Chapter 3
Fourier Series Representation of Periodic Signals

If an arbitrary signal x(t) or x[n] is expressed as a linear combination of
some basic signals, the response of an LTI system becomes the sum of the
individual responses of those basic signals.

Such basic signal must:

be capable of representing a large number of signals,

* have system responses simple enough for computational
convenience.

Complex exponentials, given below, are such basic
signals/functions:

et for CT systems,

z" for DT systems, where S, z are complex numbers.

Both have the property that:

* Response to an LTI system has the same form as the input with a
change in the amplitude only.

A function with this property is called Eigen function and the
corresponding amplitude ratio is called Eigen value.

e H(s) e* & Hz] 2"
—* Hs [—* —> H7j —

x(t) y(®) x[n] yln]




e ¢tand z" _y  FEigen functions,

* H(s)and H[z] — Eigen values.

Consider an input x(t) = e in a CT system. The corresponding output:

y(t) = x(t) xh(t) = jh(r) x(t—1)dt = jh(r) e gy

—0o0 —0o0

= ¢ J.h(r) e S dt=H(s)e", where

H(s) = I h(t)e ™" dr

- (1)
Similarly, for a DT system:
Input: x[n]=2z",
Output:
y[n]=x[n]*h[n]= > h[k].x[n-k]= > h{k].z" "
k=— k=—

=z" Zh = H[z]z

k=—



where
_ -k
Hz]= » h[k] z Q)

k=—x

CT systems:
. . — st Sot s3t
LTI system. Thus, with an mpd‘t(t) =a;€" +ae " +tazer,
y(t) =a;H(s;) €™ +a,H(sy) €' +a3H(s;) ' .

the output :
In general: If x(t)= Zak Skt ..(3)
k
then . (4
y(1) =) aH(s) e™".
k
DT systems:
irox[n]=>a z" (5
k
then. y[n]= 3 a Hz 12" - (6)
k

o[f the input to an LTI system is a linear combination of complex
exponentials, its output is also the linear combination of the same
exponentials.



In Fourier series, such complex exponentials are:

s =]Jo, for CT systems

z=¢lo for DT systems.

Fourier Series of CT Periodic Signals:

A signal x(t) with a fundamental frequency of @, is expressed as a linear
combination of complex exponential ¢’8nd its harmonics

eij20)0t. eij30)0t’ s
w .
x(t) = Zak e koot .. (7
k=—o0
k =1, fundamental frequency
= 2, second harmonics
= 3, third harmonics, so on.

R.H.S. Is called the ‘Fourier series’ and a, is called the k-th harmonic
component.
Fourier Series Coefficient a, :

From eqn. (7), we may write:

o0 o0
X(t) e—jwont _ Zak ejkooot e—jwont _ Zak ej(k—n)(;)ot

k=—00 k=—00



Integrating over an interval 0 to T (T is the fundamental period):

jx(t) e—oont g4 :j Zak clk—moot 40 Z a (jej(k—n)mot dt) (8)
0 0 k=—o0 k=— 0
Using Euler’s formula:
T T T
j elk-moot gy j cos(k —n)aot dt + j j sin(k — n)wyt dt
0 0 0
= 0, fork #n
= T, for k =n.
Thus,
T .
IeJ(k_n)mot dt=T, for k = n
0
= 0, for k#n . (9)

From eqn. (8): T
Jx(t) e 1% dt=a T.
0



or

T
1 .
a, =ﬂx(t) e 100t dt ... (102)
0
As x(t) 1s periodic, eqn. (9) 1s applicable to any time interval T. Hence,

1 .
a, =;ij(t)e oot g ... (10 b)

*Eqn. (7) is called Fourier synthesis equation and eqn. (10b) as Fourier
analysis equation.

If x(t) is a real periodic function, then X(t)= X*(t) , consequently

o0 e 0] . —00 .
x(t) = Z a, el =x*(t) = Zaf{ o @0kt — Zafk eIkt
k=—00 k=—0o0 k=0
0 .
= Zaik eJmOkt
K (1)

Comparing eqn. (7) with eqn. (11):

ak =a_k .



Problem 3.3 p. 251 of text.

Find fundamental frequency and Fourier co-efficient a, of:

x(t) =2 +cos (%“t) + 4sin (%tt).

