1]-3 3 1 3 -1|-3
T2 —OT1—T2
1 3 —-1] -3 T <> T2 3 -2 1 4 r3 —4r1 — r3 0 -—11 4 13
4 —10 4 | 10 4 —10 4 | 10 0 —22 8 | 22

1 3 —-1] -3
rg —2ro —>r3 | 0 —11 4 13
0 0 0| —4

Therefore, this system has no solutions (the equation 0 = —4 is inconsistent).

6. Use quadratic interpolation to find a quadratic function passing through the points (0,2), (1,0), and (2,4).

If we start with the general quadratic p(x) = az? + bx + ¢ and the three conditions given above, we have the following
system of equations:

c=72
a+b+c=0
da+2b+c=4
0 0 1]2 1 1 11]0 et s 1 1 0]-2
. .. r14372 T1—T2—T2
In matrix form, this is: 1 1 1(0 |ro&rg | 4 2 1|4 |ri—r3—r | 0 2 3|4
4 2 1|4 0 0 1]2 0 0 1| 2
1 1 0] =2 1 1 0]-2 1 0 0] 3
Ty — 37’3 — T 0 2 0|-10 %7’2 — T 01 0|-5 T — T —T1 0 1 0|-=5
0 0 1 2 0 0 1| 2 0 0 1| 2

Therefore, we have a = 3, b = —5, and ¢ = 2, so p(z) = 322 — 52 +2. Once can quickly verify that this quadratic passes
through all three desired points.

7. Construct a quadratic polynomial p(x) = ax? + bx + c satisfying the conditions: p(1) = f(1), p'(1) = f/(1), and
p"(1) = (1) if f(x) = xInx + 22

First, notice that since f(z) = zlnz + 22, then f'(z) =lnz+z (%) + 2z =Inz+2x+ 1 and f’(z) = (1) + 2. Then
f(1) =1, f(1) =3, and f7(1) = 3.

Next, notice that since p(x) = az?+ bx + ¢, then p'(z) = 2ax +b and p”(z) = 2a. Then p(1) = a+b+c, p'(1) = 2a+b,
and p’'(z) = 2a

a+b+c=1
This gives the system of equations: 2a+b=3
204 =3
L1 1|1 ey [ 11 11 S 00 1]-3
The matrix form of this equation is: 2 1 013 %7’2 01 00 |ri—=—r3—r1 | 0 1 0] O
2 0 03 10 0|3 1 00| 3
Thus, we have a = %7 b=0,and c = —%. Hence p(z) = %xz — % One can verify this this quadratic satisfies all of the

given conditions.



8. Find the elementary matrices corresponding to carrying out each of the following elementary row operations on a 3 x 3

10.

11.

matrix:
(a) 7o <13 (b) —3r2 = 12 (c) 3ri+ry =12
1 00 1 0 0 1 00
Er=|0 01 E,=|0 -1 0 Es=|3 10
010 0 0 1 0 0 1

1 00 1 0 0 1 00
(a) BEyt=1]10 0 1 b) E;'=]10 -4 0 (c) Fs -3 10
01 0 0 0 1 0 0 1
Write the matrix A = ; i ] as a product of elementary matrices. [Hint: what elementary operations are needed to

put A into reduced row echelon form]

We begin by putting A into r.r.e.f.:
L2y . 12 SR I S D I
3 4 T2 71 T2 0 -9 LT T 1 0 -2 572 T2 0

Next, we observe that the elementary matrices used in this reduction process are: E; = { _13 (1) ], By, = [ (1) 1 }

—= O
| I

andEg[(l) 01 }
2

Then E3EsF1 A =15, s0 A~' = E3F>FE;. Hence A = (A—l)‘1 = E ‘B ES

mea=[3 0] 15 ][0 %)

For each of the following matrices, either find the inverse or prove that the matrix is singular.

—-1|1
4 10

0 o 1
1 0 1 [T T2l g 1y
r1 4+ 5ry =5 r |:

