Chapter 5

Discrete Time Fourier Transform

DT Fourier Transform of Aperiodic Signals:

Consider a general aperiodic signal x[n]

given as:

x[n]=0, outside -N1<n<N2.

x[n]

Now consider a periodic signal x*[n]
of which x[n] is its one period as shown.
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0

N2

x[n]
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As x”[n] 1s periodic,
: 2
XAn]= D ay e, o= (1)
k=<N> N h
1 —jkogn
A= 2% ke -(2)

n=<N>

In the interval -N/2 to N/2, x”[n]=x[n], hence



I AP B ~jkopn
%:EmwﬁmeJO%EEEMGJO . (3)
Defining
X(e") = ix[n] e " - @)

eqn. (3) may be rewritten as:

%=§X@W) .. (5)

Replacing a, 1n eqn.(1) by eqn (5):

xA[n]= Y L x(ehony o
k=<N> N
1 . .
=— X (e ) ekoom
27 k;> (™) 0 ... (6)
As N = % o, -0, summation becomes integral and x*[n] becomes

x[n]. Hence,
x[n]= % J;i((ej‘”) e’ dw .. (7)

X[el®] is the Fourier transform of x[n].



Convergence of DT Fourier Transform:

It can be shown from eqn. (4) that Fourier transform exists if:
D xn]| < .

0

2
or if : Z|X[n]| < .
Examples:
Problem 5.1 p.400 of text.
Find the FT of:
| 1\ n1]
a — u(n-1), b -
) (2) (n-1) ) (2)
Solution:
a)

X(e)= 3 0 un-n e

n=-—oo

_Z( )nl Z( )nl -jo(n-1) e]m
_ejwz( )m —me_ejmz( —]0)



b)
1 |n—1|

n>1: Xx[n]= (%)n_l, let x,= (%)n_1 u(n-1).

n<o0: x[n]:(%)*“—”, let x, = (%)*n—” u(-n).

x[n]=x,[n]+x;[n]

. | . | .
X(ejoa) _ Z(_)n—l e—Jmn 4 Z(_)—(n—l)e—J@n
n=l1 2 n=0 2

Now, © ' _ |
D ()T = ¢”.—=——,  (donepreviously).
n=1 2 1_7e—j03
2
Now, i(l)—(n—l)e—jwn :li(lejw)—n
n=1 2 2 n=0 2
l < 1 1 1
- Z(—e“”)m -
242 21 1
Hence, | | |
X(e'®)=e® 1 to——
|——edo 2y g

Go through Examples 5.2 and 5.3 pp. 364-365 of text.



DT Fourier Transform of Periodic Signals:
e Can be shown that if x[n] with a period of N and expressed by the FS:

: 21
x[n]= Zak ek, ===
k=<N> N
then its Fourier transform is:
x(e’) = Y 2ma, 3(w-kaoy,) .. (5)

k=—00

* Eqn (5) is same as in CT periodic functions.

Go through Examples 5.5 and 5.6 pp. 371-372 of text.

Examples:
Problem 5.3 p. 400 of text.

Find the FT for -t <w < m of

T T T T
a sin(—n +—), b 2+cos(—n+—).
) (3 4) ) (6 8)
Solution:
. T T . 2T T 2n 0w
a sin(—n+—)=sin(—n+—) = N=6, o, =—=—.
) (Guy)=sintCn+y) "6 3
i(Cnely  —j(En+ D)
sin(En+ )= L[5 _o 15"
3 4 2j
:L s eJ_n—ie_JZ e 3 =a, eJ_n+a2 e_J_n



where,

All other coefficients are zero.
Using eqn (5):
X(e!®)=2na, d(m-0,)+2na_ o+ w,)

:Eé4am——yl%”1&m+—)
j j

2
b) X[n]=2+cos(£n+£)=2+cos(£n+§), N =12, o, i
(gnrg) et
x[n]2+;[eJ6 rele 8]
N 1 g
=2+ (—=e 8)e™" - (—e 8)e0",
(2 ) (2 )
Whence o i
a, =0, alzlejg, a_lzle s,
2 2

All other coefficients are zero.

