Midterm Exam II ENGR 213
Applied Ordinary Differential Equations

Fall 2014
Solutions

Problem 1. Given the equation

y W4y =0,

verify that the functions

yi(z) =1, ya(x) =2, ys(x) =cosz, ya(z)=sinz

form a fundamental set of solutions on the interval (—oo, 00). If so, write the
general solution of the given equation.

Solution.
1). Verify that the given functions satisfy the differential equation.

(a) Since y{(z) = yfl)(a:) = 0, y1(x) satisfies the differential equation.

(b) Since y4(x) = 954)(513) = 0, yo(x) satisfies the differential equation.
(c) Since y4(z) = —cosz, y§4)(:ﬁ) = cosx, and y§4) () —y5(x) = cosx —cosx =
0, y3(z) satisfies the differential equation.
(4)

(d) Since y)(x) = —sinz, y; ' (x) = sinz, and yfl4)(x)—yﬁf(x) = sinx—sinz = 0,
ys(x) satisfies the differential equation.

Thus, each of the functions is a solution of the given differential equation.
2). Verify that they are linearly independent.

1 = cosx sinx )
. 1 —sinx coszx
1 —sinx coszx 0 .
W — =10 —cosr —smz | =
(f1, fas f35 fa) 0 0 —cosxz —sinz _
. 0 sinzx — COS T
0 0 sinzx —CosT




—CcosSx —slnx

) —cos?x +sin’z = 1.
sin x —CcOoS X

Since W ( f1, fa, f3, f1a) # 0 for any z in (—o0, 00), then functions fi, fo, f3, f4 are
linearly independent.

Thus, since the functions fi, fo, f3, f4 satisfy the given differential equation
and are linearly independent, they form the fundamental set of solutions, and
we can write the general solution of the given equation as

y(x) = Cryr () + Coya(x) + Csys(x) + Cyys(x) = C1 + Coz + C5 cos & + Cysin .

Problem 2. Solve the following initial-value problem

Y’ + 4y = 17¢"sin (22), y(0)=1, ¢'(0)=0.

Solution. This is a nonhomogeneous equation. Thus, its solution is
y(@) = ye(x) + yp(),
where y.(x) is a general solution of the corresponding homogeneous equation
yi +4ye =0
and y,(x) is a particular solution of the nonhomogeneous equation
y, + 4y, = 17¢” sin (2z).

First let us find a general solution of the homogeneous equation. The auxil-
iary equation for the corresponding homogeneous differential equation is the
following

m?+4=0.

Thus, the roots of the auxiliary equation are m; = 2z, my = —2¢ and the general
solution of the corresponding homogeneous problem is

ye(x) = Cy cos (2x) 4+ Cy sin (2z).
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where C and Cy are arbitrary constants.

Since the right-hand side part 17¢”sin (2x) is the product of exponential and
trigonometric functions, and 1 + 2¢ is not a root of the auxiliary equation, we
find particular solution as

yp(x) = € (Acos (2z) + Bsin (22)),

where A and B are unknown coefficients. To find these coefficients, we substitute
yp(z) into the nonhomogeneous equations. Since

y,(r) = e"((A+ 2B) cos (2x) + (B — 2A) sin (2z))

and
y,(x) = e”((4B — 3A) cos (2r) — (4A + 3B) sin (21)),

from the given differential equation we receive the following identity
e’ ((4B—3A) cos (2x)—(4A+3B) sin (2z))+4e" (A cos (22)+ B sin (2z)) = 17¢” sin (2x).
From this,
(4B + A) cos (22) — (4A — B)sin (2z) = 17sin (2z).
Thus, we have the system of two linear algebraic equations
AB+A=0, B—4A=1T7.

Hence
A=—-4 B=1

and
Yp() = e”(sin (2z) — 4 cos (22)).

Hence, the general solution of the nonhomogeneous equation is
y(z) = Cy cos (2x) + Coysin (2z) + € (sin (2x) — 4 cos (2x)).
Next we find unknown constants C'; and Cs from the initial conditions
y(0)=C1—4=1, and C; =5.
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Since
y'(x) = 205 cos (2z) — 20 sin (2z) + €*(9sin (2x) — 2 cos (2x))

then
y(0)=2C,—-2=0 and Cy=1.

Thus, we get the unique solution of the given initial-value problem

y(x) = (5 —4e”) cos (2z) + (1 + €) sin (2z).