Solution:

Using Euler’s formula:

27 27 .Sn .
= 1 -5t 2 3zt 2 -t
X(t)=2+56 3 +Ee 3+ =e3 - —¢ 3

] ]
0 .
_ Zak ejmokt
k=-o0

Hence, the fundamental frequency is ®, = n/3. It consists of the
fundamental, 2"¢ and 5™ harmonics only.Thus,

x(t)=ag+a,e?®" +a_, e N La el g (TN giving
1 1 2
_ _ _ _ _ 2
ay =2, a2—2, a_2—2, as = 5 as=—=.

Problem 3.22 p. 256 of text.
d) Find the Fourier series of: X L




Solution:

o0

x(t) = Zak g0kt

k=—0

Here, T =2, w,= 2n/T)=m.

12 Cjookt 4, L ! ikt 2 1y - jrkt
ak—EJ-OX(t)e dt_Z[J'OS(t)e dt+L 28(t—1)e ™ dy]

1 ¢l 2 1 e 1 .
— _ jkm —__ JTC]:_ _ junk
2[IOL dt 2L eI d) = (12 e M= 212 (7

1 k1 k
=——(cosm)" =——(-1)".
5 ~(cosm)” ==—(=1)

Problem 3.5 p. 193 of text. [Very important result]:

Find the Fourier series of: x(t)

Solution:

1

T 12 1,971 T2 T

Tl ionk Tl
. Jookt . .
ay = i je_onkt dt = l © i = ;[ erole _ e—onle ]
T e i@k — jwokT
- -Tj
2 sin(wkT;)

= sin(wakT;) =
T (0okT))



Special case:
@.le
(Oole T _ 2T1

kmn kmn T

ag=Limy_,a, =

Convergence of the Fourier Series:

For a function to have Fourier series, the series is to be convergent. The
convergence conditions for x(t) is given by Dirichlet conditions as
follows:

Over any period, x(t):

1) must be absolutely integrable over any period, i.e.,

j|x(t)|dt < o

T X(t)

Example: k:\:
1

0

t

The function has discontinuities and hence not convergent.

i1) does not have more than a finite number of discontinuities over
any period.

111) may have at most a finite number of finite
discontinuities.



Gibbs Phenomenon:

 As the number of terms N is increased, Fourier series represents the
function more accurately.

*At discontinuities, the series has a value %2 the sum of values just before
and just after the discontinuity.

*The series shows ripples at discontinuity.

*As N increases, the ripples get compressed toward the discontinuity, but its
peak amplitude remained unchanged.

Properties of Fourier Series:

e Linearity:
If xt) —»> a
) — b
Then
Ax(tH-By(t)> Ag+Bh
*Time Shift:

X(t) - ay

X(t - to) —> e—jk(DOtO . ak

10



Time Reversal:
X(t) — ay
x(—=t) — a_,

Time Scaling:
X(t) — Ay
x(at) — ay = = Zak oIkt
k=—0
Multiplication:
x(t) — ay
y(t) — by

x(D).y() = D aj.by

l=—c0

Conjugate:
x(t) = ay

x'(t) > a’

Conjugate Symmetry:
For real x(t):
ax = aik

%
ak = a_k

11



Derivative:
dx(t)
dt
Parseval’s Relation:

= xof de= S

k=—00

e Consult Table 3.1 p. 206 of text.

—  Jkoyay

Go through example 3.8 p. 208 of text.

Examples:

Prob. 3.6 p.251 of text.

a)Which of the following are real valued?
b) Which are even?

100 k2T
X, (t) = Z cos(km)e 50

k=-100
L2
100 . . (kn) Jk?gt
simm(—) ¢
xy()= Y 5
k=-100

12



Solution:

a) x(t) = Zak e!!
x(t) = ap= (%)k, 0 <k <100
=0. else.

ak:a;;:(%)_k, 0 <k <100

=0, else.
ay # a_k*xl(t) is not real-valued.

X5 (t): a, = cos(km), —-100<k <100
=0, else.
a_y = cos(km), ~ —100<k <100
=0, else

a, =a_, . X,(t) isreal.

x3(t): ak:jsin%, -100<k <100
=0. else.
N
a_k:—Jsm7, -100<k <100
=0. else.
* .. k=
a_y :Jsm7, -100<k <100
=0. else.

a, =a_, . X3(t) isreal.

