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44 hd CHAPTER 2 FIRST-ORDER DIFFERENTIAL EQUATIONS

36. Consider the autonomous DE dy/dx = y> — y — 6. Use
vour ideas from Problem 35 to find intervals on the
y-axis for which solution curves are concave up and
intervals for which solution curves are concave down.
Discuss why each solution curve of an initial-value
problem of the form dy/dx = y* — y — 6, y(0) = yg,
where —2 < yg < 3, has a point of inflection with the
same y-coordinate. What is that y-coordinate? Carefully
sketch the solution curve for which y(0) = —1. Repeat
for y(2) = 2.

37. Suppose the autonomous DE in (1) has no critical
points. Discuss the behavior of the solutions.

Mathematical Models

38. Population Model The differential equation in
Example 3 is a well-known population model. Suppose
the DE is changed to

dr

—- = P(aP — b),

di
where a and b are positive constants. Discuss what
happens to the population P as time ¢ increases.

39. Population Model Another population model is

given by

L kP —

B

dir
where /i and & are positive constants. For what initial
values P(0) = Py does this model predict that the popu-
lation will go extinct?

40. Terminal Velocity In Section 1.3 we saw that the
autonomous differential equation

dv i
m— = mg — kv,
dt

41

42,

where k is a positive constant and g is the acceleration
due to gravity, is a model for the velocity v of a body of
mass m that is lalling under the influence of gravity.
Because the term —kv represents air resistance, the
velocity of a body falling from a great height does not in-
crease without bound as time ¢ increases. Use a phase
portrait of the differential equation to find the limiting, or
terminal, velocity of the body. Explain your reasoning.

Suppose the model in Problem 40 is modified so
that air resistance is proportional to v2, that is,

dv

m— = mg — kv’

dt &
See Problem 17 in Exercises 1.3. Use a phase portrait
to find the terminal velocity of the body. Explain your
reasoning.

Chemical Reactions  When certain kinds of chemicals
are combined, the rate at which the new compound is
formed is modeled by the autonomous differential
equation

aX ;
— = ka - X)(8 - X),
dt
where £ >0 is a constant of proportionality and
B = « = 0. Here X(r) denotes the number of grams of
the new compound formed in time .
(a) Use a phase portrait of the differential equation to
predict the behavior of X(r) as 1 — o=,
(b) Consider the case when @ = 5. Use a phase portrait
of the differential equation to predict the behavior
of X(1) as t — = when X(0) < . When X(0) > o.

{c¢) Verify that an explicit solution of the DE in the case
when k=1 and a=8 is X()=a — 1/t + ¢).
Find a solution that satisfies X(0) = « /2. Then find
a solution that satisfies X(0) = 2a. Graph these
two solutions. Does the behavior of the solutions as
t — = agree with your answers to part (b)?

[ 2.2 SEPARABLE VARIABLES

REVIEW MATERIAL

parts) by consulting a calculus text.

¢ Basic integration formulas (See inside front cover)
¢ Techniques of integration: integration by parts and partial fraction decomposition
e See also the Student Resource and Solutions Manual.

INTRODUCTION  We begin our study of how to solve differential equations with the simplest of
all differential equations: first-order equations with separable variables. Because the method in this
section and many techniques for solving differential equations involve integration, you are urged to
refresh your memory on important formulas (such as [ du /1) and techniques (such as integration by
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SOLUTION BY INTEGRATION Consider the first-order differential equation
dy/dx = f(x,y). When f does not depend on the variable y, that is, f (x, ¥) = g(x), the
differential equation

dy ]
T g(x) (h

can be solved by integration. If g(x) is a continuous function, then integrating both
sides of (1) gives y = [g(x) dx = G(x) + ¢, where G(x) is an antiderivative (indefi-
nite integral) of g(x). For example, if dy/dx =1+ ¢, then its solution is
y=[(1 + e¥ydxory = x4 5'03" ke

A DEFINITION  Equation (1), as well as its method of solution, is just a special
case when the function fin the normal form dy/dx = f(x, y) can be factored into a
function of x times a function of y.

| DEFINITION 2.2.1 Separable Equation

A first-order differential equation of the form

v
e gt.‘.':“r-'[_"':'
> .

is said to be separable or to have separable variables.

For example, the equations

dy R s dy :
—= = yixghth and —=y+sinx

dx -~ dx

are separable and nonseparable, respectively. In the first equation we can factor
f().', 1}) o J.El.g3_1'+4_\' as

vl
Fay) = ey = (xe)(ye™),

but in the second equation there is no way of expressing y + sin x as a product of a
function of x times a function of y.

