
Comparing Two Population Variances, Experimental Design, and One-Way ANOVA 
Chapter Nine: Statistical Inferences Based on Two Samples and Chapter Ten: Experimental Design and Analysis of Variance 
 
9.10: F Tests about a Difference in Population Variances 
 

• Since our hypothesis tests will always be in the form !!! !!! ! !!! versus !!!!!! ! !!!, we can rearrange these in the form: !!! !!
!

!!!
! ! 

versus !!!!!
!

!!!
! ! 

• Intuitively, we reject the null hypothesis if the sample variances divided by one another are significantly larger than 1; the population of all 

possible values of !!
!
!!! is described by the F dis t r ibut ion , which is skewed to the right, with the exact shape depending on the numerator  

degree s  o f  f r e edom (d f 1)  and the denominator  degree s  o f  f r e edom (d f 2)  
o The numerator degrees of freedom is equal to (n1 – 1)  while the denominator degrees of freedom is equal to (n2 – 1)  

• In order to use this distribution, we employ an F point ,  Fα, such that the area under the curve of the F distribution to the right of the F 
point is equal to ! 

• We then follow these steps to test the equality of population variances (one sided): 

o Define the test statistic F = !!
!

!!!
 and compute the p value of the area under the curve of the F distribution 

with df1 and df2 
o If we are saying that the variance of one population is greater than the variance of the second population, then 

we can reject H0 if F > F! or, equivalently, if p value < ! 
o If we are saying that the variance of one population is less than the variance of the second population, we use 

the same process but define the test statistic as F = !!
!

!!!
 

• We then follow these steps to test the equality of population variances (two-sided) 

o Define the test statistic F = !"#$%#!!"!!!
!!!"#!!!!

!"#$$%&!!"!!!!!!"#!!!!
 with df1 = {the size of the sample 

with the largest variance – 1} and df2 = {the size of the sample with the smaller variance – 1}, and compute the 
p value as 2 times the area under the F curve to the right of F 

o We can reject H0 if F > F!/2 or, equivalently, if p value < ! 
 
 
10.1: Basic Concepts of Experimental Design 
 

• Researchers are interested in how independent  var iab l e s  ( IV) influence dependent  var iab le s  (DV, response  var iab le )  
• If we cannot control the independent variables/factors being studied, we say that the data obtained is observat iona l  
• If we can control the factors being studied, we say that the data are exper imenta l , and the values or levels of the factor (or combination of 

factors) are called t r ea tments  
o The purpose of most experiments is to compare and estimate the effects of the different treatments (IVs) on the 

response variable (DV) 
o For example, a company that wishes to see how three gasoline types (A, B, C) affect fuel efficiency would be conducting 

an experiment with 1 factor (gasoline type), one DV (fuel efficiency), and three treatments (levels of the factor) – A, B 
and C (this is described as a 1 X 3 experiment because there is one factor with three levels) 

• Comple t e ly  Randomized Exper iment  Des ign have independent random samples of experimental units (objects to which treatments are 
assigned) are assigned to the treatments 
 
 
10.2: One-Way Analysis of Variance (ANOVA) 
 

• The goal of one-way ANOVA is to estimate and compare the effects of the different treatments on the response variable 
• If we consider a particular treatment i , then we can define !! !!! ! !! ! !!! !!! !"#!!!" to be the treatment mean, the treatment standard 

deviation, the size of the of the sample that has been chosen for treatment i, the point estimate of the mean, the point estimate of the 
standard deviation, and the jth value of the response variable that is observed using treatment i, respectively 

• One-way ANOVA allows us to test for significant differences between treatment means, and depends on: 
o Constant variance (all populations of values for all treatments have equal variances) – this is not very important if all the 

samples are approximately the same size (the one-way ANOVA will be approximately equal if the largest sample 
standard deviation is no more than twice the smallest sample standard deviation) 

o Normality (all populations associated with all treatments have normal distributions) 
o Independence (all samples associated with the treatments are randomly selected, independent samples 



• To test if there are any significant differences between treatment means, we set up the null hypothesis (where each of the treatment means 
is set equal to one another) 