:| r—rog —1T1 [
1
0

wlot

0 -1 g [ 0 —1
1 0 |77 0 o |1 3

-3 0 4
(c) 2 -1 0
5 0 -2

The standard row reduction algorithm yields: A= =

= lowainomai=
o
(XSS



5 -1 4
1 1 1
The standard row reduction algorithm yields: A=! = —g —% %
1
8 8 B8
1 0 2
12. Find all values of a for which the matrix A=1| 2 0 a has an inverse. Find the form of A~! (in terms of a) for
0 2 -—a
the cases where it exists.
10 211 0 0] -2 | 1 O 2 1 0 rotirs 1 0 2 1 0 0
2 0 a |0 1 O %r3—>r3 0 0 a—4|-2 1 (1) ai4r3—>r3 01 -3 O2 (1) %
a
0 2 —a|0 0 1 01 -3 10 5 00 1 |—-2% = 0
a 2
T172T3*>7’1 1 0 O r_(f 7? (1)
7”2—‘1-%7‘3—>7”2 0 1 0 a1 3a-d) 2
2 1
00 1|—-2% -5 O
a 2
a1 a1 0
Thus A=t = Y sy 1 |. Notice that we must have a # 4 for the inverse to exist.
2 1
~ai aa 0
1 1 2
13. Given the matrix A = 1 2 1
-1 2 -5

(a) Find matrix B equivalent to A having the form described by Theorem 2.12

We will solve both parts of this question at the same time by utilizing matrices of the form [A|L,]

1 1 2|1 0O 11 2 1 0 0 . 1 0 3 2 -1 0
To—T1—T2 T1—T2—=T1

1 2 1 01 0 r3+1r1 — 13 01 —-1|-1 1 0 rg —3re — T3 01 —-1]-1 1 0

-1 2 5|0 0 1 03 =31 01 0 0 O 4 -3 1

Restarting our right matrix:

10 3|1 00 10 01]1 0 =3 1 0 01 0 -3
01 =10 1 0 |ec3—3¢1—+c3| 01 -1/0 1 0 |e3s+c2—c3| 0 1 00 1 1
00 0|0 01 00 00 0 1 0 0 0|0 0 1

1 00
Then the reduced formof Ais: | 0 1 0
0 0 0

(b) Find matrices P and @ such that B = PAQ (for the matrices A and B from above).

Using the right hand sides of the reductions performed above (the row and column reductions respectively) we see that:

2 -1 0 1 0 -3
P=| -1 1 0fand@Q@=|0 1 1
4 -3 1 0 0 1

14. For each permutation given below, first find the number of inversions. Then, classify the permutation as either even or
odd.



(a) 53214 (b) 45132 (c) 34152
Notice that this permutation has 7 Notice that this permutation has 7 Notice that this permutation has 5

inversions, so it is an odd permuta- inversions, so it is an odd permuta- inversions, so it is an odd permuta-
tion. tion. tion.

15. Find the determinant of each of the following matrices:

2 —4
ORI
2 —4
‘ 5 ’: (2)(1) — (—4)(5) =2+ 20 = 22.
3 0 -2
M) |2 1 4
0 8 =5
3 0 -2
2 1 4 |=(=15)+ (0)+ (—=32) — (0) — (96) = —143.
0 8 -5
0O 0 1 0
(c) 0 -2 0 O
4 0 0 O
0O 0 0 -3
L 01
4 0 0 0 =a31A31+04+0+0=4| =2 0 0 :4[0+0+0*0*076]:724
0 0 0 -3 0 0 =3
t 3
@ [2 t+1]
LS b+ 1) = 6=+ t—6=(t+3)(t—2)
2 t+1

16. For which values of ¢ is the matrix in part (d) above singular? Justify your answer.
Recall that a matrix A is singular if and only if det(A) = 0. For this matrix, det(A) = t(t+1)—6 = t>+t—6 = (t+3)(t—2).

Hence this matrix is singular when ¢t = —3 and ¢t = 2.

17. Evaluate each of the following:

4 -2 3 =5
(a) 0 1 2 12
0o 0 -1 18
0 0 0 2
4 -2 3 =5
0 1 2 12
0 0 0 2

0 t—2 2 =(t—-1)Ft—-2)(t—3)=t>—6t2+11t -6




18.

19.

20.

21.

22.

4 -3 6 1
4 0 4 1
© 14 2 01
4 1 2 1
4 -3 6 1 1 -3 6 1
4 0 4 1 1 0 4 1 . .
i 2 0 1 =4 1 2 01 = 0 (Notice that the second matrix has a repeated column).
4 1 2 1 1 1 2 1
2 3 -1 0
. . . .. . 3 2 —4 =2
Compute the determinant of the following matrix by putting it into triangular form: A = 2 0 1 4
3 8 -8 —-10
2 3 -1 0 2 3 -1 0 3 2 -4 -2
32 —4 —2| nonon 1302 —4 - ormo(on|2 3 10
2 0 1 4 |"™MTTTRTg 3 2 4 |PTTT 0 -3 2 4
3 8 -8 -—-10 0O 6 —4 -8 0 6 —4 -8
3 2 -4 -2
2 3 -1 0
T4+ 2r3 =1y = (—1) 0 -3 9 A
0 0 0 0

Notice that since we encountered a row of zeros, then det(A) = (—1)(0) = 0.