Observe that by dividing by the function /(y), we can write a separable equation
dy/dx = g(x)h(y) as

d T
PO = = g(), 2)
dx

where, for convenience, we have denoted 1/h(y) by p(y). From this last form we can
see immediately that (2) reduces to (1) when i(v) = 1.

Now if y = ¢(x) represents a solution of (2). we must have Pl ()" (x) = g(x),
and therefore

JP(d)(A‘))qb'(A') dx = fg(x} dx. 23]
But dy = ¢'(x) dx, and so (3) is the same as
f p(ydy = [ g)dx  or  H(y) = Gx) + ¢, (4)

where H(y) and G(x) are antiderivatives of p(y) = 1/h(y) and g(x). respectively.
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METHOD OF SOLUTION Equation (4) indicates the procedure for solving
separable equations. A one-parameter family of solutions, usually given implicitly, is
obtained by integrating both sides of p(y) dy = g(x) dx.

NOTE There is no need to use two constants in the integration of a separable equa-
tion, because if we write H(y) + ¢; = G(x) + ¢3, then the difference ¢; — ¢; can be
replaced by a single constant ¢, as in (4). In many instances throughout the chapters
that follow, we will relabel constants in a manner convenient to a given equation. For
example, multiples of constants or combinations of constants can sometimes be
replaced by a single constant.

I EXAMPLE 1 Solving a Separable DE

Solve (1 +x)dy — ydx= 0.

SOLUTION Dividing by (1 -+ x)y, we can write dy/y = dx/(1 + x), from which it

follows that
gl
v 1 +x

In|y| = In|1 + x| + ¢

v = e,lnl]*.-xl—r‘ - (JNH‘:\'| . g

Faws of caponents

&

=I1+J;

= Zef(l + x).

Relabeling *e" as ¢ then gives v = «(1 + x}.

ALTERNATIVE SOLUTION Because each integral results in a logarithm, a judicious
choice for the constant of integration is In|c| rather than ¢. Rewriting the second
line of the solution as In|y| = In|1 + x| + In|¢| enables us to combine the terms on
the right-hand side by the properties of logarithms. From In|y| = In|e(1 + x)| we
mmmediately get y = ¢(1 + x). Even if the indefinite integrals are not a/l logarithms,
it may still be advantageous to use In|c|. However, no firm rule can be given. u

In Section 1.1 we saw that a solution curve may be only a segment or an arc of
the graph of an implicit solution G(x, v) = 0.

E EXAMPLE 2 Solution Curve

dy :
Solve the initial-value problemd—“ = --i, y(4) = =3.
a ¥

SOLUTION Rewriting the equation as y dy = —x dx, we get

32 %2
y d}‘ = —| xdx and '—2" = '—E £ o

We can write the result of the integration as v — v* = ¢ by replacing the constant
2¢; by ¢, This solution of the differential equation represents a family of concentric
circles centered at the origin.

Now whenx = 4,y = —3,50 16 + 9 = 25 = ¢ Thus the initial-value problem
determines the circle x* + y? = 25 with radius 5. Because of its simplicity we can
solve this implicit solution for an explicit solution that satisfies the initial condition.



FIGURE 2.2.1  Solution curve for the
IVP in Example 2

2.2 SEPARABLE VARIABLES . 47

We saw this solutionas y = ¢s(x) orv = — V25 — 3%, —5 < v = Jip Example 3 of
Section 1.1. A solution curve is the graph of a differentiable function. In this case the
solution curve is the lower semicircle, shown in dark blue in Figure 2.2.1 containing
the point (4, —3). B

LOSING A SOLUTION  Some care should be exercised in separating variables,
since the variable divisors could be zero at a point. Specifically, if r is a zero
of the function h(y), then substituting v = r into dy/dx = g(x)h(y) makes both sides
zero; in other words, y =r is a constant solution of the differential equation.
: : dy
But after variables are separated, the left-hand side of m = g(x) dx is undefined at
2
As a consequence, y = r might not show up in the family of solutions that are obtained
after integration and simplification. Recall that such a solution is called a singular
solution.

