ENGR371 Probability and Statistics

Question 1:

In the computer market, the price of a computer normally depends on the speed that it can run.
High speed computers normally have higher price. Assume that in the market 10% of computers
have high price, 30% have medium price and 60% have low price. In the past, 90% of high price
computers, 50% of medium price computers and 10% of low price computers have had low
speed.

a) What is the probability that a randomly selected computer does not have low speed?

b) Ifacomputer is low speed what is the probability that the computer is not sold at low price?
Solution 1:

HP: High Price MP: Medium Price LP: Low Price

LS: Low Speed

Based on the question, we have following probabilities:

P(HP)=0.10, P(MP)=0.30, P(LP)=0.60

P(LowSpeed |HP) =0.9, P(LowSpeed |MP) =0.5, P(LowSpeed |LP) =0.1

a) (2.5 marks)

Based on total probability rule:

P(LowSpeed ) = P(LowSpeed|HP)P(HP) + P(LowSpeed |MP)P(MP) + P(LowSpeed|LP)P(LP)
P(LowSpeed)=0.9x0.10+0.5x0.30+0.1x0.60
P(LowSpeed) =0.30

Probability that a randomly selected computer does not have low speed =1—-0.30=0.70
b) (2.5 marks)

P(LowSpeed|LP)P(LP)  0.1x0.6 _0.06

P(LP|L0wSpeed )= =
P(LowSpeed) 0.30 0.30
P(EILowSpeed) =1- P(LP|L0wSpeed) =1- % =0.8

Probability that the a computer does not have low price, given that the computer is low speed is

P(EILOWSpeed )=0.8
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Question 2:

The receptionist of a company receives phone calls regularly. The time between phone calls in a
typical day is known to be exponentially distributed with mean of 2 minutes.

a) What is the probability that the time between two received calls is between 2 and 5 minutes?

b) What is the probability that the receptionist receives four to six calls between 10:30AM up to
10:45 AM on a specific day?

Solution 2:
Part a)

X : Random variable denoting time between two phone calls

u=2, A= and fX(x):%e_2

N |~

1
U

5 5 X X
P(2<X<5)=jfx(x)dx=j%e 2dy=—e 2
2

2

Answer: P(2< X <5)=0.286

Part b)

Let Y denote the number of calls in a specific interval, then Y is Poisson random variable. Because of
memoryless property of Poisson distribution the interval is 10:45-10:30=15 minutes and therefore,

-4y -7.5 y
2=2 7 5ana s, (=t 0T
2 ! V!

e 75 7775 7758
+ +

PA<Y<6)=PY =4)+P(Y =5)+P(Y =6)= f,(4)+ f,(5)+ f,(6) = A1 5| 6!

Answer: P(4<Y <6)=0.319
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Question 3:

_ 2
The function Jxr(%:¥)=cXy" ¢ o joint probability density function over the range of
0<x<2, 0<y<5S

a) Determine the constant “c”. Are random variables X and Y independent? Justify your answer.

E(Y) g V)

b) Determine the conditional density function of ¥ given X =15 Calculate and

Solution 3:

2 2
cxy3 cx 125 250c 3
- =—

250

= (0, ) = cxy? = fiy (%, y) = f(x)f,(y) — So x,y are independent

3b)
3
f(5y) X15xy?  cxy? 3
fO)yix=15 = 250 = ——y?% = 0.024y?
f(1.5) 125 3 ~ 125 125
—_ X 15 —S—xc
3 X750 % 3
2 5
E(y) = f | ytexy?ydndy =
x=0y=0
2 2 2
X 625 625c¢
- E()’) =cC f f xy3dXdy = Cf—[y4](5) dx =c T_X'dx = 3 xZ]%
x=0y=0 0
() 625c><4 625>< 3 15 _ 375 - E(y) = 15 -
= = - —_— = - —_=
y 8 2 7250 4 2 Y) =7 i
V(y) = j jy (cxy?)dxdy — p? f y? dx — p? = cf625xdx— =
x=0y= 0
__ 625¢ 212 _ 2_ _ 125CX3_ 1_5 _ _ E _ 15
= 25213 625 x 2¢ — u? = =2 (4) =15 (4) =2 =0.9375
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Question 4:

Transportation Safety Board of Canada (TSB) report shows that in Canada, the probability of
avionic accident because of pilot error is 20%, because of icing is 25%, because of mechanical
failure is 30% and the cause of rest of the accidents are unknown. Suppose there are 10 accidents

and the type of each accident is independent from accident to accident. Let random variables X,

Y. Z and W denote the number of accidents because of pilot error, icing, mechanical and
unknown, respectively. Calculate the following:

g PX=3.Y=32=2W=2),4 P(X=8)

and
b) P(X >7|Y =2)

Solution 4:

4a)

P; =0.2 Pilot error = X

P, =025 Icing—>Y

P; =0.3 Mechanical failure— Z
P, =0.25 Unknown - W

S P(X=3,Y=3,2=2,W=2)—

31312121

x 0.23 % 0.25% x 0.32 x 0.25%=0.017718- 1.77%

10
P(X=8) = ( 3 ) x 0.28 X 0.82 = 0.00007372 = 7.37 X 1075 = 0.0073%

4b)
PX=8ly=2) PX=7y=2)
P(X>7|Y =2) =
X>7Y=2)=—"Fv=2 PY =2)
_P(X=8,Y=2,Z=O,W=O)+P(X=7,Y=2,Z=1,W=O)
B P(Y =2) P(Y =2)
PX=7Y=2Z=0,W=1)
P(Y =2)
10!
P(X=8,Y=2,Z=O,W=0)=Wx0.28x0.252=0.0000072
10"
P(X=7,Y=2,Z=1,W=0)=ﬁx0.27x0.252x0.3=0.0000864
10!
PX=7Y=2Z=0W=1)=c-x 0.27 x 0.252 x 0.25 = 0.000072