13



Problem 3.22(a) p.255 of text,

Find the Fourier series of x(t): x(t)

Ry

AN/
Solution: /2_ 4k l/z Za

2
x(t)=t, for —1<t<I; and T=2, o)ozjn:n, hence

w . w .
x(t) = Z:akejmokt = Zakemkt

k=—0 k=—0

where

e—jnktl I,

_Ile
—jmk|_ 1‘—jnk

1
akzéjte_jnktdtzé{t. dt}
-1

2kn 2k%n?
J J k

=—cos(kn)=— (-1)".
o (km) o (-1)
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Fourier Series Representation of DT Signals

DT Fourier Series:

As with CT signals, a DT signal can be expressed as a series combination of

complex exponentials. The series, however, is finite.

Let x[n] be periodic with a fundamental period N, i.e.,
x[n]=x[n+N].

Consider a complex function

. 2m
. k(=)n
pln]=ehon =N

For an integer r,

2n 2n 2n
KHNESD kED)n N )n

Orn[n]=e N =¢ N & N

27 2n
jk(=)n . Jk(=)n
—¢ N ?™N_g N" —¢[n]
or
o [n] = ¢y n[n] .. (12)

e (¢ [n] repeats itself with a period of N. Thus,

« a set of N values of ¢,[n] is enough to represent a periodic DT signal.

15



Therefore, a periodic DT signal may be expressed as

' 2
x[n]= Zak O [n]= Zak elkeon g, il ... (13)

k=<N> k=<N> N

where <N> means any arbitrary consecutive N exponentials.
Eqn. (13) 1s the DT Fourier series, a, is called Fourier coefficient.

Determination of ay:

Consider
X[n]e—eron _ Zake—J(k—r)mOn
k=<N>
Now: _ _ .
Zx[n]e—]r(oon _ Z Zak e—](k—r)mon _ Z a, Z e—](k—r)(oon
n=<N> n=<N> k=<N> k=<N>  n=<N>
. 2n
—j(k=r)(==)n
- T a zn
k=<N> n=<N>
= N, if k-r=0, £N, £2N...
=0, else.
With k=r,
D x[nle " =a, N.
n=<N>

16



Replacing r by k,
1 —ikonn 27
A= 2l ep = .. (14)

n=<N>
Eqn. (13) is called synthesis equation and eqn. (14) the analysis equation.
As a, 1n an interval N repeats itself in any other periods,
A A+ N T8k+2N = -

 Since the series is finite having N terms, it 1s always convergent.

Example:
Example 3.12 p.218 of text. Find the Fourier series of:

x[n]
N 2 10 1 2 N n
Here, N =9. PN Ly 1 e M
_ L —jkogn _ 1 —jkog(m-N1) _ L jkey ~jkoom
ak—N_Z:e = Ze = ¢ Ze
n=-NI1 m=0 m=0
) 2N1+1
1 sin ke,
N sinﬂ
2

17



For k=0,

o _ LEOONIED 1 N4
0 N k(DO N
2

With N=9, there are 9 terms, e.g.,
ay, A3, a5, a, A, 4|, Ay, A3, and a,.

If the R.H.S. Of eqn. (14) 1s truncated to less than 9 terms, distortion
occurs. See Fig. 3.18 p.220 of text.

Note that Gibbs phenomenon does not occur in DT signal approxi-
mation.

Problem 3.9 p. 252 of text.

Find the Fourier series of

x[n]= i {498[n -4m]+80[n-1-4m]}

m=—oo

e}

Solution: 8 8

x[n]

18



Here,

a) = % D x[nJe 0k = %g{&i[n] +88[n—1]}eJeokn
1 —jogkn0 | o —joek1q_ 1 —jogk ok
= 4TI g g0 = 44 8T = 14 2e 2
giving
a,=3, a; = 12, a,=-1, a;= I452.
a=a,=a,=...=3;

as=a,=a;=a,= .= 12, etc.

Problem 3.30 p. 258 of text.