E EXAMPLE 3 Losing a Solution

dy ;
dx Y

Solve

SOLUTION  We put the equation in the form

dy 1 i
Z = = dx or L' : = i : }d}' = dx. (5)

The second equation in (5) is the result of using partial fractions on the left-hand side
of the first equation. Integrating and using the laws of logarithms gives

1 |
~In]y — 2| = Z]n|_\,' + 2| =24 g

4

=2 2 14,
or In =4x + ¢ or — = ket

y + 2 - 2

Here we have replaced 4¢; by c». Finally, after replacing =e by ¢ and solving the
last equation for y, we get the one-parameter family of solutions

1 + ce*
y=2— (6)

T = e

Now if we factor the right-hand side of the differential equation as
dy/dx = (y — 2)(y + 2), we know from the discussion of critical points in Section 2.1
that y = 2 and y = —2 are two constant (equilibrium) solutions. The solution y = 2 is a
member of the family of solutions defined by (6) corresponding to the value ¢ = 0.
However, y = —2 is a singular solution; it cannot be obtained from (6) for any choice of
the parameter c. This latter solution was lost early on in the solution process. Inspection
of (5) clearly indicates that we must preclude y = *2 in these steps. |

l EXAMPLE 4 An Initial-Value Problem

d "
Solve (e* — ) med—') = ¢"sin2x, y(0) = 0.
-
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FIGURE 2.2.2 Level curves
Gix, v) = ¢, where
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FIGURE 2.2.3 Level curves
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SOLUTION Dividing the equation by e* cos x gives

e . P sin 2x dx

e¥ cos X

Before integrating, we use termwise division on the left-hand side and the trigono-
metric identity sin 2x = 2 sin x cos x on the right-hand side. Then

2 J sin x dx

yields e+ ye P+ e = —2cosx+ (7)

integration hy parts — f (e — ye™) dy

The initial condition y = 0 when x = 0 implies ¢ = 4. Thus a solution of the initial-
value problem is

e’ +ye Y+ e V=4 —2cosx (8 m

USE OF COMPUTERS The Remarks at the end of Section 1.1 mentioned
that it may be difficult to use an implicit solution G(x. y) = 0 to find an explicit
solution y = ¢ (x). Equation (8) shows that the task of solving for y in terms of x may
present more problems than just the drudgery of symbol pushing —sometimes it
simply cannot be done! Implicit solutions such as (8) are somewhat frustrating; nei-
ther the graph of the equation nor an interval over which a solution satisfying y(0) =
0 is defined is apparent. The problem of “seeing”™ what an implicit solution looks like
can be overcome in some cases by means of technology. One way~ of proceeding is
to use the contour plot application of a computer algebra system (CAS). Recall from
multivariate calculus that for a function of two variables z = G(x. y) the nvo-
dimensional curves defined by G(x, y) = ¢, where ¢ is constant, are called the level
curves of the function. With the aid of a CAS, some of the level curves of the func-
tion G(x. v) = ¢ + ye ¥ 4+ ¢7¥ + 2 cos x have been reproduced in Figure 2.2.2. The
family of solutions defined by (7) is the level curves G(x, ¥) = ¢. Figure 2.2.3 illus-
trates the level curve G(x, ¥) = 4, which is the particular solution (8). in blue color.
The other curve in Figure 2.2.3 is the level curve G(x, y) = 2, which is the member
of the family G(x. y) = ¢ that satisfies y(7 /2) = 0.

If an initial condition leads to a particular solution by yielding a specific value of
the parameter ¢ in a family of solutions for a first-order differential equation, there is
a natural inclination for most students (and instructors) to relax and be content.
However, a solution of an initial-value problem might not be unique. We saw in
Example 4 of Section 1.2 that the initial-value problem

2=y 3y =0 ©)

has at least two solutions, y = O and y = ﬁ.\*", We are now in a position to solve the
equation. Separating variables and integrating y~ 12 dy = x dx gives

el a )
5 X X )
M= 3 + ¢y or y= (— s f) .

When x = 0, then y = 0, so necessarily, ¢ = 0. Therefore y = ﬁx“, The trivial solution
v = 0 was lost by dividing by y"2 Tn addition, the initial-value problem (9) possesses
infinitely many more solutions, since for any choice of the parameter a = 0 the

“In Section 2.6 we will discuss several other ways of proceeding that are based on the concept of a
numerical solver.



FIGURE 2.2.4 Piccewise-defined

solutions of (9)
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piecewise-defined function

0, x<a
e

=hf —a?, x=w
satisfies both the differential equation and the initial condition. See Figure 2.2 .4,

SOLUTIONS DEFINED BY INTEGRALS  If g is a function continuous on an open
interval / containing a, then for every x in /,

i J‘ xg(r) dr = g(x).

You might recall that the foregoing result is one of the two forms of the fundamental
theorem of calculus. In other words, f’:,g(r) dr is an antiderivative of the function g.
There are times when this form is convenient in solving DEs. For example, if g is
continuous on an interval / containing xp and x, then a solution of the simple initial-
value problem dy/dx = g(x), y(xy) = ;. that is defined on / is given by

yx) = yy + J’rg(r) dr

You should verify that y(x) defined in this manner satisfies the initial condition. Since
an antiderivative of a continuous function g cannot always be expressed in terms of
elementary functions, this might be the best we can do in obtaining an explicit
solution of an IVP. The next example illustrates this idea.

