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The following problems are not in the textbook: 
 

3.0 The function 
 

x

x
xf




2

2/sin
)(  has a maximum close to x=0. Find the coordinates of this maximum using 

the Secant method. Perform only three iterations, starting with x1=0 and x2=0.1. What is the relative error in 
your answer for x? Make sure that in your final answer you only show as many significant digits as allowed 
based on this relative error. 
 
Solution: 
The maximum occurs when ݂ᇱሺݔሻ ൌ 0 .  

݂ᇱሺݔሻ ൌ
݀
ݔ݀

ሾsinሺ0.5ݔሻ ∗ ሺ2 ൅ ሻି଴.ହሿݔ ൌ 0.5 ∗ cosሺ0.5ݔሻ ∗ ሺ2 ൅ ሻି଴.ହݔ െ 0.5 ∗ sinሺ0.5ݔሻ ∗ ሺ2 ൅ ሻିଵ.ହݔ ൌ 0 

Note: Use radians! 
 

incremental search and plot 
x f(x) g(x)=f '(x) 

0.5 0 0 0.353553 
0.5 0.156472 0.275103 
1 0.276796 0.207204 

1.5 0.364351 0.143502 
2 0.420735 0.082484 

2.5 0.447356 0.024616 
3 0.446093 -0.02879 

3.5 0.419573 -0.07615 
4 0.371219 -0.11588 

4.5 0.305185 -0.14667 

The secant method can be applied immediately: 
Secant: xi+1 = xi - g(xi) / g'(xi), where g'(xi) = [g(xi)-g(xi-1)]/(xi-xi-1) 

i xi g(xl) g'(xi) xi+1 g(xi+1) =|xnew-xold|/|xnew|
0 0 0.353553 0.1 0.33639 
1 0.1 0.33639 -0.17163 2.05992 0.075362 0.951454 
2 2.05992 0.075362 -0.13318 2.625771 0.010701 0.215499 
3 2.625771 0.010701 -0.11427 2.719417 0.000538 0.034436 

So g(x) has root at x 
= 2.719417 

or f(x) has maximum 
at x = 2.719417 with f(x) = 0.450098

and  = 0.034436 
absolute error E =  * 

x = 0.093646 

Final 
answer: x = 2.72 ± 0.09 with f(x) = 0.45 
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3.00 Newton’s method uses the equation  ݔ௜ାଵ ൌ ௜ݔ െ
೑൫ೣ೔൯

೑ᇲ൫ೣ೔൯
 . However, if  f (x)  has a multiple root {e.g. a 

triple root at x = xr, so  f (x) = g(x) (x-xr)
3}, Newton’s method converges very slowly to the root.  

 
The Modified Newton’s method converts the multiple root problem into a single root problem such that this 
method converges rapidly to the root. 
 
A function f (x) with a multiple root can be converted into another function u(x) where the multiple root has 

become a single root if we apply Newton’s method to u(x), where ݑሺݔሻ ൌ ೑ሺೣሻ
೑ᇲሺೣሻ

.  

 
Assume a function f (x) has a root with multiplicity n at x = xr. Show how the Modified Newton’s method in 
effect converts the “multiple root at x = xr “ problem into a “single root at x = xr “ problem. {You need to 
determine the equation for u(x)} 
 
Solution: 
The function  f (x) with a root at x = xr with multiplicity n can be written as follows: 
 
݂ሺݔሻ ൌ ݃ሺݔሻሺݔ െ    ௥ሻ௡ݔ
 
Taking the derivative we obtain:  ݂ᇱሺݔሻ ൌ ݃ᇱሺݔሻሺݔ െ ௥ሻ௡ݔ െ ݊݃ሺݔሻሺݔ െ  ௥ሻ௡ିଵݔ
 
We can now obtain u(x) as follows: 
 

ሻݔሺݑ ൌ
௙ሺ௫ሻ

௙ᇲሺ௫ሻ
ൌ

௚ሺ௫ሻሺ௫ି௫ೝሻ೙

௚ᇲሺ௫ሻሺ௫ି௫ೝሻ೙ି௚ሺ௫ሻሺ௫ି௫ೝሻ೙షభ
    or   ݑሺݔሻ ൌ

௚ሺ௫ሻሺ௫ି௫ೝሻ

௚ᇲሺ௫ሻሺ௫ି௫ೝሻି௚ሺ௫ሻ
 

 
The equation for u(x) has a single root at x = xr. So, we have converted the multiple root 
problem into a single root problem. 
 
Find the equation for the modified Newton-Raphson method in terms of  f(x).  
 

The equation for the modified Newton-Raphson method in terms of u(x) is ݔ௜ାଵ ൌ ௜ݔ െ
௨ሺ௫೔ሻ

௨ᇲሺ௫೔ሻ
.   

ሻݔሺݑ ൌ
௙ሺ௫ሻ

௙ᇲሺ௫ሻ
  so  ݑ′ሺݔሻ ൌ

ሾ௙ᇲሺ௫ሻሿమି௙ሺ௫ሻ∗௙ᇲᇲሺ௫ሻ

ሾ௙ᇲሺ௫ሻሿమ
 

 
ሻݔሺݑ
ሻݔᇱሺݑ

ൌ ሻݔሺݑ ∗
1

ሻݔᇱሺݑ
ൌ
݂ሺݔሻ

݂ᇱሺݔሻ
∗

ሾ݂ᇱሺݔሻሿଶ

ሾ݂ᇱሺݔሻሿଶ െ ݂ሺݔሻ ∗ ݂ᇱᇱሺݔሻ
ൌ

݂ሺݔሻ ∗ ݂ᇱሺݔሻ
ሾ݂ᇱሺݔሻሿଶ െ ݂ሺݔሻ ∗ ݂ᇱᇱሺݔሻ

 

 
 

So, for the Modified Newton-Raphson method   ݔ௜ାଵ ൌ ௜ݔ െ
௙ሺ௫೔ሻ∗௙ᇲሺ௫೔ሻ

ሾ௙ᇲሺ௫೔ሻሿమି௙ሺ௫೔ሻ∗௙ᇲᇲሺ௫೔ሻ
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