• The alternative hypothesis in this case is that at least two of the treatment means differ 
• To carry out the test, we compare the between- t r ea tment  var iab i l i t y  (the variability between means from different treatments) and the 

with in- t r ea tment  var iab i l i t y  (the variability of observations within specific treatments) 
o If the between-treatment variability is large compared to the within-treatment variability, we can reject the null 

hypothesis 
• The t r ea tment  sum o f  squares  (SST) is defined as !!" ! !!!!! ! !!!, where ! is the over-all mean of all observed values of the 

response variable, and ni is the number of observations for that particular treatment 
• The er ror  sum o f  squares  (SSE) is defined as !!" ! !!!" ! !!!! ! !!!" ! !!!! !!! !!!" ! !!!! - that is, we calculate the 

squared differences between each observed value of the response and its corresponding treatment and by summing these 
squared differences over all the observations in the experiment 

• The to ta l  sum o f  squares  (SSTO) is defined as SSTO = SST + SSE  
• The t r ea tment  mean square  (MST)  is defined as MST = SST/(p – 1) , where p is the number of treatments 
• The er ror  mean square  (MSE) is defined as MSE = SSE/(n – p) , where p is the number of treatments 
• We can then use this information to test for differences between treatment means as follows: 

o Define the F statistic ! ! !"#
!"# !

!!" !!!!!
!!" !!!!! and compute its p value as the area under the F curve to the right of 

F with p – 1 (numerator) and n – p (denominator) degrees of freedom 
o We can reject the null hypothesis if F > F! or, equivalently, if p value < ! 

• If the ANOVA test shows that at least two treatment means differ, we investigate which ones differ and estimate how large these 
differences are using pairwise  compar i sons  

• One way to do this is the compute point estimates and confidence intervals for pairwise  d i f f e r ences  – the differences between each set of 
two treatment means 

o We can do so by computing individual confidence intervals, which gives us a compar i sonwise  e r ror  ra t e  that we 
determine when setting the intervals 

o However, we are less than the (comparisonwise error rate)% sure that all of the pairwise differences are simultaneously 
contained in their respective intervals 

o To do this we take intervals such that we are 100(1 – !) certain that all treatment means are in their respective intervals, 
and we refer to ! as the exper imentwise  e r ror  ra t e  

• We can use the Tukey Formula (which yields the most precise (shortest) simultaneous confidence intervals) to accomplish estimation in 
one-way ANOVA as follows: 

o Consider the pairwise difference between two treatment means, which can be interpreted to be the change in 
the mean value of the response variable associated with changing from using the second treatment to the first 
treatment, thus giving us a point estimate of the difference !! ! !! as !! ! !! 

o An individual 100(1 – !) percent confidence interval for the pairwise difference is 

!!! ! !!! ! !!!! !"# !
!!
! !

!!
, where t is based on n – p degrees of freedom 

o A Tukey simultaneous 100(1 – !) percent confidence interval for the pairwise difference is !!! ! !!! !

!! !"#
! , where q is based on the table of percentage points of the studentized range, where q is listed corresponding to 

values of p and n – p, and we assume that the two sample sizes are the same; if they are not, we replace the above 

formula with !!! ! !!! ! !!
! !"# !

!!
! !

!!
 

o An individual 100(1 – !) percent confidence interval for a given treatment mean is !! ! !!!! !"#
!!

 

 
 



Comparing Two Population Variances, Experimental Design, and One-Way ANOVA 
Chapter Ten - Randomized Block Design and Chapter Thirteen - Kruskal-Wallis and Friedman Tests 
 
 
10.3 – The Randomized Block Design 
 

• We use randomized block design to compare p treatments using b blocks, using each block once per treatment to measure its effects 
• We often use matched sets of experimental units (ie, same set of students, with same GPA, university, and year, doing a series of tests to 

isolate the effects of the tests, and not any other extraneous variables) 
• We use the following symbols: !!" ! !!!! !!! ! ! to represent the value of the response variable observed when block j uses treatment i, the 

mean of the b values of the response variable observed when using treatment i, the mean of the p values of the response variable observed 
when using block j, and the mean of the total of the bp values of the response variable that we have observed, respectively 

• The ANOVA procesure when using block design partitions to ta l  sum o f  squares  (SSTO) into t r ea tment  sum o f  squares  (SST),  b lo ck 
sum o f  squares  (SSB),  and error  sum o f  squares  (SSE) , such that SSTO = SST + SSB + SSE  

• We then calculate these numbers using the following equations: 
o !!" ! ! !!! ! ! !!

!!!  

o !!" ! ! !!! ! !
!!

!!!  

o !!"# ! !!! ! !
!!