E EXAMPLE 5  An Initial-Value Problem

Sol & =e¢", y3) =5
olve—=¢™", ¥3)=25.
. dx : et

SOLUTION  The function g(x) = ¢~ is continuous on (—==, =), but its antideriva-
tive is not an elementary function. Using # as dumumy variable of Integration, we can

write
*dy g
J’ —dr = J e dt
3 di 3

o = j i
3

yx) — y@3) = fe‘fdr
X .
yx) =y(3)+ | e "dr
3
Using the initial condition ¥(3) = 5, we obtain the solution
X =
vx) =5+ | e"d. m
3

The procedure demonstrated in Example 5 works equally well on separable
equations dy/dx = g(x) f(y) where, say, f(v) possesses an elementary antiderivative
but g(x) does not possess an elementary antiderivative. See Problems 29 and 30 in
Exercises 2.2,
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REMARKS

(i) As we have just seen in Example 5, some simple functions do not possess

an antiderivative that is an elementary function. Integrals of these kinds of
functions are called nonelementary. For example, [$e™" dr and [sin x2dx are
nonelementary integrals. We will run into this concept again in Section 2.3,

(i} In some of the preceding examples we saw that the constant in the one-

- parameter {amily of solutions for a first-order differential equation can be rela-

beled when convenient. Also, it can easily happen that two individuals solving the
same equation correctly arrive at dissimilar expressions for their answers. For
example, by separation of variables we can show that one-parameter families of
solutions for the DE (1 + v?) dx + (1 + x?) dy = O are
x+y

arctan x -+ arctany = ¢ or T e

. 1 —xy
As you work your way through the next several sections, bear in mind that fami-
lies of solutions may be equivalent in the sense that one family may be obtained
from another by either relabeling the constant or applying algebra and trigonom-
etry. See Problems 27 and 28 in Exercises 2.2.

i

| EXERCISES 2.2

Answers to selected odd-numbered problems begin on page ANS-1.

In Problems 1-22 solve the given differential equation by " dy - " ¢ i s s
separation of variables. 21 T b 3 e J:I.: )
dy Lo dy " In Problems 23-28 find an explicit solution of the given
1. — = sin 5x 2. — = (x+ 1) B
dx dx initial-value problem.
3. dx+ eMdy=10 4. dy y—=1Ydy=0 23, fﬁ =47+ 1), x(w/d) =1
dt '
dy dy 5
5. x—=4y 6. —+ 2xy-=0 e -
* dx Y dx + 24, ﬁ =i ! v(2) =2
dx x*—1 ~
dy )
et = Ay Gk Ue o ey op e Tpey dv
7 ds - &ty Ea € 22 y=xy, y(—=1=-—1
dx
:  + 12 ; 2y + 32 dy 5
9. y]n_\-d—":() 1) 10, 2= {2 ) 26. =+2=1 y0)=3}
? dy X dx 4x + 5 di
V3
11. cscy dx + secixdy =0 20, N == gy =, gl=re
- e 4 1o She SR
12. sin3xdx + 2y cosBxdy = 0 28, (1+x%) dy+x(1+42)dc=0, yl)=0
A g I O I 4 4 B,
13. (" + )%™ dx + (" + 1Yedy =0 In Problems 29 and 30 proceed as in Example 5 and find an
14. x(1 + yH)"2 dx = y(1 + 1) dy explicit solution of the given initial-value problem.
) dy .
IS d 29. —=ye ¥, yd)=1
15. = = kS 16. 22 = k0 — 70) e
dr dt
dy 5. 4 75 e
AN 1 30. —=ysinx,, ¥—2)=3
7.2 p-p 18. — + N = Nie'? dx :
di dr

19.

dy xy+3x—y—3 20 dy xy+2y—x—12
dx xy—2x+4y—8 " dx xy—3y+ax—3

31. (a) Find a solution of the initial-value problem consisting
of the differential equation in Example 3 and the ini-
tial conditions y(0) =2, y(0) = —2, and y(}) = 1.

10
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33.

(b) Find the solution of the differential equation in
Example 4 when In ¢; is used as the constant of
integration on the left-hand side in the solution and
4 In ¢; is replaced by In e. Then solve the same
initial-value problems in part (a).

. ; dy
Find a solution of x? = y* — y that passes through
e
the indicated points.
@ 0.1  ® 0.0 (o (%)

Find a singular solution of Problem 21. Of Problem 22.

@ (2.4)

. Show that an implicit solution of

2xsinydx — (x* + 10) cosydy = 0

is given by In(x? + 10) + csc y = ¢. Find the constant
solutions, if any, that were lost in the solution of the dif-
ferential equation.

