MATH 1005 A Name:
Sample Final Student Number:

Recall that only non-programmable calculators are permitted. Books and/or notes are not
permitted.

1. [6 marks| Consider the first-order equation

x y dy
LN TSR (R —, T Y A 1
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(a) Show that equation (1) is exact.
(b) Find the general solution to (1).

Solution: a) Since P(x,y) = z/(2? + y* + 1) — 2z and Q(z,y) = y/(2® + y* + 1) + 2y, we

have
—2xy

m = Qy(z,9y) 2]

Py(z,y) =

so the equation is exact.

b) By exactness, there exists f = f(z,y) such that f, = P and f, = Q) [1]. Partially
integrating with respect to x gives

flz,y) = /fz(:v,y)drc = /ﬁy?ﬂ — 2udr = %ln(ff +y7+1) —2® +g(y) [1].

But then
Yy

2 4+y?+1 *
Thus, g(y) = y* + C and the general solution is given implicity by

fy(z,y) = Qz,y) = Jy) = 4y =2yl

1
51n(:1:2—|—y2+1)—932+y220 [1].



2. [9 marks] Consider the second-order equation
y" — 6y + 9y = 4e’”. (2)

(a) Find the general solution to the corresponding homogenous equation.
(b) Find a particular solution to (2) using the method of undetermined coefficients.

(c) What is the general solution to (2)7

Solution: a) The indicial equation is r* — 6r + 9 = 0 which has a single repeated root r = 3
[1]. Letting y1(z) = €3* and y5(x) = xe®®, the general solution to the homogenous equation is

yn(z) = 1% + coxe® 2].

b) Since g(x) = 4e3*, and both €3* and ze3* are present in y,,, we pick y,(z) = Ax?e®” [1].
Differentiating,

Yy, = 3Ax?e™ + 2Axe™ = y) = 9A2%e™ + 12Axe™ + 247 [2).
Subbing into equation (2) and simplifying, we get
24e* = 4e¥ = A=2]l].

Hence, y,(z) = 2223 [1].

¢) The general solution is y(z) = yn(z) + yp(z) = 163 + cowe®® + 2273 [1].



3. [12 marks] Consider the second-order equation
22y +5xy + 3y = dwe®, x> 0. (3)

(a) Find the general solution to the corresponding homogenous equation.
(b) Find a particular solution to (3) using variation of parameters.

(c) What is the general solution to (3)7

Solution: a) The homogenous equation is x?y” + 5xy’ + 3y = 0, which is of Cauchy—Euler
type with indicial equation

ar’+(b—ayr+c=0=r"+4r+3=0 = r=-3,-1 [2].

Letting y;(z) = 272 and yy(z) = 27!, the general solution is y,(z) = c1y1(x) + caya(z) [2].
b) The Wronskian is

x 3 x !

—3z7t —z~

W (z) = det ( 2) =2 +3z7°=22"" [2].

To find the appropriate non-homogenous term, we put the equation in standard form to see
that f(z) = 4z~ 'e** [1]. Then

w(x) = —/%dmz —/2:U3ex2das [1].

Let u = 22 and dv = 2ze™ to get du = 2xdx and v = e, Integration by parts gives
w (z) = —a%e” + /Qxexgdx = —z2%" + ¢ [l

Also,

ug(x) = /%dz = /2$€x2d$2 e 1]

Putting things together, y,(z) = uy(x)y1 () + ua(z)y2(z) [1].

c¢) The general solution to (3) is

y@)=cz P+t + (11— 2P+ Vs =Pt o T+ eV 1)



4. [6 marks| Find a fundamental matrix for the linear system
x =Ax; A= (_34 _12> .

Solution: Eigenvalues of A satisfy

A—3 -1

Ozdet()\I—A):‘ A A42

‘:(A—3)(A+2)+4=(A—Q)()\+1),

so A = —1,2 [2]. The eigenvectors for A = —1 satisfy (-=1/ — A)v =0, or

() 6)-6)

This implies 4a = —b, so picking a = 1 we get

vi = (_14) ).

The eigenvectors for A = 2 satisfy (2] — A)v = 0, or

() 6)-0)

This implies —a = b, so picking a = 1 we get

vy = (_11) ).

A fundamental matrix is therefore



5. [6 marks] Consider the series

= In(n)?
S 0
n=1

In(n)3

(a) Show that the sequence a,, = 7> 1> 1, converges to 0 (note that a,, # lnfl—’;)a)

(b) Use part (a) to show that the series (4) converges.

Solution: a) By repeated application of L’Hopital’s rule, we have

3 2
lim In(x) . 3lIn(z)

T—00 \/E - ILI& 2*1\/5
3-2In(x)

Thus, lim,, . a, = 0 [1].

b) Since (a,)5, converges, it is bounded above by some M > 0 [1], that is, a,, < M for all
n > 1. Hence , ,
ln(z) _ In(n)® 1 < M a1
n vn n3/2 = n3/2

Since Y7 | 475 converges the p-test, it follows by the comparison test that (4) converges [1].




6. [7 marks] Consider the function f(x) = cos(y/z).

(a) Compute the Taylor series for f(z) centered at a = 0. What is its radius of

convergence?
1
/ f(z)dx
0

using a second degree Taylor approximation. Show that your answer is correct to 3
decimal places.

(b) Approximate the integral

Solution: a) Using the Taylor series for cos(x), we easily obtain

f(z) :Z%, z e R 1.

k=1

[e.e]

Hence, the radius of convergence is R = oo [1].

b) Using a second order approximation, we get

Since the remainder is given by an alternating series, we know that

1
[Ro| < by = g7 = 0.0003472222 < 0.001 [2]

so our approximation is correct to 3 decimal places.



7. [8 marks] Consider the second-order equation
y'+ry =2y =0 (5)

(a) Find the coefficient recursion relation for the general series solution about zy = 0.

(b) Solve the recursion relation to obtain the general solution to (5).

Solution: a) Since the zy = 0 is an ordinary point, we may represent y as » . ¢,z".
Subbing this into the equation gives

inn—lcnx" 2+chna: —ZZCnl’ =0
n=2

Shifting the indicies and simplifying, we get

o0

> (0 +2)(n+ Denga + (n = 2)cy)a™ = 0 [1].

n=0
The recursion relation is therefore

—(n-2)
(n+2)(n+1)"

1].

Cnt2 =

b) Plugging in the first few cases for n even, we see that c¢; = o, and co, = 0 for all £ > 2
[1]. For n odd, after a few steps (show your work) one sees that

(—1)k1 5. (2 — 3)
1

1-3
Cok+1 = 2k 1] c, k>0]13].

The general solution is therefore

o0 o0
_ 2k 2k+1
y(z) = E Corx™" + E Cokt1T
k=0 k=

(_1)k_1'1'3'5"'<2k_3> 2k+1 11
(2k + 1) b

M

=co(14+ 2% 4+ ¢,
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