!!!
!
!!!  

o !!" ! !!"# ! !!" ! !!" 
• We then calculate the MST, MSB and MSE, and calculate the F scores for both the treatments and the blocks, using the numerator degrees 

of freedom corresponding to the numerator of the F-score (MST = df of (p – 1) for F(treatments), MSB = df of (b – 1) for F(blocks) and 
the denominator degrees of freedom corresponding to the numerator value 
 

 
 

• We can compare these to the required level of significance to see if 1) the F(treatment) value suggests that there is a difference between 
treatment effects on the dependent variable and 2) the F(blocks) value suggests that there is a difference between the effects of blocks on 
the dependent variable 
 

 
 
 
 

 



13.4 – Comparing Several Populations Using the Kruskal-Wallis H Test 
 

• We use this type of test when the normality and/or equal variances assumptions for one-way ANOVA do not hold 
• To do so, we arrange all observations from all random samples for each treatment from smallest to largest, and assign each value a rank 

based on its position in this ordering (1, 2, …) 
o If two observations are equal values, we assign to them an equal value equal to the average of the rank that would have 

been assigned to them 
• We then sum up the total values (!!) for each individual treatment 
• We can reject the null hypothesis in favor of the alternative at the alpha level of significance if the Kruskal -Wal l i s  H s ta t i s t i c  

! ! !"
!!! ! !!

!!!
!!

!

!!!
! !!! ! !! 

is greater than the !!! point based on (p – 1) degrees of freedom, as long as there are five or more observations in each sample and the 
number of ties is small relative to the total number of observations 



Simple Linear Regression 
Chapter Eleven – Correlation Coefficient and Simple Linear Regression 
 
 
11.1 – Correlation Coefficient 
 

• If we assume a linear relationship between a dependent and independent variable (x and y), we measure the strength of the linear 
relationship using covar iance  

o !"#$%&!!"#$%%&$'() ! !!!" ! !!!! !!!!
!!!  

o If we draw lines on a scatterplot with all the pairs at the mean x and y values, we split the area into four quadrants; 
positive covariance goes from the bottom-left to top-right quadrant and vice versa 

• An alternate measure that is not dependent on units is the corr e la t ion coe f f i c i en t , which is calculated as ! ! !!"
!!!!

 

o This value ranges from -1 to 1, with those boundaries indicating increasingly strong linear relationships between the 
variables (0 does not necessarily mean no relationship, but instead means no linear relationship 

 
 11.2 – The Simple Linear Regression Model 
 

• The simple linear regression model is defined by ! ! !!!! ! ! ! !! ! !!! ! !, where !!!! ! !! ! !!! is the mean value of the 
dependent variable given a preset value of the independent variable, and ! is the error term that accounts for natural variance and any 
variables not defined within the model 
 
11.3 – The Least Squares Estimates, Point Estimation and Prediction 
 

• We can use the simple linear regression model to estimate the value of y based on a given x using estimates for the betas 
• The closeness of our estimate is measured by the r e s idua l  – it is equal to the actual observed value at that independent variable (y) less the 

estimate (y hat) 
• To find the l ine  o f  bes t  f i t/  l eas t  squares  r egr e s s ion l ine/ l eas t  squares  pred i c t ion  equat ion , we must find the equation of the line that 

minimizes the sum of the squared residuals (sum o f  squared  r e s idua ls/ sum o f  squared  errors/ SSE ) 
• The general form of the line of best fit is given by ! ! !! ! !!!, where: 

o !!" ! !!! ! !! ! !!! !! 

o !! !
!!!"
!!!!

! !!!" ! !! ! ! !! ! ! ! !!!! ! !! !!
! ! !!!! ! !!! ! ! !!!!

!  

o !! ! ! ! !!! 
• Using this equation gives us two values when we sub in a given x-value: 1) the point estimate of the mean values of the dependent variable 

y when the x value is the given value, and 2) the point prediction of the dependent variable’s value in a single observation when the 
independent variable is the given value 

• When using a least squares line, we should not estimate a mean 
value or predict an individual value when the corresponding 
value of x is outside of the exper imenta l  range  – the range of 
previously observed values of x 
 
11.4 – Model Assumptions and the Standard Error 
 

• The r egr e s s ion assumpt ions  are as follows: at any given point of 
x the population of potential error values has a mean of 0, at any 
value x, the population of potential error terms has a variance 
that does not depend on the value of x, and that these terms are 
normally distributed, and that any one error term is statistically 
independent of any other error term 

• This implies that the population of all possible y values observed 
at a given x value are normally distributed with a mean of 
!! ! !!! ! ! with a variance that is independent of the x value 

• Mild departure from these assumptions does not generally lead 
to incorrect analysis 

• The point estimate of the constant variance is the mean square  e r ror :  !! ! !!"
!!! and the point estimate of the constant standard deviation 

is the s tandard error :  ! ! !!"
!!!! 