Ofien aradical change in the form of the solution of a differen-
tial equation corresponds to a very small change in either the
initial condition or the equation itself. In Problems 35-38 find
an explicit solution of the given initial-value problem. Use a
graphing utility to plot the graph of each solution. Compare
each solution curve in a neighborhood of (0, 1).

1y R
3L g-1p 0 =1
dx
dy " .
36. — = (y— 1), y(0) = 1.0l
dx
dy .
3. 2 - - 12+ 001, yoy=1
dx ’
dy 5
38. — = -1 =001, y0) =1
dx
39. Every autonomous first-order equation dy/dx = fy)

40.

is separable. Find explicit solutions y,(x), yalx), ya(x),
and y4(x) of the differential equation dy/dx = y — y3
that satisfy, in turn, the initial conditions y,(0) = 2,
¥2(0) = 3, y3(0) = —1, and y4(0) = —2. Use a graphing
utility to plot the graphs of each solution. Compare these
graphs with those predicted in Problem 19 of Exercises
2.1. Give the exact interval of definition for each solution.

(a) The autonomous first-order differential equation
dy/dx =1/(y—=3) has no critical points.
Nevertheless, place 3 on the phase line and obtain
a phase portrait of the equation. Compute d?y/dx?
to determine where solution curves are concave up
and where they are concave down (see Problems 35
and 36 in Exercises 2.1). Use the phase portrait
and concavity to sketch, by hand, some typical
solution curves.

(b) Find explicit solutions y;(x), y2(x), ys(x), and y4(x)
of the differential equation in part (a) that satisfy,
in turn, the initial conditions y,(0) = 4, y,(0) = 2,

11

41.

42,
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v3(1) = 2, and y4(—1) = 4. Graph each solution
and compare with your skelches in part (a). Give
the exact interval of definition for each solution.

(a) Find an explicit solution of the initial-value problem
dy 2x+ 1
— = il ! _2 — _I
I 2 y(=2)

(b) Use a graphing utility to plot the graph of the solu-
tion in part (a). Use the graph to estimate the inter-
val I of definition of the solution.

(c) Determine the exact interval f of definition by ana-
lytical methods.

Repeat parts (a)-(c) of Problem 41 for the IVP consist-
ing of the differential equation in Problem 7 and the ini-
tial condition y(0) = 0.

Discussion Problems

43.

44.

45.

46.

47.

48.

(a) Explain why the interval of definition of the explicit
solution y = ¢,(x) of the initial-value problem in
Example 2 is the open interval (-3, 5).

(b) Can any solution of the differential equation cross
the x-axis? Do you think that x* + y? = | is an
implicit  solution of the initial-value problem
dy/dx = —x/y, y(1) = 07

(a) If @ >0, discuss the differences, if any, between
the solutions of the initial-value problems consist-
ing of the differential equation dy/dx = x/y and
each of the initial conditions y(a) = a. y(a) = —a,
¥(—a) = a.and y(—a) = —a.

(b) Does the initial-value
v(0) = 0 have a solution?

problem  dy/dx = x/y,
(c) Solve dy/dx =x/y, y(1) =2 and give the exact
interval [ of definition of its solution.

In Problems 39 and 40 we saw that every autonomous
first-order  differential equation  dy/dx = fly) s
separable. Does this fact help in the solution of the
fraT dy = .

mnitial-value prob]cm}—'} = V1+ ysinfy, y0) =1
ax -
Discuss. Sketch, by hand, a plausible solution curve of
the problem.

Without the use of technology, how would you solve
dy
(Va+x)=== 5+
dx &
Carry out your ideas.

Find a function whose square plus the square of its
derivative is 1.

(a) The differential equation in Problem 27 is equiva-
lent to the normal form

f_!-}l N 1 — _T:
dx V1

2
- x-
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in the square region in the xy-plane defined by
|x| < 1,]y] < 1. But the quantity under the radical is
nonnegative also in the regions defined by |x| > 1,
|v| = 1. Sketch all regions in the xy-plane for
which this differential equation possesses real
solutions.

(b) Solve the DE in part (a) in the regions defined by
[x| > 1,]y|> 1. Then find an implicit and an
explicit solution of the differential equation subject
toy(2) =2,

Mathematical Model

49.

Suspension Bridge In (16) of Section 1.3 we saw that
a mathematical model for the shape of a flexible cable
strung between two vertical supports 1s

(h W

10
dx T, (=

where W denotes the portion of the total vertical load
between the points Py and P shown in Figure 1.3.7. The
DE (10) is separable under the following conditions that
describe a suspension bridge.