Find the Fourier coefficients of x[n], y[n] and z[n] given by:

AR

x[n]=1+ cos(%rn)

. 2@ T
nl=sin(—n+—
y[n] (6 4)

z[n]=x[n].y[n].
Solution:

N=6 for x[n], y[n] and hence for z[n].

2T T
W=y

19



2 1 Jjzn  -—jpn 1
X[n]:1+cos(?n)n:1+5(e3 +e 3 )=1+E(e

jookn
= Zake .

k=<N>
1 1
Hence, ap = 1, 4 =—, a1 =—.
2 2
b) 1 i(ogn+)
y[n]= sin(%n +%) = sin(®yn + %) = 7[6 RN
.TC T
i -j—
:e_.ej‘*)on _L — e 120" oiving
2] 2)
JE _jﬁ
4 4
bo =0, b1 :e—.a b_1 —'e—.
2)
(c) X[n]l.y[n] — ¢ = Zblak—l'
[=<N>

Choosing <N > tocoverb_and a_,

32:213:3.420, and b2:b3:b420.

4
Cx = Zblak_l = b_lak+1 + boak + blak_l + O, glVlng
-1

. .
j— el
let 1 41 .
C0=b_1a1+boao +b1a_1=—e - +O— © - =—Sln£,
2 2j 2 2 2 4
Y Y
= =
e * e *
Clz_:C_l, C2—_—C_2,03—C_3:O
J J

j(x)oll

J

+e )

. Y
—j(wgn+—
(o 4)

won

)

20



Fourier Series and LTI Systems

For a system with an impulse response H(jo) or H[e/®] :

X(t) h(t Y(t) ejwr
' h[(n)] ' — H(jw)
x[n] yIn] ¢ H(')
For CT: i j
H : — h —]OT
(J) [O (e T dr . (15a)
For DT: . o .
H(e!)= ) hk]e ™ . (15b)
k=—o0
CT: With Fourier series of x(t):
x(t) = Z:akej‘”okt ,
k=—0
y(t) =k_Zak H(jkay) ' .. (16)
DT: ' .
y[n]= k ZNak H( o™ 7
=<N>

To find the system output y(t) or y[n]:

1.Find H(jw) or H(e!Y) using eqn. 15a or 15b,
2. Find F. S. of x(t) or x[n].

3.Find y(t) or y[n] using eqn. 16 or eqn.17.

21



Prob. 3.34 p. 260 of text.
Given h(t)=e“, find y(t) with

(a) x(t) = ZS(,t —n)
(c) X(t) given as: x()

’I—‘I I——_Il ml

-1 -1/4 0 14 1

t

Solution: O
H(jo)= Ih(T) e 19T dr = J.e41 e 1T dr+ J.e'4T e 197 4t
S i .
1 1
:—+ .
4-jo 4+ jo
x(t)
(a) i jookt
x(t) = ae’ O . 1
ottt
2 -1 0 1 2
Herea T:lj (D() =27m.
> 1
1¢ okt 1 ok
a =— S(t—n)e 0 dt:_j S(t) e i@k 0 4
k TJT Z ( ) T TZ (1)
n=-—o0 O
¢
=—|1dt=1
1
0

22



Hence,

y(©)= Y ay H(joogk) 0% = > H(jamk) e

k=-o0 k=—0

_ Z 1 ]ant'
— JZTck 4+ 2wk

© © sin(n—k)
(C) t) = m Jookt _ 2 i2mkt
x(t) k;w o © k;w - .
[e'e) Sll’l(n;{) 1 1 —_— o) _—
t)= Jemkt _ b, e)*™
y(® k;w v 4ok T ar o C k;wke
where, b, =0, for k— even
= l, for k=0
4
sin(-k) |
=2 ], for k—> odd.

[t
nk 4-j2nk 4+ j2nk

Prob. 3.38 p. 261:

Given: h[n] =1, 0<n<2
=-1, -2<n<-I
=0. else.

X[n]= iéi[n —4K].

k=-o0

23



Find the Fourier coefficients of output y[n].

