
Solutions of Linear Equations



Pivot (leading entry), REF and RREF



Linear Combination (Ax = b)



Linear Depedency and Homogenous System



Example 1

a) Solve Ax=b.
b) Find the corresponding linear combination.
c) Solve the homogeneous system.

Given the following system of equations:

𝐴 =
1 2 −1
−3 −4 2
5 2 3

𝑏 =
1
2
−3



Subspace, Basis and Dimension of a Subspace (and Space)



Column Space, Null Space and Rank Theorem



Example 2

Which of the following are subspaces?

𝐺 =
𝑥
𝑦 : 𝑥𝑦 ≥ 0

𝐻 =
𝑥
𝑦 : 𝑥 ≥ 0, 𝑦 ≥ 0

𝐼 =
𝑥
𝑦 : 𝑥 ≤ 𝑦 − 3

𝐽 =
𝑥
𝑦
𝑧
: 2𝑥 + 𝑦 − 𝑧 = 0



Example 3

a) Find the basis of the Column space of A.
b) Find the basis of the Null Space of A.
c) Find the basis of the Row Space of A.
d) Find the Rank and Nullity of A.

Given the following system:

𝐴 =
−3 6 −1
1 −2 2
2 −4 5

1 −7
3 −1
8 −4

≈
1 −2 0
0 0 1
0 0 0

−1 3
2 −2
0 0



The Kernel of T is u in V such that T(u)=0.

The Range of T is the set of all vectors in W (in the form of T(x)) for some x in V.

Linear Transformation

T is surjective (onto) iff* the dimension of the codomain is equal to the Rank of T.

T is injective (one-to-one) iff* the nullity (dim(Kernel)) is 0. 

T is bijective iff* it is both injective and surjective.

*iff means if and only if



𝑇
𝑥
𝑦 =

2𝑥 + 𝑦
3𝑥

5𝑥 − 2𝑦

Example 4

Given the transformation T from 𝑅2 to 𝑅3:

Is T a linear transformation?



Example 5

a) Find the Range of T.
b) Find the Kernel of T.
c) Is T injective, surjective or bijective? 

Given the transformation T from 𝑅5 to 𝑅2:

𝑇

𝑥
𝑦
𝑧
𝛽
𝛾

=
1𝑦 − 5𝑧 + 7𝛽 + 6𝛾

−3𝑥 + 1𝑦 − 8𝑧 + 𝛽 + 3𝛾



Finding the Inverse of a Matrix



The Determinant of a Matrix



Steps for finding the adjugate:

1- Find every cofactor of A by computing the following formula:

Finding the Adjoint of a Matrix

=

2- Set the adjugate (adjoint) matrix (Note that the index of the 
cofactors C are switched, therefore the matrix is transposed):

Adj(A) = 



Some Properties of the Inverse



Example 6

Given the following system:

c) Find the inverse of A by solving A augmented with I. 

b) Find the inverse of A using the inverse formula. 

a) Find the determinant of A by row reduction. 

𝐴 =
1 5 0
2 4 −1
0 −2 0



Finding Eigenvalues and Eigenvectors

1- Compute the following formula:

2- Find the determinant of the result. We know (1) is not invertible, so solve:

3- The eigenvalues are simply the roots of the solution of (2).

(2)

(1)

4- To find the eigenvectors, back substitute one eigenvalue at a time in (1), and 
solve for each system.



Diagonalization



Example 7

a) Find P and D such that A=PDP-1

b) Is A diagonalizable?
c) What is the geometric and algebraic multiplicity?

Given the following matrix A.

𝐴 =
4 0 1
−2 1 0
−2 0 1



Complex Numbers!

-- Polar Form: 

-- Standard Form: 𝑧 = 𝑎 + 𝑏𝑖

𝑧 = 𝑧 cos 𝜃 + 𝑧 sin 𝜃

-- Complex Conjugate: The Imaginery part is
negated and the Real part stays unchanged.
The complex conjugate of z is denoted by  𝑧.

-- Special Triangles:



Example 8

a) Change z in Polar Form.
b) Find z15

c) Change g in Standard Form.
d) Find the complex conjugate of z and g. 

𝑧 = −1 + 𝑖 3

𝑔 = 2𝐶𝐼𝑆
5𝜋

4

Consider the complex number z and g:


