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Concordia University 1 Winter 2009 

Question 1: 
 
Consider a continuous-time system which has input of signal )(tx  and output of 

)()()( tutxty = .   
a) Is this system time invariant? Justify your answer. 
b) Is this system linear? Justify your answer. 

 
Part a:  
 
To prove that the system is time invariant, we should show that for any input )(1 tx and 
any time shift 0t , we have )()( 012 ttyty −= , where )()( 11 tytx → , )()( 22 tytx → and 

)()( 012 ttxtx −= . Otherwise, the system is time variant.  
 
Proof is as follows: 
 

)()()()()()( 0010111 ttuttxttytutxty −−=−⇒=  
)()()()()( 0122 tuttxtutxty −==  

 
Answer: Therefore, )()( 012 ttyty −≠ and the system is time variant. 
 
Part b:  
 
To prove that the system is linear, we should show that for any input )(1 tx and )(2 tx and 
any scalar a and b , we have )()()( 213 tbytayty += , where )()( 11 tytx → , )()( 22 tytx → , 

)()( 33 tytx → and )()()( 213 tbxtaxtx += . Otherwise, the system is non-linear.  
 
Proof is as follows: 
 

{ } )()()()()()()()()()()()( 21212133 tbytaytutbxtutaxtutbxtaxtutxty +=+=+==  
 
Answer: Therefore, )()()( 213 tbytayty += and the system is linear. 
 
Question 2:  
 
Consider a discrete-time system which has input of signal ][nx  and output of 

⎥⎦
⎤

⎢⎣
⎡= ][

4
cos][ nxny π .   

a) Evaluate and draw the impulse response of the above system.  

b) If the input to the system is
2

][
2nnx = , determine whether the output of the system 

][ny is periodic.  If ][ny is
 
periodic, find its fundamental period and fundamental 

frequency. 
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Part a:  

By definition, the impulse response is ⎥⎦
⎤

⎢⎣
⎡==

=
][

4
cos][][

][][
nnynh

nnx
δπ

δ
 and therefore,   

Answer: 

⎪
⎪
⎩

⎪⎪
⎨

⎧

≠=⎥⎦
⎤

⎢⎣
⎡ ×

==⎥⎦
⎤

⎢⎣
⎡ ×

=
010

4
cos

0
2
21

4
cos

][
n

n
nh

π

π

 

 
Part b:  
 
To prove that ][ny is periodic, we should find a positive integer number N such that for 
any n , ][][ Nnyny += .  

⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
×=

8
cos

24
cos][

22 nnny ππ and ( )
⎥
⎦

⎤
⎢
⎣

⎡ +
+

8
cos][

2NnNny π

 
If k and l are integer numbers, 
 

( ) ( ) ( ) ( ) ( ) ( ) knNnknNnnNn 162
888

cos
8

cos 22
2222

±=+⇒±=
+

⇒⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡ + πππππ

 
lNknNNknnNNn 8162162 2222 =⇒=+⇒±=++⇒

  
Answer: Therefore, the output ][ny is periodic with period of lN 8= and the 

fundamental period and frequency are 8=N and 
48

22
0

πππω ===
N

, respectively. 

 
Question 3:  
 
Consider a continuous-time LTI system which has impulse response of 

{ })1()()( −−= tututh . If { })3()()( 2 −−= tututtx  is applied at the input of the system, 

evaluate the output )(ty of the system using convolution integral ∫
∞

∞−

−= τττ dthxty )()()(  

as follows: 
a) Draw )(τx and )( τ−th for different intervals of “ t ”. 
b) Evaluate the output )(ty for the intervals of “ t ” indicated in part (a). 

1
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Part a: 
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Part b:  
 
Based on the overlap of )(τx in figure “a” and )( τ−th in figures “b”, “c”, “d” “e” and 
“f”, we can calculate the output )(ty for various regions as shown below. 
 