 
 
 



11.5 – Testing the Significance of the Slope and y Intercept 
 

• Singe regression analysis is not useful if there is not a significant relationship between y and x, we must test the significance of this 
relationship (the slope) using the null hypothesis: !!!!!! ! ! and the alternative, !!!!!! ! ! 

• The population of all possible b1 values is normally distributed with a mean of !! and a standard deviation !!! !
!
!!!!

 which can be 

estimated as !!! !
!
!!!!

 (s tandard error  o f  the  e s t imate  b1)  

• We can then define the test stat ! ! !!
!!!

 w i th  n – 2 degree s  of freedom and compare it to the level of significance using the following 

rejection point rules: !! ! !! ! ! !!!!; !! ! !! ! ! !! ;!!! ! !! ! ! !!! 
• If we reject the null hypothesis we can conclude that the slope (the regression analysis) is significant at the level of significance specified 
• If the regression assumption holds, a !""!! ! !! confidence interval for the true slope (beta one) is !!! ! !! !!!!! w i th  (n  – 2)  d f  
• To test for the significance of the y-intercept (b0), we use the same rejection point rules and degrees of freedom with the following test stat: 

! ! !!
!!!
!!"#$#!!!! ! ! !

! !
!!

!!!!
 

 
 
11.6 – Confidence and Prediction Intervals 
 

• Unless we are very lucky, the value we estimate (y hat) will not get either the true mean y value at that x value, nor the observed value of y 
at that point 

• We therefore need to calculate both a con f idence  in t erva l  fo r  the  mean va lue  o f  y  and a pred i c t ion in t erva l  fo r  an ind iv idual  va lue  o f  y  

• We employ the !"#$%&'(!!"!"# ! !
! !

!!!!!!!
!!!!

 

• If the regression assumption holds, a confidence interval for the mean value of y when we set a given x value is 
! ! !! !! !"#$%&'(!!"#$% ! !"#$%!!"!! ! !!!"#$""%!!"!!"##$%& 

• If the regression assumption holds, a prediction interval for an individual value of y when we set a given x value is 
! ! !! !! ! ! !"#$%&'(!!"#$% ! !"#$%!!"!! ! !!!"#$""%!!"!!"##$%& 

 
 
11.7 – Simple Coefficients of Determination and Correlation 
 

• The s imple  co e f f i c i en t  o f  de t e rminat ion ( r 2 or  e ta2)  is a measure of the usefulness of a simple linear regression model 
• If we do not employ the predictor variable x, our best estimate of y would be y bar (average of all observed y values); by using the predictor 

variable x we can more accurately estimate a particular y value, extra accuracy defined as !! ! ! ! !! ! !! ! !!! ! !! - the first 
section is the difference between a y value and the average, the second is the difference between a y value and the estimated value 

• It can be shown that !! ! ! ! ! !! ! !! ! ! !!! ! !!!; the first section is the to ta l  var ia t ion , the second is the unexpla ined 
var ia t ion/SSE , and the third is the expla ined var ia t ion ;  Tota l  Varia t ion = Expla ined + Unexpla ined  

• !"#! ! !! ! !"#$%&'()!!"#$"%$&'
!"#$%!!"#$"%$&'  (Always greater than 0, less than 1 – the closer to 1, the more total variation that is explained by the 

predictor variable and the regression model) 
 
 
11.9 – An F Test for the Model 
 

• We can again test the significance of the linear regression model (null hypothesis: !!!!!! ! ! and the alternative, !!!!!! ! !) using the F 

stat: ! !"#$% ! !"#$%&'()!!"#$"%$&'
!!"#$%&'("#)!!"#$!!"#$!!!!!!! !

!!!!!!!
!!!!! ! !!!!!!

!with 1 numerator and (n – 2) denominator degrees of freedom 

• We can reject the null (accept the significance of the linear regression model) if ! !"#$% ! !! 
 
 
 
 
 
!
 



Multiple Linear Regression 
Chapter Twelve – Multiple Regression and Model Building 
 
 
12.1 – The Multiple Regression Model 
 

• The only additional step in setting up the model is to assign a beta (1, 2, 3…) to each predictor variable we wish to include in the model 
• The interpretation of beta zero remains the same, but the interpretation of the betas which are coefficients changes to become “the 

increase in the mean value of the response variable to a one-unit increase in the predictor variable, all other variables being held constant” 
• The general form of the multiple regression model is ! ! !!!!!!!!!!!!! ! !! ! !!!! ! !!!! !!! !!!! 

