Chapter 4

Continuous Time Fourier Transforms

* Periodic signals represented by Fourier Seridsegliencies of
fundamental and harmonics.

* Non-periodic signals are represented by Fouritegmals. Frequencies are
continuous.

Representation of continuous aperiodic signals:
Consider an aperiodic signal x(t) below:

) A/T

-T1 0 T t

X(t)

x\(t) is a periodic signal such that for

=

-T1 0 T1

X~(t) = x(t), for —% Sts%
Fourier series of the periodic x”(t):
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X"(t):k;oak e ay =T (1)



T/2 T/2

ak=% j X A (t)e w0kt git =% jx(t)e‘j‘*’okt dt
-T/2 -T/2
S 1 neriookt ge= Ly
= J x(t)e dt= = X(jkay) .. (2)
where
X(jw) = Jx(t)e‘j“ dt .. (3)
or -
1.
By :?X(kao) ... (4)

From egns. (1) and (4):

KA = Y T X(kay )k

k=—00
= i (£0) X jkay ekt == iX(jkwo)e““*‘ot Wy - (D)
o, 2T 2m &~

As T - o, - 0, XM (t) =x(t), and summation becomes integral. So,

X(t) :2—11_[ J‘X(joo)ej‘*’t dw ... (6)



Thus for an aperiodic signal x(t):

X0 == [xtee do (@)
or, X(jw) = jx(t)e‘i‘*‘t dt ... (8)

—00

* X(jw) is called thd-ourier transformor Fourier integralof x(t).

Convergence of Fourier transforms:

X(jw) of egn. (8) may or may not converge. To be cogeet, x(t) must
satisfy theDirichlet’s conditions:

* X(t) is absolutely integrable, i.e.

[Ix(]dt<eo

* X(t) has a finite number of maxima and minima iy &nite interval,

*X(t) may have a finite number @hite discontinuities in any time interval.



Examples:
Problem 4.1(b) p. 334 of text.
Find the Fourier transform of e_2|t_]4_

Solution:
X(jw) = jx(t)e‘iwt dt
1 0
= jez(t'l) e dt+ Ie‘z(t'l) g1 gt
—00 1
1 co
=e? I eIt g 4 ezj g (GHioat gt
—00 1
_ e']w N e_](JL) _ e_Jw 4 |
2-jw 2+jw 4+
Example 4.4 p.293Important result.] X(t) 1
Find the Fourier transform X() of x(t):
. -T1 0 T1
Solution:
L —jet |12
X(jw) = jle‘l‘*‘ dt=2"—
- -

=i (eijl _e—ijl) — ZSianl )
jw ()



The function SN¥T

, more g;enerall%i/g—e is called sync function

(0V)
sinc@) and is very important in signal analysis.

Fourier Transform of Periodic Signals

Consider x(t) with the Fourier transform X{jgiven by:

X(jw) =2md(w- uy) .. (9)
Taking inverse transform:

1 50 1 :
x(1) =— | X(jw)e!* dwu=— | 2n&(w- w, )e/“* dw
(1 Zn_j (j) Zn_j (00- )

= Jé(co-wo)ej“‘ dey= e/t

—00

Now, el S 21d(W- ()

elkont S 2md(w- koy)

x(t) = Y a0 L N 2may, §(w-kay)

k=-00 k=-00



Thus, with
X(t)= ) 2 e,

X(jw) = D" 2may 3(c- ko) .. (10)

k=-c0

Go through examples 4.6, 4.7 and 4.8 p. 297-3Q6xbf

Problem 4.3 (a) p. 334
Find the FT of  sin(2nt +§) .

Solution:

. jer+ly  —jen+l)
sin(2mt +E):i_[e 4 -e 4
4 2]

=-——e 4 ej(*)ot —-——e 4 e'J(*)Ot ) ejk(‘)ot
2 2 2.5

k=—co
ving: T _n
giving ej4 o I
a :—’ — -
il 2] 1 2]

Other coefficients = 0.



Thus,
X(jw) = 21y O(w- ty) + 21a; d(w+ wy)

2me 4 2me 4
= O(w- -
2] (- wy) >

O(w+ uy)

.TU _.'l;[
=T [e14 d(w-2m-e g S(w+ 2m)].
J

Propertiesof Fourier Transforms
Linearity:

If x(t) - X(jw)
y(t) - Y(jw), then
ax(t) + by(t) - aX(jw)+bY(jw)

Time shift:
X(t-t,) - e X(jw)
Conjugate and conjugate symmetry:
X(t) - X(jw)
x (1) - XY-jw)
Ex(t)} - Re{X(jw)}
Odx(t)} - JIm{X(jw)}



Differentiation and Integration:

()
dt

_[t x(T)dt - jiooX(jco)+1TX(O)2'>((,L))

- JuX(jw)

Time and Frequency Scaling:

X(jo) =

2sinwT;

1 jw
x@t) - |—X(J?)
Duality:
X(t) 1
=
-T1 0 T1 t
i =
X(t):SIn,(.\[tNt)

Parseval’'s Relation:

() dt _1 X(jo)|” doo.
21

Consult Table 4.1 p. 328 of text for more propeattie



Convolution Properties:

x(t) y(t)

EEE— h (t) EEEEE—

Here,

00

y(t) = j x(1) h(t-1) dr.