Answer: 

( )

( )
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

<

<<
−−

=

<<
−−

=

<<=

<

=

∫

∫

∫

−

−

).40

).43
3

127

).31
3

1

).10
3

).00

)(
3

3

1

2

1

33
2

0

3
2

fFigt

eFigttdtt

dFigtttdtt

cFigttdtt

bFigt

ty

t

t

t

t

 Question 4: 
 
Consider two discrete-time LTI systems which are characterized by their impulse 
responses ]1[][][1 −−= nnnh δδ  and ][][2 nunh = . 

a) Determine whether these two LTI systems are inverse of each other. Justify your 
answer. 

b) Determine whether these systems are stable, memory-less, and causal. Justify 
your answer. 

 
Part a:  

{ }∑∑
+∞

−∞=

+∞

−∞=

−−−=−=
kk

knukkknhkhnhnh ][]1[][][][][*][ 2121 δδ  

]1[]1[][][][]1[][][ −−−=−−−−= ∑∑∑∑
+∞

−∞=

+∞

−∞=

+∞

−∞=

+∞

−∞=

nuknukknukknuk
kkkk

δδδδ  

][]1[][]1[]1[][][ nnunuknuknu
kk

δδδ =−−=−−−= ∑∑
+∞

−∞=

+∞

−∞=

 

 
Answer: Therefore, ][][*][ 21 nnhnh δ= and two systems are inverse of each other. 
 
Part b:  
 
System represented by ]1[][][1 −−= nnnh δδ is stable, has memory and is causal. 

Stability: ∞<=−−=∑∑
∞

−∞=

∞

−∞=

2]1[][][1
kk

kkkh δδ and system is stable. 

Memory-less: ]1[][][1 −−= nnnh δδ is not in the form of ][nKδ and has memory. 
 
Causality: For 0<n , ]1[][][1 −−= nnnh δδ is zero and therefore it is causal. 
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System represented by ][][2 nunh = is unstable, has memory and is causal. 

Stability: ∞===∑ ∑∑
∞

−∞=

∞

=

∞

−∞= k kk
kukh

0
2 1][][ and

 
system is unstable. 

Memory-less: ][][2 nunh = is not in the form of ][nKδ and has memory. 
 
Causality: For 0<n , ][][2 nunh = is zero and therefore it is causal. 
 

Question 5: 
 
Consider a continuous-time LTI system which has impulse response of  

⎩
⎨
⎧ ≤≤

=
otherwise

t
th

0
101

)( .  The input of ∑
+∞

−∞=

−=
k

kttx )4()( δ is applied to this system. 

 
a) Find the output. Draw both input )(tx and output )(ty . 

Hint: Both input and output are periodic functions with fundamental period of 4. 
b) Evaluate Fourier series coefficients of input )(tx and output )(ty .  

 
Part a:   

 ∫ ∑∫
∞

∞−

+∞

−∞=

∞

∞−
=−

⎭
⎬
⎫

⎩
⎨
⎧

−=−== τττδτττ dthkdthxthtxty
k

)()4()()()(*)()(  

∫ ∑∫ ∑
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∞
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=
⎭
⎬
⎫

⎩
⎨
⎧

−−=
⎭
⎬
⎫

⎩
⎨
⎧

−−= ττδτττδ dkthkdthkty
kk

)4()4()()4()(  

{ } ∑∑ ∫∑ ∫
+∞

−∞=

+∞

−∞=

+∞

∞−

+∞

−∞=

+∞

∞−
−=−−=−−=

kkk
kthdkkthdkthkty )4()4()4()4()4()( ττδττδ  

 

Answer: ∑
+∞

−∞=

−=
k

kthty )4()(  

 
 
 

)(ty  

1

)(tx  
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t  
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Part b:   
 

Fourier series coefficients of ∑
+∞

−∞=

−=
k

kttx )4()( δ is 
4
1

=ka  according to table 4.2 which 

can also be evaluated as follows: 
 

4
1)(

4
1)(

4
1)(1 2

2

)
4

2(2

2

)/2( ==== ∫∫∫
−

−

−

− dttdtetdtetx
T

a
tjk

T

tTjk
k δδ

π
π

 
Answer: 

4
1

=ka  for any integer k . 

