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Instructor: Marcel Voia

Solutions Exercises:

Problems from the book:

1. Exercise 12.2 page 355, Problem 1 (points: a and d) (10 points each) including the
SOC results. In the solutions, problem 2 becomes the SOC for problem 1, therefore after
problem 71”7 we go directly to problem 3:

Answer: a.l) The Lagrangian is:

a.2) FOC
g—i:y—)\zo
%:x—Q)\zo
%:x+2y—2:0
From equation 1 and 2 we have that
)\:yzg

Replacing y = 7 in 3 we get

x+2§:2(:)m*:1,y*:1/2,)\*:1/2.

Use the bordered Hessian to determine whether the stationary value obtained at point 1 is
a maximum or a minimum
a.3) SOC The Border Hessian is defined as:

0 1
BH=|10
2 1

S =N

Because the determinant of the bordered hessian is positive, the solution solve the maxi-
mization problem.



d.1) The Lagrangian is:
L(z,y,\) =T —y+2> = Nz +y)

d.2) FOC
oL
— =2r— A=
ox .
L
oL _ 1 x=0
dy
oL
ax 7 +y=0
From equation 1 we have that x = A\ =
From equation 2, we have that A = —1
=o' =-1/2
From equation 3, we have
yt=1/2

The students may say that because A < 0 there is no optimal solution. YOu do not need to
penalize them

Use the bordered Hessian to determine whether the stationary value obtained at point 1 is
a maximum or a minimum

d.3) SOC The Border Hessian is defined as:

0
BH= |1
1

O N =
OO =

Because the determinant of the bordered hessian is negative, the solution solve the mini-
mization problem.

3. (10 points) Exercise 12.5 page 382, Problem 1: use the constrained from page 374, ie
use as a constraint the following: xPx +yPy=B

Ulz,y) = (r +2)(y + 1)

subject to
P, +yP, =B

3.1) The Lagrangian is:

L(z,y,\) = (x +2)(y + 1) — AN(zP, + yP, — B)

3.2) FOC
a—L:y%—l—/\PgC:O
ox
OL



oL

Taking the ratio of the first two equation we get

yP, =xP, + 2P, — P,

P.(z +2) B
Py
2P, + 2P, + 2P, — P, =B
. _B+PB 2P
2P,
. B-P,+2P,
IS

3.3) SOC The Border Hessian is defined as:

P,
BH = 0
1

UV o
o — U

detBH = 2P,P, > 0

Because the determinant of the bordered hessian is positive, the solution solve the maxi-
mization problem.

4. (10 points all. 3 points each. 1 point to start) Exercise 12.6 page 389, Problem 1:
(points a,c and e)

a) To check the homogeneity of f(.), multiply the inputs with a constant ¢t and check how
the output looks like. We have

ftz, ty) = Vixty = \/tPxy = t\/xy = L f(xy)
The function is homogeneous of degree 1.

b) To check the homogeneity of f(.), multiply the inputs with a constant ¢ and check how
the output looks like. We have

fto ty) = P2 — t2xy + t39°
The function is not homogeneous.

c¢) To check the homogeneity of f(.), multiply the inputs with a constant ¢ and check how
the output looks like. We have

B2 2
L o = tz(ﬂ + 2zw) = 2 f(x,y, w)
w w

f(tz, ty, tw) =



The function is homogeneous of degree 2.

5. (10 points) Exercise 12.7 page 401, for Problem 7 compute the elasticity of substitution
between K and L (K/L)

oQ p+1
St 1-6 (K
MRTSLK:g’—g:T( )

0K

From here we can solve for £

~

K 5\t
— = | MRT
L ( RSLKl—(S)

The elasticity of substitution is found as

(K) (%) MRTS.k
OMRTS

L) OMRTS;x (%)

. —

K\ 1 MRTSH"YMRTS,, 1
OMRTS ot MRTS?I?H) T

6. (15 points)
1
MiNg, . (T + 4y + 32) st 2° + 2y° + 522 =b
with b > 0 Check the Second Order Conditions for your solution(s).
Solution:

Define the Lagrangian
2 2 1
L(z,y,z) =z + 4y + 3z — Ma* + 2y +§z —b)
The solution of the problem is found by solving
L(z,y,2) =1—=2\x =0
L(z,y,2) =44 y =4(1—-Xy) =0
2
L(x,y,z)=3— §>‘Z =0

1
L\(x,y) :x2+2y2+522—b:0

From the first two equations we have

1-2Xx=1- ) \y=y" =2"



From the second equation we have

1
A= -
Yy
From equation 3 we have
2 2.1 2.1 9y*
3—sA2=0&3--(-)z=0&-(-)z=3=2" = = 9z”.
g\ 3(y)z 3(y)z z 5 x

Replacing y* = 22* and 2* = 92* in the fourth equation, we solve for x*

1 b
x2—|—8x2+§81x2—b:O<:>I2(1+8—0—27):b<:>x2:%

which gives the following solutions for x* = +/— %\/l; Ifar = —% b, equation 1 of the FOC

gives a negative A\, which is impossible, therefore the only viable solution for x* is x* = %\/l_)
Given x*, the solution of the problem is

x*:%\/g,y*:% bandz*:%\/l_).

0*L

— = =2\

0x?

0*L

— = —4\

ox?

0*L 2

il |

ox? 3
O’L _ 9’L  9’°L  0°L _0
oxy Oyx Oxz Ozy

0 2z 4y %z

2 =2\ 0 0
4y 0 —4x 0
2 2

The determinant of the Bordered Hessian is negative, which means the solution is a min.

BorderedHessian =

7. (15 points)
maz,,(r* +2y* —x) st 2* +y* < 1

a) L(z,y,\) =2+ 22 —z — MNz? + > — 1)

b)FOC
@:2x—1—2x)\:()
€T
oL
— =4y -2 \y=0
dy Y Y
Discussion:



e If A = 0 we have the constraint 22+ 3? —1 < 0 When A = 0 = y} = 0 from the second
equation of the FOC and 2z} = 1/2 from the first equation of FOC.
Now check if (z7,y]) satisfy the inequality constraint, we have

1 1<0
4

True, which means that the pair (z = 1/2,y; = 0) is a potential solution

e if A > 0 use the constraint with equality
Py —1=0

From the second equation of the FOC we have that A =2 > 0.

From the first equation of FOC, we have 2z — 1 — 4z =0 = a3 = —3
From the equality costraint

L o1=0
g YT

2= % S Yss = j:*/Tg Therefore when \ = 2 we haveanother 2 potential solutions:

=Y

(25 = —1/2,y5 = L) and (25 = —1/2,y5 = — %)

Check the Second Order Conditions for your solution(s)

0L

X
2
%:4—»
Y
O?L 0*L

0xdy B Oyox =0

Hessian = ( 2-2A 0 )

0 4 — 2\

Discussion:
If A =0, the Lagrangian is convex.

O0?L

@ > 0,

O’L

— >0

Jy?

and the determinant of the hessian is positive.



TFA>0 \=2

0L
— =2-2\=-2
O0x?
0L
: -2 0
Hessian = ( 0 0 )
= the determinant of the Hessian is 0. = that (23 = —1/2,y5 = %) and (a3}

—\/73) can be both local max.