 
12.2 – The Least Squares Estimates, and Point Estimation and Prediction 
 

• We do not know the true betas, and so write our l eas t  squares  pred i c t ion  equat ion as the general form of the multiple regression model 
with y replaced by (y hat) and with the true betas replaced by ‘b’s’ – point estimates of the true betas that minimize SSE 

• !!" ! !!! ! !!!!!
!!!  

• Using the least squares point estimates of the true betas, we will obtain, when subbing in a set of independent variable values, the point 
estimate of the dependent variable, which is also the point prediction of an individual value of the dependent variable given those select 
values of the independent variables 
 
12.3 – Model Assumptions and the Standard Error 
 

• There are four assumptions of the error term !: that the population of potential error terms has a mean of 0, that any given combination of 
IV values has a constant variance that is independent of the combination of IV values (denoted !!), that any combination of IV values 
yields a population of potential error terms that is normally distributed, and that any one error term is statistically independent of any other 
error term 

• A point estimate of the standard error is ! ! !!"
!!!!!!! (where k is the number of IV we have) and the mean square error is !! ! !"# !

!!"
!!!!!!! 

o The number of degrees of freedom associated with the standard error is n – (k + 1) 
 
12.4 – R2 and Adjusted R2 
 

• !"#$%!!"#$"%$&' ! !!"# ! !! ! ! ! 
• !"#$%&'()!!"#$"%$&' ! !!" ! !! ! ! ! 
• !"#$%&'("#)!!"#$"%$&! ! !!" ! !! ! !! ! 
• !!"# ! !!" ! !!" 
• !"#$%&#'!!"#$$%&%#'(!!"!!"#"$%&'(#&)' ! !! ! !!"

!!"# (Proportion of the total variation in the n observed values of the 
dependent variable that is explained by the overall regression model 

• !"#$%&#'!!"##$%&'(")!!"#$$%&%#'( ! ! 
• To avoid overestimating the importance of IV (since adding an IV will always increase SSR, regardless of its relationship with the 

dependent variable), we computer the adjus t ed  R2:  !! ! !! ! !
!!!

!!!
!! !!!  

o This number is useful primarily in comparing the usability of different models with different numbers of IV 
 
12.5 – The Overall F Test 
 

• If we wish to test whether any of the IV are significantly related to y (the regression relationship is significant), we test !!!!!! !!! !! !
! versus !!! !"!!"#$%!!"#!!"!!!!! !!!!!"#$!!"#!!"#$%!! 

• The Overa l l  F Stat i s t i c  is ! !"#$% !
!!"
!
!!"

!! !!!
! !"#

!"#; we can reject the null in favor of the alternative (accept that the regression 

relationship is significant) if F(model) > !! or, equivalently, if p values < ! 
 
12.6 – Testing the Significance of an Independent Variable 
 

• We will test whether a particular IV is significant in the model under consideration (its significance is dependent on the other variables within the 
model) by testing !!!!!! ! !!!"#$%$!!! ! ! 

• We first need the s tandard error  o f  the  e s t imate  b j, which is shown on Minitab output under the Standard Error column, and we then 

compute the t-statistic ! ! !! !!! 



• We then test the significance of the IV in question using the following rules: 
 
Alternative Hypothesis Rejection Point Rule: Reject H0 If: p Value (Reject H0 if p Value < α) 
!!!!!! ! ! ! ! !! The area under the curve to the right of t 
!!!!!! ! ! ! ! !!! The area under the curve to the left of t 
!!!!!! ! ! ! ! !!!!!!"!! ! !!!!! Twice the area under the curve to the right 

of |t| 
• Generally speaking, if we reject the null hypothesis, we have strong evidence that the IV is significantly related to the dependent variable in 

the current regression model 
 
12.7 – Confidence and Prediction Intervals 
 

• !! ! ! !"#$%&'(!!"#$% – This is the s tandard error  o f  the  e s t imate  (y  hat )  and is given on the Minitab output as “SE Fit” and, since 

we are also given s, we can find the distance value as 
!!
!

!
! 

