MAT 1332, Winter 2014, Assignment 5
Due Friday March 7 by 3:00pm.
Late assignments will not be accepted; nor will unstapled assignments.
Professors in the math department will not lend you a stapler; do not ask for one.

Instructor (circle one): Robert Smith? Frithjof Lutscher Catalin Rada
DGD (circle one): 1 2 3 4
Last Name First Name

Student Number (please write clearly)

By signing below, you declare that this work was your own and that you have not copied from
any other individual or other source.

Signature

QUESTION 1. Find the matrix A such that

<3AT [1 3—2DT 3[7—5 4]T 242
-4 5 1 9 12 3
-2 6
Answer

One has that:

T 1T -4 3
r [ 13 2\ . [7 -5 4
<3A [_4 5 =3 9 12 3| T 2 4| =
- —2 6
T 797 [-43
(:aAT)T—[_l4 2 _12] 3| =5 12| +]| 2 4|«
403 ~2 6
1 4 21 277 [ -4 3
BA=1| 3 5 |+|-15 36 |+]| 2 4| <=
2 1 12 9 | 2 6
18 26 6  26/3
A=c|-10 45 | =| -10/3 15
8 16 8/3 163



QUESTION 2. Find the reduced row echelon form (using the Gauss elimination algorithm) of

the matrix
2 2 -1 0 1

-1 -1 2 -3 1

Answer

The reduced row echelon form is obtained as follows:

2 2 -1 0 1 , 22 -1 0 1
Ro —+ Ra2 + 5 Ry
-1 -1 2 -3 1 | Re»ri-im [0 0 3/2 -3 3/2
1 1 -2 0 -1 "l oo —372 0 -3/2
11 1 00 1 1 1
2 2 -1 0 1 2 2 -1 0 1
mes 3 | 000 3/2 -3 3/2 | RisRatks | 0 0 3/2 —3 3/2 | RasRs
4 = R4 — 3R2 — ” 4 3 — 3
00 0 -3 0 "loo 0o -3 0 3
00 0 3 0 00 0 0 0
22 -1 0 1 2 2 -1 0 1 2 2 -1 0 1
0 0 3/2 =3 3/2 | RosRot3Rs. | 0 0 3/2 0 3/2 | Rem2R: | 0 0 1 0 1
00 0 1 0 "loo 0o 1 o0 "loo 0o 10
00 0 0 0 00 0 0 0 00 0 00
2.2 00 2 11001
RisRi+R: | 0 0 1 0 1 | Ri=gka 001 01
"looo 10 "lo oo 10
00000 00000



QUESTION 3. Consider the system of equations with parameter a:

r+3y+9z =3
20 + Ty + 23z =2
r4ay+a’z =a

For which values of a does the system have (i) no solution; (ii) infinitely many solutions; (iii)
a unique solution? Give the solution in cases (ii) and (iii).

Answer

Note that we have the following row operations:

1 3 913 [?a%legl] 1 3 9 3 Rs—sRs—(a—3)R
2 7 23 2 3 — R3 — Ry 0 1 5 _4 3 3 a 2
1 a ala 0 a—3 a2—9|a—3

1 3 9 3

0 1 5 —4

0 0 a?>—5a+6|5(a—3)
The next step is observe that: a®> — 5a + 6 = (a — 2)(a — 3).
(i) If no solution, then one has to impose the condition
a>—=5a+6=(a—2)(a—3)=0 AND5(a—3)#0
= {a=20R a =3} AND a # 3. Hence a = 2.

(ii) To get infinity many solutions, one needs at least one free variable. (In our case, only
x3 could be free, since 1 et x9 are independent.) We impose the condition:
a>—5a+6=(a—2)(a—3)=0 AND5(a—-3)=0= {a=20Ra=3} ANDa=3.

We get that @ = 3. In this case sub a = 3 in the last augmented matrix and continue the row
reduction as follows:

1 3 913 1 3 9| 3 1 0 -6 15
2 7 232 o1 5|4 | B2 g g 5] 4
1 3 913 00 0] O 00 O 0
which is the reduced row echelon form. The solutions are then obtained:
1 —6xg =15 r1 =154 6x3
To+dry = —4 <— To = —4 — bxg
x3 1Iree r3 Iree



[

(iii) To get a unique solution we impose the condition: a? —5a +6 # 0 = a # 2 AND
a # 3. The reduced row echelon form is then:

1 3 9|3 1

2 7 2312|510

1 a a?la 0

RlﬁR179R3] 1 30
Ro — Ry — 5R3

01 0

0 0 1

The solution is then:

3 9
1 )
0

3
—4

R3—1/(a~5a+6) R

a? —5a+6 | 5(a —3)

(3a —51)/(a —2)

(—4a —13)/(a — 2) | D220,
5/(a—2)
r1 = (15a—12)/(a —2)
vy = (—4a—13)/(a-2)
wo= 5/a=2)

100
010
0 01

1 39

01 5 —4
00 1]5/(a—2)
(15a — 12)/(a — 2)

(—4a —13)/(a —2)
5/(a—2)



QUESTION 4. (a) For each of the following matrices, calculate the determinant and the inverse
(if it exists).

) -1 17 . 2 -3
(i) A‘[4 2} W B=] _5 75
1 23 1 6 4
i) M=1|2 5 3 iv) N=| 2 4 -1
1 0 8 | -1 2 5

Answer (use the back of pages or attach pages if you need more space to solve the questions,
but please record the final answer here.)

(b) Solve the system of equations

T+2y+3z2 =3
20 +5y+3z =2
r+8 =4

Answer

(a)(i) We have that det(A) = (—1)(2) — (17)(4) = —70 # 0. Thus A is invertible, and we
have that

IO R | 2/35 1/70

(ii) Using the same formula for 2 x 2 determinants one has: det(A4) = (2)(7.5)—(—=3)(=5) =
0. So A is NOT invertible.

= 1 [ 2 —17}:{—1/35 17/70]

(iii) One has that

det(A) =1x5x84+2x0x34+2x3x1—(1)x5x3-0x3x1—-2x2x8=-1.

So A is invertible. To get its inverse form the extended augmented matrix: [A|l3]. Then
row reduce it as follows:

S P [%1}?:2151] L2 8100 R3—R3+2R
AlL]=]2 5 3/010| —"""2510 1 -3|-2 10| =272=%
108001 0 -2 5 1-1 0 1
1 2 3 1 0 0 1 2 3 1 0 0 [Rzasz‘gRg]
01 —3|-2 10|82 g1 3|2 1 o |20

00 -1|-5 2 1 00 1|5 -2 -1



12 0[-14 6 3] 10 0[-40 16 9
01 0|13 —5 —3 | Bzl g 1 0|13 —5 —3|=[L4Y
001 5 -2 -1 00 1|5 -2 -1
thus
—40 16 9
Al=1| 13 -5 -3
5 -2 -1

(iv) One has that

det(A) =1x4x5+4+2x2x44+6x(—1)x(—=1)—(—1)x4x4—-2x(-1)x1—-2x6x5=0.

So A is not invertible.

(b)One has the following matricial equation:

I 1 2 3 T 3
A To| = 2 5 3 To| = 2
X3 1 0 8 xs3 4
and because A is invertible, one has:
x1 3 —40 16 9 3 —52
zo| =AM |2 =] 13 -5 -3 | |2/ =17
x3 4 5 =2 -1 4 7
or in other words, the solution is given by:
rT = —52
Tro = 17
r3 = 7