Problem 3. Solve the differential equation

xT

y//_2y/+y:€_.
X

Solution. This is a nonhomogeneous equation. Thus its solution
y(x) = ye(z) + yp(x),
where y.(x) is a general solution of the corresponding homogeneous equation
Ye =2ty =0

and y,(z) is any particular solution of the nonhomogeneous equation

xT

y}4%+%=;-

First let us find a general solution of the homogeneous equation. The auxiliary
equation for this differential equation is the following

m?> —2m+1=(m—1)>=0.

Thus, there is one root of multiplicity 2 of the auxiliary equation m; = mo =1
and the general solution of the corresponding homogeneous equation is

ye(z) = " (C1 + Cax),
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where C and Cy are arbitrary constants.

Since the right-hand side part % is not a product or sum of polynomials,
exponents, sin or cos, we apply the method of variation of parameters to find
the general solution of the given equation in the form

y(z) = e"(Ci(z) + 2C(x)),

where unknown functions Cj(x) and Cy(x) are determined from the following
system of equations

e'Ci(x) + we"Cy(x) =0 Ci(z) + 2Ch(z) ~0
e Cl(z) + (1+2)eCh(x) =< 7 (@) + (1 +2)Ch(x) =1L

From this system we find
() = i and  Cl(z) = —2Cl(z) = —1.
Thus
Col) = /(—1)dm — 24y and  Chlz) = /idaz — In 2+ Cb.
Hence, the general solution
y(x) = e’ (Ci(x) + 2Cs(x)) = e (—x + C1 + z(In |x| + Cy)) =
e"(Ch + (Cy — 1)z + x1n |x]).

Problem 4. Solve the following boundary-value problem

y'(e"+1)+y =0, y(0)=0, ¢(2)=1.

Solution. This is an equation with the missing dependent variable y(z). Thus,
we can reduce it to a first order differential equation. Let us denote 3/(x) = u(zx).
Then y”(z) = u/(z), and we get the following first order differential equation

(" + 1) +u=0.
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Dividing both part by (e* + 1)u, we get
1
er + 1
Integrating both parts of the last equation leads to

d ~d
ln|u|:—/ ’ —/ ¢ =In(l1+e”)+c,

et +1 1+e®

/
u

from which
ul =e(1+e*) and u=C(1+e").

Since u = 3/ then
y(x) =C4 /(1 +e N)dr = Ci(z — e ) + Ch.

From the boundary conditions,

y(O) =—-C1+Cy =0, y’(2) = 01(1 + 6_2) = 1.

2 2

: 1 e e
FI‘OII] thlS, C]_ = T+e—2 — e2+1 and 02 - C]_ = e2+1°

boundary-value problem is

62

y(a) = (o —e)

Problem 5. Given the equation of free undamped motion

Az

dt?

find the amplitude and the phase angle of free vibrations.

+362 =0, xz(0)=4, 2/(0)=—18,

Solution. The general solution of the given equation is
x(t) = C4 cos 6t 4+ Cy sin 6.
From the initial conditions we find
z(0) = C) = 4.
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Since x'(t) = —6C sin 6t + 6C5 cos 6t then
x'(()) = 602 = —18 and CQ = —

From the alternative form of the equation of free undamped motion

4 3
x(t) = 4cos6t—3sin 6t = /4% 4+ (—3)*( cos 6t — sin 6t) =
22+ (—3)2 22+ (—3)2

5(sin p cos 6t + cos @ sin 6t) = Hsin (6t + ),

where sinp = = and COS (p = g, we find amplitude
A=5
and phase angle
w = arctan(—g), g <p<m.

Bonus question. Find the general solution of the following nonlinear differen-

tial equation
3,1
yy = 1.

Solution.This is an equation with the missing independent variable z. Thus,

we can reduce it to a first order differential equatlon Let us denote u = ¢/ = fili
Then ¢y’ = “ % : Z‘z ufl“, and by substitution w2 a % into the given differential
equation 1nstead of v/, we get the following first order differential equation
du d
Yu—)=1 or wudu= —g
dy y
Integrating both parts of the last equation leads to
—u'=—-—=—+—= or u =——
2 212 * 2 y2



from which

Since u = g—y then
X

@ \/C'ly2—1

=  or
dx Y

Integrating the last equation leads to

AV 01y2 —1

Ch

or

=T+ Co

C’ly2 — 1= (CliL‘ + 02)2,

where C and C5 are arbitrary constants.



