MAT1322-3X Solution to Midterm 1 (A) Summer 2015

Solution to Midterm Examination 1 (version A)
MAT 1322-3X, Summer 2015
Total = 20 marks

1. (4 marks) LeR be the region above the graphycf x* and under the graph pf= 3x— 2. S
is the solid obtained by revolvirigabout they-axis. Find the volume of this solid.

Solution Find the inverse functiomn = \/gandx = %(y+2). Let f= %(y+2).

9y =y*+4y+4. Theny’—5/+ 4 =0,y =1, 4. The intersection points of these two esrare
(1, 1) and (2, 4). The volume 8fis

V= 71.[14((\/9)2 —(%(y+ 2))7 dy= H{LZZ—%(%Z 2V +4 yﬂ; :—1277.

This can also be done by the method of cylindistels:

V:277J'2x(3x—2—x2)dx=2n[>§— %—X—T =7
1 41, 2

2. (4 marks) A bucket with weight 20 kg is lifttdm the ground to the top of a building 10
meters high with a rope that weighs 0.5 kg / m ebrastant speed. Because the bucket is leaking,
when the bucket is at a heightneters from the ground, the weight of the bucget i

(20 - 0.%) kg. Find the work (in Joules) needed to lit thucket to the top of the building.

(Letg = 9.81 m/setbe the acceleration of the gravity).

Solution At heighth, the weight of the bucket and the loop is ((2Q5hP+ 0.5(10 -h))g =
(25-h) N. When the bucket is lifted from heighto h + dh, the work needed is
dW= (25 —h) gdh The total weight needed to lift the bucket te tbp of the building is

10
W = gjo (25— h)dh= 1962 J.

3. (3 marks) Recall that the length of theyarcf (x),a<x<bis L= J':«/1+ (f '(x))’dx. Find

3

the length of the arg = X—+1, 1<x<3.
12 x

1 “ X1
-, (y )? :—‘—2"'

X2
Solution y'= —
4 X 16

_11+y -
X 16 2 x

2 3
Hence, the length of the arclis= f(%+i2]dx={£__l} =1_7_
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4. (4 marks) Find the force, in Newtons, actingadnangular surface submerged into water as
shown in the following figure:

Water level l
g + 1m
+D ~1 /\ 3Tn*
7 N
\4—4 m —Pl

(The density of water i§= 1000 kg/m, andg = 9.81).

Solution Consider a slice with dep[h of thicknes=dD. The Widthw of the slice is found by

similar trlz;xnglesvzv—DT1 D=— (D 1). The area dA= — (D 1}dD. The force acting on

this slice isdF = g(D —1)gDdD. The total force on this surface is

F- %L“(D ~1)DdD = 1.77x 10° Newtons.

You may also choose a layemeters above the bottom of the triangle. Theratka is found

by dA = 2(3 —X)dx. ThendF =g (3 —x)(4 —x)dx, and the total force is
400ng (3-x)(4- x)dx= 1.77x 10° Newtons.

5. (5 marks) Consider improper mteg![alidx

0 x+/X

(@) (2 marks) Use the comparison test to showthisimproper integral is convergent.

(b) (3 marks) Use the definition of improper mtals to find the value of this improper
integral

Solution (a) Wherx > 0,x + v/x>+/x. Then———

x+\/§ \/7(

Slncej' —dx j dx converges. Improper |ntegr§al dx converges.

0 112

0 x++/x
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(b) By definition, J. —F=dx=1Ilim

x+\/§ a-0 ax+\/_x

1
Letu=+/x. Thenu'= —.
24X

LX+&dx j@ x+fx(2&) du= j[ du=2[|n(u+1)] = 2(n2- Ing/ ar 1),

Whena approaches™ j: 1\/_ dx=lim \/_ dx=2In2- Ilm In(«/_a+1) 2In2.
X++/X a-0"Ja x4/ X

6. (4 marks) LeR be the region between the grapfyeqcl and thex-axis, 1< x < 2.
X

Assuming it has a uniform densjty Find the coordinates of the center of massisfrégion.

Solution Without loss of generality, we may assugre 1. The masm = J'lzldxz In 2.
X

M
The moments:szljzizdx:_1 :szldxz 1. Hencex:—yzi,
271 X 1oX m In2
y= Mo L The centerofmass[si ij
m 4In2 In2 4In2



