
ENGR371   Probability and Statistics 

Final Exam  Fall 2010 

 
Question 1:  
 
In the computer market, the price of a computer normally depends on the speed that it can run. 
High speed computers normally have higher price.  Assume that in the market 10% of computers  
have high price, 30% have medium price and 60% have low price. In the past, 90% of high price 
computers, 50% of medium price computers and 10% of low price computers have had low 
speed. 
 
a) What is the probability that a randomly selected computer does not have low speed? 

 
b) If a computer is low speed what is the probability that the computer is not sold at low price? 
 
Solution 1: 
 
HP: High Price  MP: Medium Price  LP: Low Price     
 
LS: Low Speed  
 
Based on the question, we have following probabilities: 
 

60.0)(,30.0)(,10.0)( === LPPMPPHPP  
 

1.0)(,5.0)(,9.0)( === LPLowSpeedPMPLowSpeedPHPLowSpeedP  
 
a) (2.5 marks) 
 
Based on total probability rule: 
 

)()()()()()()( LPPLPLowSpeedPMPPMPLowSpeedPHPPHPLowSpeedPLowSpeedP ++=  
60.01.030.05.010.09.0)( ×+×+×=LowSpeedP  

30.0)( =LowSpeedP  
 
Probability that a randomly selected computer does not have low speed = 70.030.01 =−  
 
b) (2.5 marks) 
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8.0
30.0
06.01)(1)( =−=−= LowSpeedLPPLowSpeedLPP  

Probability that the a computer does not have low price, given that the computer is low speed is  
 

8.0)( =LowSpeedLPP  
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Question 2:  
 
The receptionist of a company receives phone calls regularly. The time between phone calls in a 
typical day is known to be exponentially distributed with mean of 2 minutes.  
 
a) What is the probability that the time between two received calls is between 2 and 5 minutes? 
 
b) What is the probability that the receptionist receives four to six calls between 10:30AM up to 
   10:45 AM on a specific day? 
 
Solution 2: 
 
Part a)  
 
X : Random variable denoting time between two phone calls 
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Answer: 286.0)52( =<< XP  
 
Part b) 
 
Let Y denote the number of calls in a specific interval, then Y  is Poisson random variable. Because of 
memoryless property of Poisson distribution the interval is 10:45-10:30=15 minutes and therefore, 
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Answer: =≤≤ )64( YP 0.319 
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Question 3:  
 

The function 
2),( cxyyxf XY =  is a joint probability density function over the range of 

50,20 ≤≤≤≤ yx . 
 
a) Determine the constant “c”. Are random variables X and Y independent? Justify your answer. 
 
b) Determine the conditional density function of Y given 5.1=X . Calculate )(YE and )(YV . 
 
Solution 3: 
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Question 4:  
 
Transportation Safety Board of Canada (TSB) report shows that in Canada, the probability of 
avionic accident because of pilot error is 20%, because of icing is 25%, because of mechanical 
failure is 30% and the cause of rest of the accidents are unknown. Suppose there are 10 accidents 
and the type of each accident is independent from accident to accident. Let random variables ,X  

,Y Z and W denote the number of accidents because of pilot error, icing, mechanical and 
unknown, respectively.  Calculate the following:  
 
a) )2,2,3,3( ==== WZYXP and )8( =XP  
 
b) )27( => YXP  
 
Solution 4: 
 
4a) 

ଵܲ ൌ 0.2         Pilot error ՜ ܺ 
ଶܲ ൌ 0.25      Icing ՜ ܻ 
ଷܲ ൌ 0.3        Mechanical failure՜ ܼ 
ସܲ ൌ 0.25      Unknown ՜ ܹ 

՜   P(X=3,Y=3,Z=2,W=2)= ଵ଴!
ଷ!ଷ!ଶ!ଶ!