—00

Y(jo) = jy(t)e‘i‘*’t dt=J. [J-x(r) h(t-T)dt]e 1 dt

—00 —00

Interchanging the order of integration,

Y(jw) = j (1) [ Ih(t-T)e_j“ dt ] dt

= Ix(r) [e‘j“" H(jw)] dr, [usingtimeshift property]

—00

=H(jod [x(0)e" dr = H(jd. X(j<d).

Y(j) = H(jd. X(jo). .. (10)

l.e., y(t) = h(t) Cx(t) -  Y(u)=H(jw).X(w)

Egn. (10) indicates that if two systems are castadeey may be
represented as follows:



Ha(jw) > y(t_)

A 4

;((tj)w) — > H 1(j (*')

Y(jw)
O Hge o Hi) y()
X(j ) 2 > 1 Yo
x(t) : : t
i —] HuloH2) 3\’(((1.)&))

Problems:
Given  h(t)=2e™u(t),  x(t)=9e2" u(t)find y(1).

Solution:
From Table 4.2;

) 2 ) 9
H(jw) =—, X(jw) = )
(jw) 5% (jw) 2% i
Y(jo) = 18 6 N 6

G+jwW2+jw) 5+j0 5+jw’
y(t) = -6e2 u(t) + 62 u(t).



Problem 4.28 (b) p. 342 X( )

Given X(jw) as: /\

Sketch Y(f), where, 1 0 1w

y(t) = x(t) . p(v),
p(t) = cos t.

Solution:
1. 1 _
t)=cost==¢€"' +=¢"
p(t) > >
P(jw) =td(w—1) + td(w+1)
1
21T

=%[X(j(w—l)) +X(j(w+D)]

Y(jo) =-—X(jw) TP(jw) =%T><1T{X(iw) [13(w=1) + 6(w+1)]}

The plot of Y([) versusw:

Y(iw) 1/2 1/2

11



Problem 4.36 p.346.

Given an LTI system with

x(t) = [e" +e u(t), y() = [27" - 27" u(t).

Find the system’s
(a) frequency response,
(b) impulse response.

Solution:
Y(j©) =H(j9) X (o), or, H(o) =4
X(jow)
From Table 4.2:
Koy =t s L 4+jeo
1+jw 3+jw (1+jw)(E+]jw)
Y(jy=—2 -2 = 8
I+jw 4+jo (+jw)(4+jw)
(a) H(jw) = 6 o At j)(B+jw) _
1+ jw)(4+jw) 4+ 2w (4+jw)(2+jw
(b) Hjo) =2 (L +—L )  hence

2 4+jw 2+jw

h(t) :g @M +e ) u().

12



Go through Examples 4.10, 4,11, 4.12, 4.15, 4.184ah9 pp. 305-321 of
text.

Problem 4.5 p.335.

Find:
(a) x(t) given  |X(jo)| = 2[u(w+3) - u(w-3)], DX(jw)z—gan
(b) t for which x(t) = 0.

Solution:
_iw o
x(t)—zn_[OX(jw)e dw
X(jw) =|X(joo) €7X0)

.3
e -3<w<3

=0. else.

= 2e

(Swrm I
x(t):‘1 _[26J 27 gt o= S
2m

2 it
Ie 2 dw
s

. 3
) S|n[3(t-5)]

3
(t-5)

(b) x(t)= 0, if .
t——# 0, and 3(t-—=) =k, k £0.
2 2
or 3 k
t==+—T.
2 3
13



Problem 4.21 p. 238 of text.
Find the Fourier transform of:

(b) x(t) = e 3 sin2t
X[t +
(h) X(1): cee 4 T + | T b
Solution: P e 2
(b) | x(t) = e I sin2t = €® sin2tu(~t) + € sin 2t u(t).
With X, (t) =sin2tu(t) :ji[ej2t —e 2 u(t)

X(jw) =

X, (jw) = jiz [ —e 12 e it
0

iJ‘ e](z Ot _ g J(2+w)t] dt:_i - ! —- L ]
2] 2 j(w-2) j(w+2)

