2.16 Write the Taylor’s series expansion of the function f(x) = In(x+#) about x = 0, where n#0 1s a
known constant.

Solution

The Taylor’s series for a function of one variable is given by Eq. (2.74):

df (x = x)” d*f (x-x0) d’f (x=x0)" d's
O — £y . — 0 o 9 '
f(l)—f(loH(l—lo)d—x‘__ T =i Yo e - + R, (x)
X=X, X=X =X X=X
In this problem, x, = 0, flx,) = In(n), ar =_ 1 = l, fi; =__1 = _i,
Xly=o0 (x+71)|x=0 n dx x=0 (.X—I’f)z.r:o h
3
4f _2 = g, etc. Thus, the Taylor expansion of f{x) = In(x+#n) about x = 0 1s:
dx? x=0 (.x—n)3 =0 n’

2 3
In(x+n) = 111(n)+“1“_5‘_2+1_3+m
m 2n" 3n
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2.17 Wirite the Taylor’s series expansion of the function f(x,y) = e siny about the point (1, 3).

Solution
The Taylor’s series for a function of two variables 1s given by Eq.(2.78):
of

‘ L o
ﬂ"\'.'\’} - ‘f(:\_O‘J.O} + E[{'\‘_'\.O)E; + {'1'_'1-0);.} .

Yo Vo

2! Ox

I 28 af 28°f
(x—xp) le +2(.\‘—.\'0]{J‘—J’O}ﬁ—\i +(V=yy) —5 +
2 oxcy|. ayv-|.
< IXg Vg SR PV DS

X Vo
1 [ & n! k =1k Cﬂ”f
> o N 0=y T s
(n=IK)! axkoyn-k|
Xgs Vo

1
k=0
. -1 . -.:f o - . A L.
b . - e = 2, e - & J, = - —LX\€ : 3y = —=€ 5llo
In this problem. x, =1 and y, =3, f(l.3) =¢ sl = =2x(e smy)|y3 = —2e sin3
Xg. Vo
of — -1 (":: 2 oy . -1 .
:1 =e cos_'."tl‘_;, = ¢ cos3, f = (4x"e =2¢ }smj"”‘;] = 2¢ sin3,
cy 2
< xg. g CX Xo T
& . -y 5 S T
—i:‘ = —e¢ 5111_1!‘“_3,, = —¢'sin3. &f = -2ve cosg",l__;., = -2¢ cos3. Substituting into the
@1" (?.\'Cﬁ_‘l,' N Vo
Taylor’s series yields:
2 . -1 . -1 . -1
e siny = e sm3-2(x-1)e sm3+(y-3)e cos3

+ %[2(:«-— 1)’e " sin3 - 4(x -1 )Wy—3 Je ' cos3 — (y-3 e sin3] + ...
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3.3  The location % of the centroid of a circular sector 1s given by:
- _ 2rsm0

-
3

fan]

. ~ . - "
Determine the angle 6 for which ¥ = -.

First. derive the equation that must be solved and then determine the root

using the following methods:

(a) Use the bisection method. Start with a = | and » = 2, and carrv out
the first five iterations.

(b) Use the secant method. Start with the two points x; =1 and x, = 2.
and carry out the first five iterations.

(¢) Use Newton’s method. Start at x, =1 and carry out the first five
1terations.

Solution

Using 5 significant digits.

. oay 250 ]
(a) fle) = 30 >
. 2sin(l) 1 . 2sin(2) 1
i=1., a=1, b=2. ﬂn:%‘l’-E:o.omgs. fu):%‘z’-z:-o.l%g.
1+2 - 2sin(1.5) |1 -
s = 5o = L5, ALS) = ;_ o -5 = —0.056669
. | ) 1415 © o iaen _ 2sin(125) 1 i
i=2, a=1. b=15. Nyga = 3 = 1.25, ,f(l.?.\) = 3—1?-—3 = 0.006125
i=3. a=125 b=15, ay,=i2FLS 13750 fgua7s) = 23 Lo o445
Ns: 2 31375 2
= )
=4, a=125. b=1375, xy, = 2ELIB L y3ps
Ny .
f13125) = 28m(L3125) L 5089135
313125 2

i=5. a=125. b=13125 xy, = 2ELA3 o053

£(6,)(6,_,~6,)
b 0. - @ -1 i
( ) i+l i .ﬂef—l}_..ﬂef}
o,=1. 0,=2. fo) =201 _ 06008 . fe, =221 - o960