. © ) h[k]
H(e!®)= ) h[k]e K
() k:z_w 1
—Zl - i - K
= (_1) e_.](o + 1. e__](D -2 -1 0 2
k=-2 k=0 B
=0 eI 1420 _el20 X[n] #
1
: 2T T T T n
x[n]= D a, ¢!, here N=40p=—7===- 4 321 01 23 4
k=<N>
3 .
1 —jookn _ 1 —ionkn 1 —iwoko ]
a, =— x[n]e I = — ) §n]e IO =—e =—
K Z [n] 42 [n] y y
n=<N> n=0

y[n]= D ay H(e'™") ek

k=0
1 3 . . . . .
:_Z[G—Jmok _eJmok +1+e—]20)0k _ej2m0k]ejm0kn
4
k=0
I ok
=— ) by el@okn
42 k
k=0
Where, i —jgk .gk e i
bk:Z[ —e * +1l+e -’ ]
.TT I
1 -7k Tk
=—[l+e 2 —-e 2 ].
4 24



Frequency-Shaping or Frequency-Selective Filters:

Ideal Filters:

Low-pass:
H(jo) =1,
=0,

High-pass:
H(jw) =0,

= 1’
Band-pass:

H(jo) =1,

Band-stop:

H(jw) =0,
=1,

Non-ideal Filters:
CT Filter:

o] <

o] > o,

o] < o,

o] > o,

(] <|(!)|<(1)2

else.

o) <|o| < o,

else.

[HG )|

-0, 0 ™,

IH( )|

-0, 0

IH( )|

-, —o; 0 (o))

H(jo)|

(O]

- —O 0

X(t) = vi(t)

C

y(®) = vo(t)

©

©y

25



System differential equation:

d
Rc%t) +y(t) = x(t)

x(H) =, y(t) = H(jo) o, %ﬂml{(mem

or (1+joRC)H(jw)=1, giving

X(jw) 1+ joRC 1+j£ RC
®
: _ 1 . . 1 ©
|H(103)| =———, ZH(ow)=-tan” —
T+(—=)? o)
®q
The response plot: HGo)l 1
| )
o o
ZH(jo)
&
: (O]

This is a low-pass filter.
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DT Filters

Consider a first-order filter given by the difference equation:

y[n]—ay[n-1]=x[n], [a] <L
With x[n] = el®n,
H(e'®). el —a H(e!?) /7D = el op

H(e'®)[1—ae1®]e/™ =™ giving

1
—.

H(e'®) =
l-ae™

The magnitude [H(e/*)| and the phase angle
are shown in Fig, 3,34 p. 246 of the text.

e ForO<a<1,itis low-pass filter.

e For 0>a> -1, it is high-pass filter.

ZH(E%or a=0.6 and a=-0.6
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Problem 3.16 p. 253 of text.

With the given impulse response H(ei®) , find the filter output with the
following inputs:

a) x[n]=(-D" H()|

3n w
b) x,[n]=1+sin(—+— 1 1
) Xp[n] (8 4)

| | !
n =S5n/12 -3 0 w3 S5wi2 =n

Solution:
a) xq[n]=(-1)"

Here, N=2and o,=m. | | !

1
_i 1 _i .. i .
a =%Z(—l)”e T = 21— ), giving 3
n=0

dg = 0, a; = 1.
! —jnk —jmkn : :
y[n]= Zak He e =a, H(e™).e™
k=0

= 0. (since H(e'™)=0).

None is passed.
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b)

xz[n]:1+sin(3?n+%): N=16, o, = 27

T
16 8
L3t om L3nm b
1 i+ —i+)) | B S s -
xz[n]:1+?[e 8 4 ¢ 8 4 ]=1+(—e*)e 8 —(—e Y)e
10y 1 -y
Hence, = ay=1, a3=—e 4, a_jy=——e 4, others=0.
2] 2]

yInl= D ay H(e'™") ek
k=<N>

=2, H(ejo) ejO +a, H(ej30)o ) ej3coon +a_y H(e—j3m0 ) e—J3o)On

.37 3

3n 3n
o o —jo . —ign
=0+a;H(e 8)e 8 +a_yH(e 8)e 8
P N
=—e4.1led ——e 4.1e 8
2j 2]
.3nm .3n 0w
_ L[eJ(?UJrz) B e—J(?nJrz)
2]

. 3w T
=sin(—n+—
] (8 4)

o= 1 1s blocked, = 37/8 1is passed.
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