With Xo(t) = e'3t><1(t)

1

Xo(] )—1—2[3“((0 ) 3+j((o+2)] (shift property)

Similarly, for X4(t) = e¥sin2tu(-t),

1 1
Xl )‘E[S—J«» 2 3-j(wr2)

14



Now,
X(jw) =X,(jo) +X5(jw)
1 1 1 1 1

T2'3+(0-2) 3-j@-2) 3+j0+2) 3-j@+2)

1 1

= e 2?9t (w-2)

7]

X[t

(h) x(t) is periodic with T =2. It may \ T *

]

e

be expressed as: 3 0 4

X(t) = 2x4(t) + X, (1), where,

(0= 3 8(t-2K)

for evenvaluesf t;

X,(1) = ié(t—l—Zk),

X, (joy): LT

-T/2

From eqn. (11):

X4(jo) = i 2n%.5(w— kn) =0 ié(w— k).
K=—co

k=-00

0 1 2

for oddvaluesof t.

1
" 1 . 1 1
== | 3(te ot dt== | 5(0)e W dt==5(0) ==,
a == [(te 2_jl()e 230 =

A

t

15



Similarly, )
Xo(jow) =11 Y 80~ km)e I,
Now, ke
X(jo) =2X(joo) + X5(joo)
= 2n§: 3(w- km) + e 1@ ié(w- k)

k=-00 k=-c0

o]

=(2+€7?) Y §(w-km)
k=-00
Problem 4.26(a) p. 341 of text.
Find the convolution xt)Cht) of:

i) X(t) = te u(t), h(t) =e™ u(t)

i) x(t) =€e* u(b), h(t) = €' u(-).
Solution:
_Zt 1
te“ut) - —(2 Y (from Table4.2)
at 1
te U(t) — (4+ JQ))

16



1 1 1
- 1 1 _ 3 4, 4
= . = - +
X(jw).-H(w) 2+jw)? 4+jw (2+jw)? 2+jw 4+jw

whence,

x(t) Oh(t) = %e““ u(t) -%e‘” u(t) +% te ™ u(t).

i) _ L L
X(jw):m; h(t) = €' u(-t) = x(-t), hence H(joo)—?
1 1
) N 1 _ 2 2
X(je)-H(jw) = (1+joo)(1—jw) “Ttjo 1-jo
1 I

x(t) Dh(t)—ze‘ u(t) - e u(- t)—Ee
Problem 4.21 (d), p. 238.
Find the Fourier transform of :

X(t) = iak 3(t—KT), |a<i]
k=0

Solution:

X(Jw)—j(Za 5(t—KkT)e "‘"dt—Za Ié(t—kT)e it g

- k=0

i > 1
:§:Gk.ejmKT E:aejmT — .
1-ae'®
k=0 k=0

17



Problem 4.22 (b), p. 339.
Find x(t), given : X(jw):cos@w+1—;).

Solution:

X(jow) = % [ejE et 3 e e,
From Table 4.2:

X(1) =%ej3 5t +4) +%e_j3 5t - 4).

Problem 4.33 (a) and (b), p. 345.
Given a causal LTI system:

dd{gt) e dl(;(tt) +8y(1) = 2x(1).

Find: a) system impulse response,
b) system response with x(t) = au(t).
Solution:

@ —6? Y(jo) +6 joY(jw) +8 Y(jo) =2 X(jw), or
[0’ +6j0+8] Y (jw) = 2X(jw)



Giving

oYW 2 2
H(jo) = X(jo) - +6jw+8 (jw+2)(jw+4)
1 1

- jwt2 jo+d’
h(t) =e ? u(t) —e™* u(t)

(b) 1
X(J(*)):(jw+2)2
Y(jow) =H(jw). X(jw) = 2 x— L
SO =P A = (or 2 (jor 4 (jo+2)?
2 1 1/2 N 1/4 1/4

T o+ (jord)  (jo+2? (w+2)?  jo+2 (jo+d)
y(t) = Ee? u(t) —% te 2" u(t) +%e‘2t u(t) —%e““ u(t).

Problem on Parseval’s Relation:
Find the energy of x(t)=% a>0.

Solution:
Parseval’s:

T 1 o,
j () dit = j X(je)| dw

19



1

X(jo) = o
Energy:_]i|x(t)|2 dt:%io a+1jw‘ dw:%:[o ﬁdw
A gty 4
Duality Properties:
If xt) - X(w), then

XGi) - 2mx(-w).

Problem: Find the Fourier transform of x(t) = 1.
Solution:

3(t) S X({w)=1

X(t) =1 - 210(-Ww) = 21O(W).
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