10
P(Y=2) = ( ) ) X 0.252 x 0.758 = 0.281256
P(X > 2|Y = 0) = 0.0005881 = 0.02881%
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Question 5:

Suppose 10 units of a certain type of processor are tested, and their failure times in hours are

300, 350, 370, 375, 380, 340, 400, 390, 385, and 410. Suppose the failure times are normally
distributed.

a) Calculate the sample mean and the sample variance of the failure time of the processor.
b) Determine a 96% upper confident bound on the population mean.

Solution 5:
10

in

a). Sample mean: x = % =370

10

i=1

10 10 (ixi]
D T

=1050.

Sample variance: s* = 5

b) The variance is unknown and sample size is not large in this problem. Thus t distribution
should be used to determine the confidence interval for the mean. The 96% upper confidence
bound is:

foos = tooso =1.833%(0.05—0.04)/(0.05—0.025) +2.262*(0.04 — 0.025)/(0.05 - 0.025) = 2.0904

u=x+t,,,-8/\n =370+1,0,, 1050 /4/10 =370 +2.0904 1050 /+/10 = 391.42
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ENGR371 Probability and Statistics

Problem 6:

Suppose X; and S? are the sample mean and sample variance from a population with mean p,
and variance o2, and X, and §? are the sample mean and sample variance from a second
independent population with mean p, and variance 65. The sample sizes are 7, and n,,
respectively.

a) Show that X; + X, is an estimator of p; + W,. Is it biased or unbiased? Justify your answer.

b) Find the standard error of X; + X,.

Solution 6:
a) E(X; + X,) = E(X;) + E(X,) = My,

It is an unbiased estimator since E(X, +X,)— (1, + 18,) = (14, + p1,) — (14, + 11,) =0

b) S.e.= \/V(Xl + Xz) = \/V(Xl) + V(Xz) + ZCOV(XI,Xz) S 6—% + :_%

ny 2

This standard error can be estimated by using the estimates for the standard deviations of

2 2
populations 1 and 2. Therefore: Standard Error = fs—l + 22
noon
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Problem 7:

A manufacturer is interested in the output voltage of a power supply used in a PC. Output voltage
is assumed to be normally distributed, with standard deviation 0.25 volt. He/she selects a random
sample of 8 units with sample mean of 4.95 volts.

a) Test the hypothesis that the average output voltage is 5 volts against that the average
output voltage is not 5 volts. Use a 0.05 of significance and formulate appropriate

hypothesis test.
b) Construct a 95% confidence interval on the mean output voltage. Discuss the results
of parts (a) and (b).
Solution 7
Part (a):
1) The parameter of interest is the mean output voltage, Q.
2) Ho:pu=5
3) Hi:p #5
4) 0.=0.05
-
5) ZO = o_/\l/lﬁo

6) Reject Ho if 7o <—Zon where —70.025 — —1.96 or 70> Zo)2 where Zy.025 — 1.96
7) Forx=4.95, =0.25,and n=28:
495 -5
7 = ————— =
® 7 0.25/v8
8) Since —1.96 <—0.566 < 1.96, we cannot reject the null hypothesis. In the other words, there is
not sufficient evidence to reject that the mean output voltage is equal to 5 at o = 0.05.

—0.566

Part (b):
X — Za/za/\/ﬁ Spu<x+ Za/za/\/ﬁ
4.95 — 1.96( 0.25/V8) < u < 4.95 + 1.96( 0.25/V8)
495-0.17 <u<495+0.17
478 < u < 5.12

The confidence interval constructed contains the value 5; thus the true mean output voltage could possibly
be 5 volts using a 95% level of confidence. Since a two-sided 95% confidence interval is equivalent to a
two-sided hypothesis test at o = 0.05, the conclusions necessarily must be consistent.
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Problem 8:

The weight of a certain product in mg is normally distributed, with standard deviation of ¢ = 3
mg. A random sample of 36 items is tested and the mean weight is obtained which is equal to 74
mg.
a) To test HO: p= 75 versus H1: u> 75, calculate P-value.
b) The probability of type I error is 6%. What is the probability of type II error if the true
mean is 777

Solution 8
Part (a):

Forx=74, c=3,and n=36:

P-value = 1— ®(Z,) where Z, = i;f/%o

74 — 175
Zn = = —
°" 3/V36
®(Z,) = 0.023
P-value = 1— 0.023 =0.997
Part (b):
a=0.06, n =36, then z,=1.555
Method I:
5vn 77 — 75)\/36
B=d (za - g) = (1.555 - %) = d(—2.445) = 0.0077
Method I1:
.. ) 3
Critical value is 75 + 1.555 (ﬁ) = 75.778

B=P (X <75.778 when u=77)

75.778-77
=P (Z < 3956 ) = P(Z < —2.444) = ®(-2.444) = 0.0077
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