3-1

(%]
LN
=

Continued on next slide
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Problem 3-3 continued

i=2 8,=2-L0069U=2) _ 5565  gp,) = 23mU265) 1 _ 6093003

0.06098 ——0.1969 3.1.2365 2
i= 3 0, = 1_2365—0'0093093(2_1'2365) - 1271 1 18, = M_l — 0.001126
(-0.1969) — 0.0093093 3.1.271 2
=4 e, = 1271 000126012365 = 1271) _ ) y0sy gy = 2500L27ST) 1 _ycae g7
; 0.0093093 —0.001126 3.12757 2
-7
i=5 o, = .1.2757_(—4.5369 x 10 )(1.271 —1.2357) = 12757
0.001126 — (=4.5369 x 10" )

. iy 6. 4sinf —36,)6,
© fio) = 281118_11 71(8) = 60 cosH 6311161 o, = e}_f'( i) - 0,- (450, .;) ;

30 2 90° (0, 4(0;cos0; — s110;)

i=1, 6,=1, 8, =1-LsmO=-0C-DIL _ 343
- 4(lcos(1l)—-sm(l))

i=2, 8, =13037- [4sm(1.3037)—(3-1.3037)]1.3037 _

, = 1.2759
4(1.3037cos(1.3037) = smn(1.3037))
' 50— (3. ] 5
i=3. 0,=12759- [4sm0(1.2759)-(3 1.27.59)]1.27_.9 = 12757
4(1.2759¢cos(1.2759) - simn(1.2759))
i 57) = . 5
i=4, B, =12757- [4sin(1.2757)=(3 - 1.2757)]1.2757 - 12757

4(1.2757cos(1.2757) — sin(1.2757))
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3.5 Determine the cube root of 155 by finding the numerical solution of the equation x*-155 = 0. Use
Newton’s method. Start at x = 155 and carry out the first five iterations.

Solution

Using 5 significant digits.

A = o155, fa) = 33, w,, = a-to) o Mo
f(x) 3x7
i=1. x =155 = 155-123 =155 = o334
3. 155°
i=2. x o= 1033410334 2155 _ 65908
3.103.34°

i=3. x,=68808-8898 219 _ 45943

3.68.898°

P=4. x,= 4504382 19 - 50653
3. 45.943°

Pz 5. xg = 30653220833 153 _ 94 490
3.30.653°
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3.9 The equation f(x) = —x1"3+0.5x2-2 = 0 has a root between x=2 and x =3. To find the root by
using the fixed-point iteration method, the equation has to be written in the form x = g(x) . Derive two pos-
sible forms for g(x) — one by solving for » from the first term of the equation and the next by solving for
x from the second term of the equation.

(a) Determine which form should be used according to the condition in Eq. (3.30).

(b) Carry out the first five iterations using both forms of g(x) to confirm your determination in part (a).

Solution

(a)

Solving for x from the first term of the equation:

x = (0.5x2-2)". g(x) = (0.5x° = 2y, g'(x) = 3(0.5x2=2)"x,  g'(25) = 3(05- 27-2)2 = 94922

Since |g'(2.5)| > | the solution will not converge.

; 172 2
v= (x4 . glx) = (2x' '2+4)1 . g'(x) = - 1 —
32x' 44y Ty
gQ2) = L -o0s2. g3 = L =006l
3(2-2" 44y 228 3(2-3" 44y T3

Since |g'(2)| <1 and |g'(3)| <1 the solution is expected to converge.
(b)

First five iterations using x; ., = (0.5x7-2)" starting with x = 3:
i=1, x; =3, x,=(05-37=-2) = 15625

i=2. x, =(05-15625°-2)" = 1.731- 10°

-
=
I
—
<
L
—
1
LS
—_
—_—
o
=3
')
|
(B
I
"
LFF]
(=)
[
|
—
(=]

i=3,
36,2 3 218

i=4, x;=1(05:(33627-107) -2) = 1.8073-10

. . . . . 1.3 172 . .
First five iterations using x,,, = (2x; “+4) ~ starting with » = 3:

1/2
i=1. x =3 x=2-37+4"" = 26238
i=2. x, = (2262387 44" = 25097
i=3. x,=(2:2597"7+4) " = 25981
173 1/2
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The following problems are not in the textbook:

sin(x/2)
N2+ X
the Secant method. Perform only three iterations, starting with x;=0 and x,=0.1. What is the relative error in

your answer for x? Make sure that in your final answer you only show as many significant digits as allowed
based on this relative error.