• !!!! ! ! ! ! !"#$%&'(!!"#$% – This is the s tandard error  o f  the  pred i c t ion  error  
• !"#$%&'#('!!"#$%&'(!!"#!!"#!!"#$!!"#$%!!"!! ! ! ! !! !! !"#$%&'(!!"#$%  
• !"#$%&'%()!!"#$%&'(!!"#!!!!!"#!$!#%&'!!"#$%!!!!! ! ! ! !! !! ! ! !"#$%&'(!!"#$%  

 
 
 
 
 
 
 



Multiple Linear Regression 
Chapter Twelve – Multiple Regression and Model Building 
 
 
12.8 – The Quadratic Regression Model 
 

• This model takes the form ! ! !! ! !!! ! !!!! ! !, which is the equation of a parabola (can shown on a graph as any section of the 
parabola, depending on the exact equation 

• Beta 0 is the intercept, Beta 1 is the sh i f t  parameter  (moves it right or left) and Beta 2 is the ra te  o f  curvature  (can be positive or negative) 
• This can be used in combination with a linear model if there are multiple variables and one (or more) appear to be parabolic in nature 

 
12.9 - Interaction 
 

• Interac t ion Variab le s  are variables calculated by multiplying one variable by another 
• It is appropriate to use this if the mean value of y and one of the independent variables is dependent on the value of another independent 

variable (For example, the effects of tenure on salary may be well served by employing an interaction variable of tenure and gender 
• Interaction leads to different slopes when and/or intercepts for the linear regression relating one independent variable to y, depending on 

the specific value of the other independent variable 
• This model takes the form ! ! !! ! !!!! ! !!!! ! !!!!!! ! !, which can be rearranged as ! ! !!! ! !!!!! ! !!! ! !!!!!!!; this 

implies that the slope of the line relating y to x2, !!! ! !!!!!!!, will be different for different values of x1 (a similar rearrangement can be 
done for x1) 

• If the interaction term is found to be significant in the model, it is practice to retain their corresponding linear terms, regardless of their p-
values 
 
12.10 – Using Dummy Variables to Model Qualitative Independent Variables 
 

• Dummy Variab le s  help us model qualitative values, and usually either take the value of 0 or 1 
• If we wish to model the effect of a qualitative IV with a levels, we need a – 1 dummy variables 

 
12.11 – The Partial F Test: Testing the Significance of a Portion of a Regression Model 
 

• We can test a set of IV for their significance by testing the null hypothesis that their respective Betas equal 0 versus the alternative, that at 
least one of those Betas does not equal 0 

• We first define SSEC and SSER, the unexplained variation for the complete model and the unexplained variation for the reduced (variables 
under consideration removed) model, respectively 

o The difference between these two is called the drop in  the  unexpla ined var ia t ion a t t r ibutab le  to  the  independent  
var iab le s  (var iab le s  under  cons idera t ion)  

• We define the test statistic ! ! !!!"!!!!"!! !!!!!
!!"! !!! !!! ! , based on k – g numerator degrees of freedom (k is the number of IV in the complete 

model while g is the number in the reduced model), and n – (k + 1) denominator degrees of freedom, and compare it in the typical way to 
the desired level of significance 
 
12.12 – Model Building, and the Effects of Multicollinearity 
 

• Mult i co l l inear i ty  exists when some of the IV in a regression analysis are related to or dependent on one another (they give duplicate 
information) 

• This is severe if at least one simple correlation between the IVs is at least 0.9 (however even moderate multicollinearity is an issue) 

• We can also measure this using VIF (var iance  in f la t ion fa c tor s); !"# ! !
!!!!!

, Where !!! is the multiple coefficient of determination for a 

hypothetic regression model relating xj to all other independent variables (VIF = 1 if the IV in question is not at all related to the other 
IVs) 

o Generally, multicollinearity is considered severe if the larges VIF is larger than 10 (largest coefficient of determination is 
greater than 0.9) and/or if the mean VIF is substantially greater than 1 

• An independent variable should not be included in a final regression model unless it reduces s enough to reduce the length of the 
prediction intervals for y 

• We can use the adjusted R2, s, and the Cp statistic for comparison of different models, but in the case where multiple models that have very 
similar results for these measures are found, we should use the model with the fewest variables 

• The C Stat i s t i c  is found as ! ! !!"
!!!
! ! ! ! ! ! ! , where the denominator is the mean square error for the model using all p potential 

IVs, while SSE is the unexplained variation using only k of those variables; the smaller this number, the better (however, it is desirable to 
have a model for which C = k + 1; anything substantially greater than k + 1 indicates substantial bias in the model) 



• Stepwise  Regres s ion involves successively adding IVs to a model and judging whether or not the new variable should stay base don 
whether the t-statistic p-value is less than a defined !!"#$%, and whether the other variables should stay in the new model based on a 
defined !!"#$ (lowest p-value stays at each step) 