Let us assume that the x- and v-axes are as shown in
Figure 2.2.5—that is, the x-axis runs along the horizon-
tal roadbed, and the y-axis passes through (0, a), which
1s the lowest point on one cable over the span of the
bridge, coinciding with the interval [—L/2, L/2]. In the
case of a suspension bridge, the usual assumption is that
the vertical load in (10) is only a uniform roadbed dis-
tributed along the horizontal axis. In other words, 1t is
assumed that the weight of all cables is negligible in
comparison to the weight of the roadbed and that the
weight per unit length of the roadbed (say, pounds per
horizontal foot) is a constant p. Use this information to
set up and solve an appropriate initial-value problem
from which the shape (a curve with equation y = ¢(x))
of each of the two cables in a suspension bridge is
determined. Express your solution of the IVP in terms
of the sag / and span L. See Figure 2.2.5.

_ ¥ —
A cable {
j\’\ - ho(sag)
L2 L2 X
L {span}

roadbed (load)

FIGURE 2.2.5 Shape of a cable in Problem 49

Computer Lab Assignments

50.

(a) Use a CAS and the concept of level curves to
plot representative graphs of members of the

51.

52.

12

family of solutions of the differential equation
dy  8x+5
dx 3}'2 +1
of level curves as well as various rectangular
regions definedbya=x=b.c=y=d

Experiment with different numbers

(b) On separate coordinate axes plot the graphs of the
particular solutions corresponding to the initial

conditions: y(0) = —1; y(0)=2; ¥y(—1)=4;
1) =—

(a) Find an implicit solution of the IVP
2y +2)dy — (42> + 6x)dx = 0, y(0) = —3.

(b) Use part (a) to find an explicit solution y = ¢(x) of
the IVE.

(c) Consider your answer to part (b) as a function only.
Use a graphing utility or a CAS to graph this func-
tion, and then use the graph to estimale its domain.

(d) With the aid of a root-finding application of a CAS.,
determine the approximate largest interval / of defi-
nition of the solution y = ¢(x) in part (b). Use a
graphing utility or a CAS to graph the solution
curve for the IVP on this interval.

(a) Use a CAS and the concept of level curves Lo
plot representative graphs of members of the

family of solutions of the differential equation
dy x2(1 — x) E . ¢
B e xperimen
dx " y2+y P

numbers of level curves as well as various rectan-
gular regions in the xy-plane until your result

resembles Figure 2.2.6.

with  different

(b) On separate coordinate axes, plot the graph of the
implicit solution corresponding to the initial condi-
tion y(0) = % Use a colored pencil to mark off that
segment of the graph that corresponds to the solu-
tion curve of a solution ¢ that satisfies the initial
condition. With the aid of a root-finding application
of a CAS, determine the approximate largest inter-
val I of definition of the solution ¢». [Hins: First find
the points on the curve in part (a) where the tangent
15 vertical.]

(¢) Repeat part (b) for the initial condition y(0) = —

2
Ly

FIGURE 2.2.6 Level curves in Problem 52
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2.3

LINEAR EQUATIONS J

REVIEW MATERIAL
¢ Review the definition of linear DEs in (6) and (7) of Section 1.1

INTRODUCTION  We continue our quest for solutions of first-order DEs by next examining lin-
ear equations. Linear differential equations are an especially “friendly” family of differential equa-
tions in that, given a linear equation, whether first order or a higher-order kin, there is always a good
possibility that we can find some sort of solution of the equation that we can examine.

A DEFINITION  The form of a linear first-order DE was givenin (7) of Section 1.1.
This form, the case when n = 1 in (6) of that section, is reproduced here for
convenience.

DEFINITION 2.3.1 Linear Equation

A first-order differential equation of the form

dy
a]{r;\.} e rL'e’.-:(.'.']‘\' = I‘i,’t.l',] (1)
dx

is said to be a linear equation in the dependent variable 3

When g(x} = 0. the linear equation (1) is said to be homogeneous; otherwise, it
is nonhomogencous.

STANDARD FORM By dividing both sides of (1) by the lead coefficient a;(x), we
obtain a more useful form. the standard form, of a linear equation:
dy

==+ P{x)y = flx). (2)
ax

We seek a solution of (2) on an interval 7 for which both coefficient functions P and

fare continuous.