If det(AB) = 0, must det(A) or det(B) = 07 Justify your answer.

Suppose that det(AB) = 0. Since det(AB) = det(A)det(B), then we have det(A)det(B) = 0. Recall that a product of
two real numbers is zero if and only if at least one of the numbers is zero. Thus we must have either det(A) = 0 or
det(B) = 0 (including the possibility that both of them are zero).

Show that if k is a scalar and A is an n X n matrix, then det(kA) = k"det(A).

Let A = [a;;] be an n x n matrix. Let B = [ka;;] be the matrix obtained by multiplying A by a constant k. If
k = 0 then B has a row of zeros and hence det(B) = 0 = 0"det(A). Otherwise, using the definition, det(B) =
Yo (E)b1j,bojy -+ bejy b, = D (F)karj, kagj, - - - kagj,,, - - - kanj, (since the entries have all been scaled by k)

Then, factoring out the k from each term and pulling it outside the sum, det(B) = k™ Y (£)a1;,a2j, - - - Qejpy - Cnj, =
k™det(A). O

Prove Theorem 3.5

Theorem 3.5: If B is obtained from A by multiplying a row (column) of A by a real number k, then det(B) = kdet(A).

Let A = [a;;] be an n X n matrix. Let B = [b;;] be the matrix obtained by multiplying the ¢th row of A by a
constant k. If k = 0 then B has a row of zeros and hence det(B) = 0 = 0det(A). Otherwise, using the definition,
det(B) = > (£)b1j,b2j, - - bejoy - bnj, = D (£)a1j, azj, - - - kagj,, - - - an;j, (since the entries for all other rows remain
the same, and the entry drawn from row ¢ has been scaled by k)

Then, factoring out the & from each term and pulling it outside the sum, det(B) = kY (£)a1;, a2j, - - - gj,,, - -~ Anj, =
kdet(A)

The column case follows by observing that a column operation on A is a row operation on A7 and using the fact that
det(A) = det(AT). O.

Prove Theorem 3.8

Theorem 3.8: If A is an n X n matrix, then A is nonsingular if and only if det(A) # 0.



Proof:

First, suppose that A is nonsingular. Then, by Theorem 2.8, A = E1E5 - -+ E,, where each F; is an elementary matrix.
Then, using Lemma 3.1 n times, det(A) = det(E1Es--- E,) = det(E;)det(Es)---det(E,) # 0 (as discussed in the
sketch of the proof of Lemma 3.1 above, for each i, det(E;) # 0).

Conversely, suppose A is singular. Then, using Theorem 2.10, A is row equivalent to a matrix B with a row of zeros.
Then, by Theorem 3.4, det(B) = 0. Therefore, since A = FFy--- FyB, where each F; is an elementary matrix,
det(A) = det(F\Fy - - - FyB) = det(Fy)det(Fy) - - - det(Fy)det(B) = 0.

3 1 0o -1
2 0 -5 1 .
23. Let A = 9 1 -4 0 Find:
0o -1 3 2
(2 0 -5
(a) M14 = 2 1 —4
| 0 -1 3 |
(3 0 -1
(b) Mzs=1| 2 -5 1
|0 3 2 |
3 0 -1
(c) det(Msz) =12 =5 1 |=(=30)+(0)+(=6)—(0)—(0)—(9)=-45
0 3 2
(d) Aza(—1)3*2det(Msz) = (—1)(—45) = 45
1 0 -1
(e) Ay = (=1)*det(My) =(=1)| 0 =5 1 |=(0)+(0)+(0)=(5)—(0) = (-4) = (-1)(-1) =1
1 -4 0

3.0 -1 31 -1 31 0
det(A) = (0)As1 + (—1) A+ (3)Ass + (2)Apa=0+(-1)| 2 -5 1 |+(3)|2 0 1 [+(2)/2 0 -5
2 -4 0 2 1 0 2 1 -4

= 0+(=D[(0)+(0)+(8)=(10)=(0) = (=12)1+(3)[(0)+(2)+(=2) = (0) = (0) = (=3)]+(2)[(0) +-(=10)+(0) = (0) = (=8) = (= 15)]

=0+ (=1)(10) + (3)(=3)+ (2)(13) =0—-10-9+26 =7