• Backwards  El iminat ion is a similar method, but in reverse; we start with all IVs in the model, then compare the smallest t-stat/ largest p-
value variable to a desired !!"#$, eliminate if necessary, and repeat 
 
12.13 – Residual Analysis in Multiple Regression 
 

• We can plot residuals against the values of each IV, the predicted value of the dependent variable, and/or the time order in which data 
have been observed 
 
12.14 – Diagnostics for Detecting Outlying and Influential Observations 
 

• An Outl i e r  is a value substantially separated from the rest of the data, while an In f luent ia l  Po int  is a an observation that would cause a 
significant change in the regression model were it to be removed (generally, must be an outlier in both its x- and y-values) 

• Leverage  Values  are used to identify x-outliers; it is indicated in Minitab as HI1; any leverage value greater than twice the average of all 

leverage values, which can be found to equal ! !!!
! , is said to be an outlier 

• Student ized  Res iduals  are used to find y-outliers; they are the number of standard deviations from the mean (here, calculated as the 
residual over its standard error), and if they have an absolute value greater than 2 are said to be outliers 

o Student ized  Dele t ed  Res iduals : to find the deleted residual, we take the difference between the actual measure !! and 
the point estimate !! computed using regression analysis based on all measurements except the measurement under 
consideration, which is then divided by its standard error to obtain the studentized deleted residual 

o This is shown as TRES1 on Minitab, and we compare it to t0.025 and t0.005 based on n – k – 2 degrees of freedom; if it is 
larger than the 0.025, we have some evidence of a y-outlier, and if it is larger than the 0.005, we have strong evidence 

• Cook’s  D (Dis tance  Measure )  is a measure of whether an observation is influential, we compare its D value to two F distribution points: 
F0.80 and F0.50, based on (k + 1) numerator degrees of freedom and [n – (k + 1)] denominator degrees of freedom; if D is greater than the 
0.5, we consider the measurement influential, and if it is between the two numbers we consider it moderately influential (the close to the 
0.5 number, the more influential) 
 
 
 
 
 



Analyzing Categorical Data 
Chapter Fourteen – Chi-Square Tests 
 
 
14.1 – Chi-Square Goodness of Fit Tests 
 

• We use this when we collect count data in order to study how the counts are distributed are distributed among several ca t egor i e s  or  c e l l s  
• To perform statistical inference on these counts, we perform an experiment in which we carry out n identical trials and in which there are k 

possible outcomes on each trial, which generates k different probabilities which sum up to 1 (trials are independent) and k different 
frequencies 

o The null hypothesis will generally compare the probabilities/proportions to some predefined set, while the alternative is 
that the null is not true 

o We then define the ch i - square  s ta t i s t i c  by comparing the actual frequency of an observation to its expected frequency 

based on the null hypothesis; that is, !!! ! !!!!! !
!!

!
!!!  (where Ei = npi), which we then compare to the chi-squared 

value at the desired level of significance (with k – 1 degrees of freedom) 
• This test is only applicable if all expected cell frequencies are at least 5, or, if this is not true, if the number of groups exceeds 4, the average 

expected frequency is at least five, and the smallest expected value is at least 1 
• We can use this procedure for testing that the population has a normal distribution, in which we find the sample mean and sample standard 

deviation, define k intervals for the test, calculate the expected frequency based on the normality assumption, record the actual frequency, 
and base the subsequent test on k – 1 – m degrees of freedom (where m is the number of estimates used, here m = 2) 
 
 
14.2 – A Chi-Square Test for Independence 
 

• We can do a test for independence in a two-way c ross - c lass i f i ca t ion tab le  (the table shows some count for a unit of the population based 
on them having some other characteristic as well using a chi-square test 

• We define fij as the cell frequency corresponding to row i and column j, ri as the row total for row i in the contingency table and cj for the 
column total, and we will be testing the null hypothesis that states that two classifications are statistically independent versus the alternative 
that the two classifications are statistically dependent 

o We define the test stat !! ! !!"!!!"
!