ൈ 0.2ଷ ൈ 0.25ଷ ൈ 0.3ଶ ൈ 0.25ଶ=0.017718՜ 1.77% 

ܲሺܺ ൌ 8ሻ ൌ ൬
10
8 ൰ ൈ 0.2଼ ൈ 0.8ଶ ൌ 0.00007372 ൌ 7.37 ൈ 10ିହ ൌ 0.0073% 

 
4b) 
 

ܲሺܺ ൐ 7|ܻ ൌ 2ሻ ൌ
ܲሺܺ ൌ ݕ|8 ൌ 2ሻ

ܲሺܻ ൌ 2ሻ ൅
ܲሺܺ ൌ ݕ|7 ൌ 2ሻ

ܲሺܻ ൌ 2ሻ  

ൌ
ܲሺܺ ൌ 8, ܻ ൌ 2, ܼ ൌ 0, ܹ ൌ 0ሻ

ܲሺܻ ൌ 2ሻ ൅
ܲሺܺ ൌ 7, ܻ ൌ 2, ܼ ൌ 1, ܹ ൌ 0ሻ

ܲሺܻ ൌ 2ሻ

൅
ܲሺܺ ൌ 7, ܻ ൌ 2, ܼ ൌ 0, ܹ ൌ 1ሻ

ܲሺܻ ൌ 2ሻ  

ܲሺܺ ൌ 8, ܻ ൌ 2, ܼ ൌ 0, ܹ ൌ 0ሻ ൌ
10!

8! 2! ൈ 0.2଼ ൈ 0.25ଶ ൌ 0.0000072 

ܲሺܺ ൌ 7, ܻ ൌ 2, ܼ ൌ 1, ܹ ൌ 0ሻ ൌ
10!

7! 2! ൈ 0.2଻ ൈ 0.25ଶ ൈ 0.3 ൌ 0.0000864 

ܲሺܺ ൌ 7, ܻ ൌ 2, ܼ ൌ 0, ܹ ൌ 1ሻ ൌ
10!

7! 2! ൈ 0.2଻ ൈ 0.25ଶ ൈ 0.25 ൌ 0.000072 

ܲሺܻ ൌ 2ሻ ൌ ൬
10
2 ൰ ൈ 0.25ଶ ൈ 0.75଼ ൌ 0.281256 

ܲሺܺ ൐ 2|ܻ ൌ 0ሻ ൌ 0.0005881 ൌ 0.02881% 
 
 
 
 



ENGR371   Probability and Statistics 

Final Exam  Fall 2010 

Question 5:  
 

Suppose 10 units of a certain type of processor are tested, and their failure times in hours are 
 
300, 350, 370, 375, 380, 340, 400, 390, 385, and 410. Suppose the failure times are normally 
distributed. 
 

a) Calculate the sample mean and the sample variance of the failure time of the processor. 
 

b) Determine a 96% upper confident bound on the population mean. 
 
Solution 5:  
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b) The variance is unknown and sample size is not large in this problem. Thus t distribution 
should be used to determine the confidence interval for the mean. The 96% upper confidence 
bound is:  
 

2.0904)025.005.0/()025.004.0(*262.2)025.005.0/()04.005.0(*833.1904.01 =−−+−−== ,α,n- tt  
 

391.4210/10500904.237010/1050370/ 904.01 =⋅+=⋅+=⋅+= ,α,n- tnstxu  
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Problem 6:  
 
Suppose തܺଵ and ܵҧଵଶ are the sample mean and sample variance from a population with mean μଵ 
and variance σଵ

ଶ , and തܺଶ  and ܵҧଶଶ  are the sample mean and sample variance from a second 
independent population with mean μଶ  and variance σଶ

ଶ . The sample sizes are  ݊ଵ  and ݊ଶ , 
respectively.  
a)  Show that തܺଵ ൅ തܺଶ is an estimator of μଵ ൅ μଶ. Is it biased or unbiased? Justify your answer. 
 
b) Find the standard error of തܺଵ ൅ തܺଶ.  
 
Solution 6:  
 
a) Eሺ തܺଵ ൅ തܺଶሻ ൌ Eሺ തܺଵሻ ൅ Eሺ തܺଶሻ ൌ μ1 ൅ μ2 .   
 