 
Fourier series coefficients of )(ty denoted by kb can be found as: 
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Answer: 
π

π

kj
eb

kj

k 2
1 2

−
−

=  

We can also find
 

kb using kk ajkHb )( 0ω= as follows:
  

Fourier Transform of )(th
 
can be found using tables 4.1 and 4.2 as follows: 

ω

ω

ω 2
sin2

)(
0

2
1

2
11)(

1

=⎯⎯ →←
⎪⎩

⎪
⎨
⎧ <<−=

−
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otherwise

tts FT

 

ω

ω
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==⎯⎯ →←−=
−

 

Therefore, 
ω

ω

ω

ω

2
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)(
2

j
e
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−

=  

Fourier series coefficient  of output )(ty  is 
4
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The fundamental frequency is 
24

2
0

ππω == and therefore: 
4
1

2

4
sin2 4

×=

−

π

ππ

k

ke
b

kj

k  

Answer: 
ππ

π π
π

kj
e

k

ke
b

kj
kj

k 2
14

sin 2
4 −

−

−
==  for any integer k . 

 
Question 6:  
 
Use the tables of properties of Fourier transforms and basic Fourier transform pairs and 
find: 

a) ][nx which is inverse Fourier transform of ( )
⎟
⎠
⎞

⎜
⎝
⎛ −−

⎟
⎠
⎞

⎜
⎝
⎛ −−

−

=
4

4
2

2
π

ω

π
ω

ω

j

j

j

e

eeX  

b) Fourier transform of ]3[][ * −= nnxny

 

where “*” means complex conjugate.  
 
 
Part a:  
 
From Tables 5.1 and 5.2: 
 

ωj

FT
n

e
nu

−−
⎯→←⎟

⎠
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⎛

2
11

1][
2
1  

ω

ω

j

j
FT

n

e

enu
−

−−

−
⎯→←−⎟

⎠
⎞

⎜
⎝
⎛

2
11

]2[
2
1 22

 

ω

ω

ω

ω

j

j

j

j
FT

n

e
e

e

enu −

−

−

−−

−
=

−
⎯→←−⎟

⎠
⎞

⎜
⎝
⎛×

2
2
112

1]2[
2
1

2
1 222

 

⎟
⎠
⎞

⎜
⎝
⎛ −−

⎟
⎠
⎞

⎜
⎝
⎛ −−−

−

⎯→←−⎟
⎠
⎞

⎜
⎝
⎛×

4

4
224

2

]2[
2
1

2 π
ω

π
ωπ

j

j

FT
nnj

e

enue  

 
( )ωjFT eXnx ⎯→←][  
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Part b: 
 

( )ωjFT eXnx ⎯→←][

 
( )ωjFT eXnx −∗∗ ⎯→←][

 
( )ωω jjFT eXenx −∗−∗ ⎯→←− 3]3[

 
( ){ }ωω

ω
jjFT eXe

d
djnnx −∗−∗ ⎯→←− 3]3[

 ( )ω
π

ω

π
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ω
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j

j
j
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⎠
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⎠
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3
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Question 7:  
 
Fourier transform of )(tx is shown in the figure as )( ωjX . Without explicitly computing 

)(tx , 

a) compute quantities of ∫
∞

∞−
dttx )(  and ∫

∞

∞−
dttx 2)( , 

b) compute quantities of )0(x and { })(txPhase .         
 