X(e') =2n x 28(w) + 27756]8 d(w—wy) + 27“6_]8 d(w+ )

=471 d(w) + Jt[eJg o(w— %) te 8 oo+ %)]



Properties of DT Fourier Transforms:

Important properties:

Periodicity:
X(el@*2M) = X (1)
Linearity:
If  x,[n] - X,(e")
X,[n] —  X,(e'), then

ax,[n]+bx,[n] —  aX,(e")+bX,(e)

Time Shifting & Frequency Shifting:
x[n] - X(e)
x[n—n,] — e M X(e'®),
e/ x[n] —  X(e!®™))

Conjugate & Conjugate Symmetry:

x[n] - X(e)
x‘[n] -  X'(e7).
For real x[n]:
X(e)=X"(e7)
Ev{x[n]} — Re{X(e")}
Od{x[n]} — j.Im{X(e")}



Time Reversal:
x[-n] o X&)
Time Expansion:

x[—-] o  X(*), %—) integer.

Differentiation:
; dX(e'®)

nx|n —
x[n] o

Parseval’s Relation:

= 1
2 ol =],

n=-—oo

2
X)) do

Convolution:
x[n]*h[n] —  X(').H(e")

Go through Examples 5.8, 5.9, 5.11, 5.12 and 5.13 of text.

Examples:

Problem 5.6 p.400 of text.

Given x[n], express the FT of the following in terms of X(&/®).
a) x,[n]=x[1-n]+x[-1-n],
¢) x;[n]= (n-1)? x[n].



Solution:

a)  x[-n] o X&)
x[n-n,] = 7" X(e)
x[l-n]=x[-n—(-1)] > &°X(™*)
x[-n—-1] — e °X(e™*)
Hence,

x,[n]=x[1-n]+x[-1-n]= (e’ + e )X (e7!*) =2cos @. X(e7*).

(n—1)*x[n] =n’*x[n]-2nx[n] + x[n]
nx[n] — jiX(ejm)
do

2
n’x[n]=n{nx[n]} — —d—zX(ej"’).
do

Thus,

2
x5(e’”)=— ddFX(eJ‘”) -2 j%X(e"”) + X(e!).

Go through Examples 5.19 and 5.20 pp.398-399 of text.

Problem 5.13 p.402.

Given a parallel system with

By ] = ()" uln] and H(el®) = ——2 23

12— 7e71® 720"




Find h,mn].
Solution:

Parallel system:

H(e'®) = H, (¢!) + H, ().
1

mmkﬂéfﬂﬂ,:-HK@%=

l_le—jw
3
| _ “jo
H(eJO)): _Jm12+se_(n —_ 2 + 1 .
(e —4)e™=3) l_le—jm l_le—jm
3
Hence, H,(e'®)=- 12 —,  giving
l——e™
4

hy ] =-2(;)" uln].
Problem 5.19 p.403:
Given an LTI system:

yln] =< ln = 1]=< yln ~2) = x[n
Find:

a) H(el®) of the system,
b) Impulse response h[n].

10



Solution:

a)FT of the governing equation:

Y[e']- %e‘j‘” Y[e]- %e_zj(” Y[e']=X(e')

or [1 —le_jco — le_zj(”] Y (') = X(e'®).
6 6
Hence
. jo
H(el) = .m) - ! .
X(e™) 1_le—j®_le—2jco
6
b) ~ 6 6
H(e")=-— . =—— .
e 1 +e -6 (e =2)(e +3)
__ 35 s
l—le_j“) 1+1e_j‘°
Hence,
3.1 2 1
h[n]==(=)" u[n]+=(-=)" u[n].
[n] 5(2) u[n] 5( 3) u[n]

Problem 5.20 p.403:

x[n] y[n]
Given causal LTI system: > hn] —>
4.n 4 .
X[n]= (g) u[n], y[n]=n (g) u[n].

11



a) Find H(e®),

b) Write the system difference equation.

Solution:
a) |

1_ﬂe—jw .

x[n]=<§>“ un] = X(e)=

y[n]zné)“ ufn] = Y(ej“’>=jdi{FTof(i)“ ufn]}
® 5

4 i
S IR B
do l_ie—w) (1 ﬂe—jw)Z
5 5
| 4 io
. Jo =
Hely=¢)__5
X(e™) 1_ﬂe—jw
b) ie—jm
Y(el®) = H(e®). X(e®) = 54—X(ej°’)
1-—e®

or [l- ie_j‘”] Y(e!®) = ie_j‘” X(e!)
5 5
Taking inverse FT:

y[n]—%y[n—l]%x[n—l].
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Problem 5.10 p.401 of text.

. © . ol 1 n
Given X(e?)= Y x[nfind the value of A= Zn(;) .
n=0

n=-—oo

Solution:

A=Y 0" = 3 n)" ulnl = Y xln]
n=0

n=-—-oo n=-—0oo

where

x[n]= n(%)n u[n]=nx,[n], where x,[n]= (%)n u[n].