!!"!""!!"##$ , where !!" ! !!!!
!  and test against the desired level of significance based 

on (r – 1)(c – 1) degrees of freedom 
• This test is only applicable if all expected cell frequencies are at least 5, or, if this is not true, if the number of groups exceeds 4, the average 

expected frequency is at least five, and the smallest expected value is at least 1 
 

  HIGH MEDIUM LOW Total 
BOND Observed 

% of row 
% of column 
% of total 

15 
50.0% 
37.5% 
15.0% 

12 
40.0% 
30.0% 
12.0% 

3 
10.0% 
15.0% 
3.0% 

30 
100.0% 
30.0% 
30.0% 

STOCK Observed 
% of row 
% of column 
% of total 

24 
80.0% 
60.0% 
24.0% 

4 
13.3% 
10.0% 
4.0% 

2 
6.7% 

10.0% 
2.0% 

… 

TAXDEF Observed 
% of row 
% of column 
% of total 

1 
2.5% 
2.5% 
1.0% 

… … … 

Total Observed 
% of row 
% of column 
% of total 

… … … … 

 
 



Times Series Forecasting 
Chapter Sixteen – Times Series Forecasting 
 
 
16.1 – Times Series Components and Models 
 

• Trends are the upwards or downwards movement that characterize a time series over time (long-run) 
• Cycle s  are recurring up-and-down movements around trend levels that take longer than one year 
• Season Varia t ions  are recurring movements the complete themselves within a calendar year 
• Irr egu lar  Fluc tuat ions  are erratic time series movements the follow no recognizable pattern 

 
16.2 – Times Series Regression: Basic Models 
 

• We can model time series as regression with any level of complexity (linear, quadratic, etc) 
• Seasonal trends are accounted for by using dummy variable (one for each season) that take on a value of 1 if we are in that season and 0 if 

not (we need n – 1 dummy variables, and the coefficients for these variables indicate the amount greater/lower that season is with regards 
to the baseline season) 

• This only works for constant seasonal variation – increasing/decreasing seasonal variation must either be turned into constant seasonal 
variation using fractional power transformation or using the multiplicative model 

• Cannot be used to extrapolate or to estimate prediction intervals because it is based on a model that does not hold true in times series (the 
error terms are likely dependent), but computing a point estimate from this is fine 
 
16.4 – Multiplicative Decomposition 
 

• The model we use is !! ! !!!!!!!!!!!!!!!, where TR is the trend component, SN the seasonal variation, CL the cycle, and IR the 
irregular variation 
 

• Compute n-period moving averages, where n is the level of the data collected (12 for monthly, 4 for quarterly; if the data has an uneven 
number of period we can skip the next step) 

• If the data has an even number of observations, compute the estimate !!!!!!! as the centered moving average of the surrounding n-period 
moving averages 

• Since !!!!!!! ! !!
!!!!!!!

, we can calculate !!!!!!! as y divided by the number found in whichever of the above two steps applied 

• We take all !!!!!!! that we have and group by the period we are looking at (month, quarter), calculate an average for that period (!!!), 
then divide n by the sum of all averages ( !

!!!
) to normalize them, then multiply this normalization by each period’s average to get the snt 

term to use for each occurrence of that month 
• Divide the y observation by its seasonal term to get the deseasonalized observation (!! ! !!

!!!
) 

• Calculate the trend term as the regression model for the deseasonalized observations (!!! ! !! ! !! ! !!!, if linear) 
• We can the calculate !!!!!!! ! !!

!!!!!!!
 since we have !!!!!!! 

• We then calculate the 3 period moving average of !!!!!!! to find !!!, and thus find !!! ! !!
!!!!!!!!!!!

 

• If there is insufficient periods to find a cycle/ most values are close to 1, we can exclude the cycle term from our model 
• If most values of ir are close to 1, we can exclude it from the model as well 
• To compute a prediction interval for a given period, we use the point estimate generated by our model and use half the length of the 

equivalent prediction interval for the deseasonalized observation at that same period on both sides of the point estimate 
 

 



 
16.5 – Exponential Smoothing 
 

• We must update our equation over time to make reasonable estimates, and we do this using exponential smoothing which applies a 
smoothing constant to assign more weight to more recent observations 

• Our initial model should be based on at least six observations (if simple exponential smoothing with no trend), or at least half of historical 
data 

• For a simple, no-trend data set, we can update our previous equation !!!!! ! !!!!! to the new equation after a new observation by using 
this equation: !! ! !!! ! ! ! ! !!!!!! ! !"##$!!"#!!"#$%&#%!!"#$""%!!!!"#!! 

• We can use the updated model to forecast one period in advance and, when we actually observe that period’s value, we can compute a 
forecast error (difference between actual and forecast) and a squared forecast error 

• The estimate is heavily influenced by recent observations and the weight of observations decreases exponentially; !! ! !!! ! ! ! !
! !!!! ! ! ! ! ! !!!!! !!! ! ! ! ! !!!!! ! ! ! ! !!! (remote observations are dampened out ) 

• The smaller alpha is, the more slowly observations are dampened out 
 
 