 
 

Part a: 
 
Using defining formula for Fourier Transform to find ∫

∞

∞−
dttx )(  as follows: 

 

( ) ( ) 10)()(
0

0
====

=
=

∞

∞−

−∞

∞− ∫∫ jXjXdtetxdttx tj
ω

ω

ω ω
 

 
Answer: 1)( =∫

∞

∞−
dttx

 
 

)( ωjX  

ω  

           -5      -4       -3       -2      -1       0         1        2       3 

2 
 
1
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Use Parserval’s Relation in table 4.1 to find ∫
∞

∞−
dttx 2)( as follows:

 
( ) == ∫∫

∞

∞−

∞

∞−
ωω

π
djXdttx

22

2
1)(  

( ) ( ) ( ) ( )
π

ωωωωωωωω
π 3

163115
2
1 3

5

3

1

21

1
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3

22 =⎥⎦
⎤

⎢⎣
⎡ +−+++−−++= ∫ ∫∫∫

−

− −

−

−
dddd  

 

Answer: 
π3

16)( 2 =∫
∞

∞−
dttx  

 
Part b: 
 
Using basic relation of inverse Fourier Transform to find ( )0x as follows: 
 

( ) ( ) ==== ∫∫
∞

∞−
=

∞

∞−=
ωω

π
ωω

π
ω djXdejXtxx

t

tj
t
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2
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( ) ( ) ( ) ( )
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ωωωωωωωω
π

43115
2
1 3

5

3

1

1

1

1

3
=⎥⎦

⎤
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−

− −

−

−
dddd  

 

Answer: ( )
π
40 =x  

 
{ })(txPhase is found as follows: 

 
( )ωjX  is a real and even function shifted by 1 to the left, i.e. ( ) ( ))1(( += ωω jXjX e  and 

therefore based on Frequency Shifting property of table 4.1, we have: 
 

tj
e etxtx )1()()( −=  

Since ( )ωjX e is real and even, according to table 4.1 so is ( )txe . Therefore, 
 

tj
e etxtx )1()()( −=  

Answer: From above equality { } ttxPhase −=)(  
  
 
Question 8: 

 
A discrete LTI system is described by the following difference equation: 
 

]1[]2[]1[5][6 −=−−−−− nxnynyny
  

a) Determine the frequency response and the impulse response of the system. 
b) Draw the block diagram representation of the above LTI system. 
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Part a: 
 
Using tables 5.1 and 5.2 we have: 
 

( ) ( ) ( ) ( )ωωωωωωω jjjjjjjFT eXeeYeeYeeYnxnynyny −−− =−−−⎯→←−=−−−−− 256]1[]2[]1[5][6
 
Therefore the frequency response of the system is, 

Answer:  ( ) ( )
( ) ωω

ω

ω

ω
ω

256 jj

j

j

j
j
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The impulse response of the system is      ( ) ωω

ω
ω
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][ jj

j
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eeHnh −−

−
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We use partial fractions, 
 

( )
)2)(3(

)()32(
)2()3(56

][ 2 ωω

ω

ωωωω

ω
ω

jj

j

jjjj

j
jFT

ee
eBABA

e
B

e
A

ee
eeHnh −−

−

−−−−

−

++
+++

=
+

+
+

=
++

−
=⎯→←

 

⎩
⎨
⎧

=
−=

⇒
⎩
⎨
⎧

−=+
=+

2
3

1
032

B
A

BA
BA

 

 

( ) ][
2
1][

3
1][

)
2
11(

1

)
3
11(

1
)2(

2
)3(

3 1

nununh
eeee

eH
nn

FT

jj
jj

j ⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛−=⎯⎯ →←

+
+

+

−
=

+
+

+
−

=
−

−−
−−

ωω
ωω

ω

Answer:  ][
2
1][

3
1][ nununh

nn

⎟
⎠
⎞

⎜
⎝
⎛−+⎟

⎠
⎞

⎜
⎝
⎛−−=  

Part b: 
 

⇒−=−−−−− ]1[]2[]1[5][6 nxnynyny
   

]1[
6
1]2[

6
1]1[

6
5][ −−−−−−= nxnynyny
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5  

6
1

−  
   D ][nx  

   D 

   D 

][ny  