Now, X,)= 31 by untem = 5y e
n=0

B 1
l—le_j‘”
Again,
x[n]=nx,[n], hence
1 e
oo.d oo.d 1 ¢
X(eJ‘*’)=Jd—X1(eJ)=Jd( A T
Q) Q) 1_7e*J0\) (1_76*](0)2
2
Now, 1
A=X(@)=—2—=2,
(1-1y
2

13



Problem 5.21 p.403 of text.

Find the FT of:
a) x[n] =u[n-2] —u[n-6],

f [n] ;
2
1
|
3 z‘ d o123 n
3
D xml=-ne)"
Solution:
2)

x[n]=u[n - 2] - u[n — 6] =8[n — 2]+ 8[n — 3]+ 8[n — 4] + 8[n — 5]
X(e1®)=e 2 47 PO MO oI,

x[n]=-38[n+3]—-28[n+2]-8[n+1]+8[n—1]+28[n—2]+38[n—3]

X(e!®) = —3eP® —2e?? —e® 4 e7I® 4272 4 375,

14



J) . |
A=~ Let x[nl=)"

-1 0 0 ©

jo 1 -n _-jon 1 n _-jon 1 n _jon 1 -jo\n

X, (@)= (5) e” +Z(§) e’ =Z(§) e’ +Z(§e1 )
n=0 n=1 n=0

n=—oo

— Z(l ejo))m+l _I_Z(l e-jo))n

m=0 3 n=0 3

1 io

3¢ 1 4

+ = :

1tao q_1leie S5-3coso
3 3

Let vl =n(3)"! =, [n],

12sin®

jo _ i jo _
Y(e™) =7 X )] 5 3c0s0)
Now, x[n]zn(%)lnl—(%)lnl, thus

4 . 12sinw
+ ] >
5-3cosm " (5-3cosw)

Problem 5.22 p. 403 of text.

Find x[n], given

X(e') =

31

) X(e®)=1, %S(’)ST

=0, else.



d)

X(ejm) = cos’ o+ sin’ 3.
Solution:

a)

X(e”)

L 1

- 3n/4 -n/4 0 /4 3n/4 T

xnl=—— [X(&) e do

1 -n/4 ) 3n/4 .
=—( J‘I.e“”n do+ J-l.e”"n do)
2TC -3n/4 n/4
1 . 3¢ LT
=—(sin—n —sin—n).
mn 4 4
d) X(e1®) = cos? @ + sin’ 3m:1+cos2m+l—cos3m
2 2
Lo Lo 1 e _ 1 i
4 4

1 1 1 1
x[n]= S[n]+28[n—2]+28[n+2]—28[n—3]—28[n+ 3].



Problem 5.33 p. 410 of text.
Given an LTI causal system: y[n] +%y[n —1]=x[n]
Find: (a) H(e?),
(b) the system response with:

i) qﬂ=e%fwm,

iiiy  x[n]= S[n] +%5[n ~1].

Solution:
(2)  H(e)=—0:!
1+—e1®
2
(b) i) x(ely=—!
1+—e1®
2
Y(e'®)=H(e'®). X(e') = ! :
(1+5e—j‘”)2

U
wm=m+ue%fwm.
iif)
X(e®)=1+ %e‘j‘”, hence

Y(E'®)=1. = y[n]=38[n].
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Problem 5.34 p. 410.

Given two LTI systems cascaded, with

: 7 _e i
H, (™) :;,
l+—e™®
2
jo 1
1——e 4 e
4

Find: a) Difference equation of the overall system,

b) Impulse response of the overall system.

Solution:

(a)

H(e!®)=H,(e'). H,(e)
2 _¢i®

(1 +;e_j°’)(1 —;e_j‘” +ie—1'2°°)

C2-e Y(e!)
le—j3w X(e!)’

1+

(H%e‘ﬁmw(el’@) —(2-e ) X(el),
U

y[n]+ %y[n —3]=2x[n]—-x[n-1].

18



2l

(1 + I e )1 - I e—J‘” + ie—jz‘”)

H(e'®) =

2—ej°’
(1+ ;e_j“’)(e_j“’ —1-3)(e T —1+4/3)
1/3 N 1/(3+3/3) N 1/(3-343)

1o Leio —1-434e7®  —14434e7°
2

U

_lln nl
h{n] = ()" uln] + (3+3f)< 1-4/3) n]+(

ﬁ)

(~1+~/3)""u[n]
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