3.0  The function f(x)= has a maximum close to x=0. Find the coordinates of this maximum using

Solution:
The maximum occurs when f'(x) = 0.

f'(x) = % [sin(0.5x) * (2 + x)7%5] = 0.5 * cos(0.5x) * (2 + x)7%° — 0.5 * sin(0.5x) * 2 + x)"> =0

Note: Use radians! ‘ ) —m—gx)=f'()

incremental search and plot 05

X f(x) g(x)=f '(x)
0.5 0 0 0.353553 0.4 AT

0.5 0.156472 0.275103 0.3 .\ / \

1 0.276796 0.207204 02
15 0.364351 0.143502 ' /
2 0.420735 0.082484 0.1

25 0.447356 0.024616 0 ‘ ‘\k :
_ 1 2 4 g
3 0.446093 0.02879 o1 \9\.\

35 0.419573 -0.07615 ' -—
4 0.371219 -0.11588 -0.2
45 0.305185 -0.14667

The secant method can be applied immediately:
Secant: xi+1 = Xi - g(xi) / g'(xi), where g'(xi) = [g(xi)-g(xi-1)]/(xi-Xi-1)

[ Xi g(x1) g'(xi) Xi+1 g(xi+1)  &=|xnew-Xold|/|Xnew|
0 0 0.353553 0.1 0.33639

1 0.1 0.33639 -0.17163 2.05992  0.075362 0.951454

2 2.05992 0.075362 -0.13318 2.625771 0.010701 0.215499

3 2.625771 0.010701 -0.11427 2.719417 0.000538 0.034436

So g(x) has root at x
= 2719417
or f(x) has maximum
atx=  2.719417 with f(x) = 0.450098
ande=  0.034436
absolute error E = ¢ *
x= 0.093646

Final
answer: Xx= 2.72+0.09 withf(x)= 0.45



f(xq)
5 Fr(x;
triple root at X = X, so f (X) = g(x) (X-X;)°}, Newton’s method converges very slowly to the root.

3.00 Newton’s method uses the equation x; 1 = X; —

. However, if f(x) has a multiple root {e.g. a

The Modified Newton’s method converts the multiple root problem into a single root problem such that this
method converges rapidly to the root.

A function f (X) with a multiple root can be converted into another function Uu(X) where the multiple root has

become a single root if we apply Newton’s method to U(x), where u(x) = %

Assume a function f (X) has a root with multiplicity n at X = X,. Show how the Modified Newton’s method in
effect converts the “multiple root at X = X, ““ problem into a “single root at X = X; “ problem. {You need to
determine the equation for u(x)}

Solution:
The function f (x) with a root at x = x, with multiplicity n can be written as follows:

fO) =g)(x —x)"
Taking the derivative we obtain: f'(x) = g’ (x)(x — x,)" — ng(x)(x — x,)""1
We can now obtain u(x) as follows:

f@ _ 9eOG=x)"
F1e) g @—x)m =g @) (x—x)m

g(x)(x—xy)
g' () (x—xr)—g(x)

u(x) = or u(x) =

The equation for u(x) has a single root at x = x,. So, we have converted the multiple root
problem into a single root problem.

Find the equation for the modified Newton-Raphson method in terms of f(x).

The equation for the modified Newton-Raphson method in terms of u(x) is x; .1 = x; — %
_ S ' _ T @P-fe)+f" (x)

) =gy S0 W =T mG

u®) _ oy 1 _fe [f' G)l? _ f&) *f'(x)

u'(x) w'(x) ') [P =fe) () [f' (0] = fl) * f7(x)

I chUMeD
7 el =F e (x)

So, for the Modified Newton-Raphson method x;,1 = X;
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