It is an unbiased estimator since 0)()()()( 21212121 =+−+=+−+ μμμμμμXXE  
 

b)  s. e. ൌ ඥVሺ തܺଵ ൅ തܺଶሻ ൌ ඥVሺ തܺଵሻ ൅ Vሺ തܺଶሻ ൅ 2COVሺ തܺଵ, തܺଶሻ ൌ ට σ1
2

n1
൅ σ2

2

n2
 

 
This standard error can be estimated by using the estimates for the standard deviations of 

populations 1 and 2.  Therefore: Standard Error =
2
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Problem 7:  
 
A manufacturer is interested in the output voltage of a power supply used in a PC. Output voltage 
is assumed to be normally distributed, with standard deviation 0.25 volt. He/she selects a random 
sample of 8 units with sample mean of 4.95 volts. 

a) Test the hypothesis that the average output voltage is 5 volts against that the average 
output voltage is not 5 volts. Use a 0.05 of significance and formulate appropriate 
hypothesis test. 

b) Construct a 95% confidence interval on the mean output voltage. Discuss the results 
of parts (a) and (b). 

Solution 7  
 
Part (a): 
 

1) The parameter of interest is the mean output voltage, μ. 
2) H0 : μ = 5 
3) H1 : μ  ≠ 5 
4) α = 0.05 
5) ܼ଴ ൌ ௑തିఓబ

ఙ/√௡
 

6) Reject H0 if z0  < −z α/2   where  −z0.025 = −1.96 or  z0 > zα/2   where z0.025 = 1.96 
7) For ݔҧ= 4.95,  σ = 0.25, and  n = 8: 

 

଴ݖ ൌ
4.95 െ 5
0.25/√8

ൌ െ0.566 
 

8) Since  −1.96 < െ0.566 < 1.96, we cannot reject the null hypothesis. In the other words, there is 
not sufficient evidence to reject that the mean output voltage is equal to 5 at α = 0.05. 
 

Part (b): 
ҧݔ െ ఈݖ ଶ⁄ ݊√/ߪ ൑ ߤ ൑ ҧݔ ൅ ఈݖ ଶ⁄  ݊√/ߪ
4.95 െ 1.96ሺ 0.25/√8ሻ ൑ ߤ ൑ 4.95 ൅ 1.96ሺ 0.25/√8ሻ 
4.95 െ 0.17 ൑ ߤ ൑ 4.95 ൅ 0.17 
4.78 ൑ ߤ ൑ 5.12  
 

The confidence interval constructed contains the value 5; thus the true mean output voltage could possibly 
be 5 volts using a 95% level of confidence.  Since a two-sided 95% confidence interval is equivalent to a 
two-sided hypothesis test at  α = 0.05, the conclusions necessarily must be consistent. 
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Problem 8: 
 
The weight of a certain product in mg is normally distributed, with standard deviation of σ = 3 
mg. A random sample of 36 items is tested and the mean weight is obtained which is equal to 74 
mg. 

a) To test H0: μ = 75 versus H1: μ > 75, calculate P-value.  
b) The probability of type I error is 6%. What is the probability of type II error if the true 

mean is 77?  
 

 
Solution 8 
 

Part (a):  
 
For ݔ ഥ= 74,  σ = 3, and  n = 36: 
P-value = 1െ Φሺܼ଴ሻ where ܼ଴ ൌ ௑തିఓబ

ఙ/√௡
 

 

଴ݖ ൌ
74 െ 75
3/√36

ൌ െ2 

Φሺܼ଴ሻ ൌ 0.023 
P-value = 1െ 0.023 = 0.997 
 

Part (b): 
α = 0.06, n = 36, then αz = 1.555 
Method I: 

β ൌ Φ ቆݖఈ െ
݊√ߜ

ߪ
ቇ ൌ Φ ቆ1.555 െ

ሺ77 െ 75ሻ√36
3

ቇ ൌ Φሺെ2.445ሻ ൌ 0.0077 

Method II: 
Critical value is  75 ൅ 1.555 ቀ ଷ

√ଷ଺
ቁ ൌ 75.778 

β = P ( X ≤ 75.778 when μ = 77)  
ൌ ܲ ቀܼ ൑ ଻ହ.଻଻଼ି଻଻

ଷ/√ଷ଺
ቁ ൌ ܲሺܼ ൑ െ2.444ሻ ൌ Φሺെ2.444ሻ ൌ 0.0077    
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