In the discussion that follows we illustrate a property and a procedure and end
up with a formula representing the form that every solution of (2) must have. But
more than the formula, the property and the procedure are important, because these
Lwo concepls carry over to linear equations of higher order,

THE PROPERTY  The differential equation (2) has the property that its solution is
the sum of the two solutions: v = v, + ¥p- Where y, is a solution of the associated
homogeneous equation
D+ Py = 0

= )y = :1
dx ’ )
and v, is a particular solution of the nonhomogeneous equation (2). To see this.
observe that

ay

d )
) [ye + 3] + POy, + y,] = [K P(-rh‘.] i [% L P(l).\‘p] =Jx);

13
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Now the homogeneous equation (3) is also separable. This fact enables us to find y,
by writing (3) as

dv

2y + Px)dx =0

}J
and integrating. Solving for y gives y. = ce /"™ For convenience let us write
Ye = cy1(x), where y; = e”P™4x The fact that dy, /dx + P(x)y; = 0 will be used
next to determine y,,.

THE PROCEDURE ~ We can now find a particular solution of equation (2) by a pro-
cedure known as variation of parameters. The basic idea here is to find a function
u so that ¥, = u(x)yy(x) = u(x)e” P09 s a solution of (2). In other words, our as-
sumption for y, is the same as y. = cy;(x) except that ¢ is replaced by the “variable
parameter” u. Substituting y, = uy; into (2) gives

Product Rule ZErn
5 |
dv,  du s [ dy, ] du
fy e R pr— x b= e L AT — = f(x
' 5 i + P(x)uy, = f(x) or u T POy, | +w T flx)
di
S0 2] T f.

Separating variables and integrating then gives

f dx and = L{x_}

n) ()

dx.

du =

Since y;(x) = e PV we see that 1/y,(x) = /P Therefore

f(x) . : .
¥ == ( 1 (\_) dx e~ TPwdx — e—ijd.. f,_FF't.nd.xf(_\.J dx,
i

and = CG—J'P:_\-M.\- 4 ()‘IP[\’Id\J'e;Pf.l]ﬂl.\f('l-) dx. (4}

X

Hence if (2) has a solution, it must be of form (4). Conversely, it is a straightforward
exercise in differentiation to verify that (4) conslitutes a one-parameter family of
solutions of equation (2).

You should not memorize the formula given in (4). However, you should
remember the special term

iu-}’ul-.'- (5)

because it is used in an equivalent but easier way of solving (2). If equation (4) is
multiplied by (3),

C,fPlr]ﬂ'.'\. = ¢ + jﬁ,,"f’(.\'}d.xf(x) dx, (6)

and then (6) is differentiated,

]
i[ ‘?IF{IJJ.('\_‘] i C,IP:_\M.\ﬂxL %)
fP[r]ﬂ'\'_d‘\‘ ! Plxddxy, — JP(xddx g,
we get el dIfP(x)eI‘ Ty = /PN sy, (8)

Dividing the last result by e/P® gives (2).

14
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METHOD OF SOLUTION The recommended method of solving (2) actually
consists of (6)—(8) worked in reverse order. In other words, if (2) is multiplied by
(5). we get (8). The left-hand side of (8) is recognized as the derivative of the prod-
uct of e/F0dx yng y. This gets us to (7). We then integrate both sides of (7) to get the
solution (6). Because we can solve (2) by integration after multiplication by ¢/,
we call this function an integrating factor for the differential equation. For conve-
nience we summarize these results. We again emphasize that you should not mem-
orize formula (4) but work through the following procedure each time.

! SOLVING A LINEAR FIRST-ORDER EQUATION

(i) Put alinear equation of form (1) into the standard form (2).

(1) From the standard form identify P(x) and then find the integrating
factor e/ Pdx

(itiy Multiply the standard form of the equation by the integrating factor.
The left-hand side of the resulting equation is automatically the
derivative of the integrating factor and y:

d P
— [eiPrediy,
ax l i

| = efPidgyy,

(iv) Integrate both sides of this last equation.

EjXAM PLE T  Solving a Homogeneous Linear DE

dy
So]ve;{-‘/—\_ — 3y =0.

SOLUTION This linear equation can be solved by separation of variables.
Alternatively, since the equation is already in the standard form (2). we see that
P(x) = =3, and so the integrating factor is /"% = ¢=3* We multiply the equation
by this factor and recognize that
’ o i 0 i
g a¥yi= g is the same as T [e™¥y] = 0.
Integrating both sides of the last equation gives e By= g, Selving for y gives us the
explicit solution v = e, —s¢ << x < o, E

i EXAMPLE 2 Solving a Nonhomogencous Lincar DE

Sol g =6
ovcdx 3y = 6.

