MATH3705A — Test 1: 17:35-18:25, June 2

Name and Student Number:

Total points: 30. No partial marks for Questions 1-4.
Closed book! Non-programmer calculators are allowed!

[4] 1. L{tcos(3t)} =

s2— s 52 e’
(a) (s2+99)2 (b) 523+9 () (:;)24:;3)2 (d) _(522T)2 (e) ﬁ

Solution: (a)

Leos31) = = Llteos31) =~ () = i

[4] 2. Let H(s)=1L {STM} Find H(1).

(a)g (b) (C)% (d)g (¢) None of them

wl

Solution: (c).

Since L{sint} = 32_14-1’ we imply that

int e ]
H(s)=L {Sl%} = /S o 1d.75 = arctan x|/ = g — arctan(s).

H(1) =5 —arctan(l) = 5 — 5 = 7.

[4] 3. Find L{e* * &*}.

()5 O omm ©ems Dews © o

Solution: (b).

1 1 1
2t , 3ty _ 2t 30— =
L{e™ xe”} = L{eT}L{e™} s—2s5—3 s2—5s+6

[4] 4. Calculate L {%}



Solution: (b)

Vit 05y L(05) V7
iy =Lt =~ = a5
. Calculate L{u(t — 2)t*}.
Solution: We use the second shifting theorem:
L{u(t —2)t*} = L{u(t —2)(t —2+2)*}
= L{u(t—2)[(t —2)° +6(t —2)> + 12(t — 2) + 8]} (2points)
e B L{t* + 6t + 12t + 8} (2points)
6 12 12 8
_ —2sf ~ -~ — — 1
= e {34 + = + = + 8}. (2points)

. Using the Laplace transform solve IVP: f”(t) + f'(t) — 6f(t) = 70e* with boundary
conditions f(0) = f/(0) = 0.

Solution: Applying Laplace transform to the two sides, we get the equation

70
s—4

$’F + sF — 6F = (3points)

or -0 |
F(s) = GGG (1point)

By partial fraction

70 A B C
(s—4)(s+3)(s—2) s—4+s+3+s—2
70 = A(s+3)(s—2)+B(s—4)(s—2)+C(s+3)(s — 4).

To find A, B, C, we use special s values: s =4 gives A =5, and s = —3 gives B = 2, and

s = 2 gives C' = —7. Putting all this together we have
5 N 2 N -7

s—4 s+3 s5—2’

F(s) = (2points)

Thus
t) = bett 273 — 7%, 2points
f(t)



Table of Laplace Transforms

F(s) = L{f(t)} = /Ooo FB)edt, s> 0

" n! . . )
L{t"} = s if n > 0 is an integer
F(p+1)
E{tp} = Sp+1 b p > _1
C{sin(at)} =
sin(at)} = ——
52 + a?
L{cos(at)} = -
cos(at)} = ———
52 + a?
L{e"} = ! s>a
s—a’

C{f(at)} = éF (2). a>0

L{e"f(t)} =F(s—a), s>a
L{u(t —a)f(t—a)} =e *F(s), s>a>0
LM} = s"L{f)} = "7 f(0) = s"2f/(0) — -+ = sf72(0) — f"D(0), n>0

L{F(B)} = (—1)"F™(s) = (~1)" L F(s), n>0

yoT
c{@} _ /SOOF(x)dx

c {/Ot (@) dx} _ %F(s)

L) *g(t)} = £ { / [t - v)g(x) das} — F(s)G(s), where G(s) = L{g(1)}

L{o(t—a)} =€ a>0

1
1 —esT

T
L{f(t)} = /0 e "' f(t) dt if f is periodic with period T