SOLUTION  The associated homogeneous equation for this DE was solved in
Example 1. Again the equation is already in the standard form (2), and the integrat-
ing factor is still e/ = 273 This time multiplying the given equation by this
factor gives

dy . i S d 5
eI —= — 3oy = Gy, which is the same as — [e™¥y] = 67,
dx dx
Integrating both sides of the last equation gives e My = —2¢"% ¢ o
B e e R + ]

15
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1
-1 1 2 5 4
FIGURE 2.3.1 Some solutions of
Yy =3y=6

The final solution in Example 2 is the sum of two solutions: y = y. + ¥p. where
yo = ce** is the solution of the homogeneous equation in Example 1 and y, = —2s
a particular solution of the nonhomogeneous equation y' — 3y = 6. You need not
be concerned about whether a linear first-order equation is homogeneous or nonho-
mogeneous; when you follow the solution procedure outlined above, a solution of a
nonhomogeneous equation necessarily turns out to be y =y, + y,. However, the
distinction between solving a homogeneous DE and solving a nonhomogeneous
DE becomes more important in Chapter 4, where we solve linear higher-order
equations.

When a). ap, and g in (1) are constants, the differential equation is autonomous.
In Example 2 you can verify from the normal form dy/dx = 3(y + 2) that =2 is a
critical point and that it is unstable (a repeller). Thus a solution curve with an
initial point either above or below the graph of the equilibrium solution

v = —2 pushes away from this horizontal line as x increases. Figure 2.3.1, obtained
with the aid of a graphing utility, shows the graph of y = —2 along with some addi-

tional solution curves.

CONSTANT OF INTEGRATION Notice that in the general discussion and in
Examples 1 and 2 we disregarded a constant of integration in the evaluation of the
indefinite integral in the exponent of ¢/ If you think about the laws of exponents
and the fact that the integrating factor multiplies both sides of the differential equa-
tion, you should be able to explain why writing [ P(x)dx + ¢ is unnecessary. See
Problem 44 in Exercises 2.3.

GENERAL SOLUTION  Suppose again that the functions P and fin (2) are con-
tinuous on a common interval I In the steps leading to (4) we showed that if (2) has
a solution on /, then it must be of the form given in (4). Conversely, it is a straight-
forward exercise in differentiation to verify that any function of the form given in
(4) is a solution of the differential equation (2) on 1. In other words, (4) is a one-
parameter family of solutions of equation (2) and every solution of (2) defined on I
is a member of this family. Therefore we call (4) the general solution of the
differential equation on the interval I. (See the Remarks at the end of Section 1.1.)
Now by writing (2) in the normal form y' = F(x, y), we can identify
F(x,y) = —=P(x)y + f(x) and 8F /oy = — P(x). From the continuity of P and fon the
interval I we see that F and dF/dy are also continuous on /. With Theorem 1.2.1 as
our justification, we conclude that there exists one and only one solution of the
initial-value problem

dy
==+ Py = f(x), y(x) = ¥ &)
dx

defined on some interval Iy containing xq. But when xg is in 7, finding a solution of (9)
is just a matter of finding an appropriate value of ¢ in (4) —that is, to each xg in I there
corresponds a distinct ¢. In other words, the interval /j of existence and uniqueness
in Theorem 1.2.1 for the initial-value problem (9) is the entire interval .

EXAM PLE 3  General Solution

dy
Solvex— — dy = x
dx

6‘_,.\"
SOLUTION Dividing by x, we get the standard form

Q_i PR et
y = x'e, (10)

dx x

16
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From this form we identify P(x) = —4/x and f(x) = x’¢* and further observe that P
and fare continuous on (0, «). Hence the integrating factor is
we cin use In oy inn‘Ec:.ld of Injy since v = 0

E
C,—dfd.\'!.r = g=dnx = phn s 4 P

Here we have used the basic identity 5"#" = N, N > 0. Now we multiply (10) by
+ ™% and rewrite

dy .
R as — [x™Yy] = xes
dx dx
It follows from integration by parts that the general solution defined on the interval
(0, @) is x4y = xe* — e* + cory = &%e* =~ yie' + cxt, |

Except in the case in which the lead coefficient is 1, the recasting of equation
(1) into the standard form (2) requires division by a;(x). Values of x for which
ai(x) = 0 are called singular points of the equation. Singular points are polen-
tially troublesome. Specifically, in (2), if P(x) (formed by dividing ag(x) by a;(x))
is discontinuous at a point, the discontinuity may carry over to solutions of the
differential equation.

LEXAMPLE 4 General Solution

2 '{ /
Find the general solution of (x* — 9) ;—\ +xy = 0.
X

SOLUTION  We write the differential equation in standard form
= 0 (1n

and identify P(x) = x/ (x> — 9). Although P is continuous on (—=, —3), (=3, 3), and
(3. ). we shall solve the equation on the first and third intervals. On these intervals
the integrating factor is

e,f.r dxtix’=9) — [,:'._[Ea'd.\'a’f.\-’—‘?] — (_’% Infs*=9| _ )

After multiplying the standard form (11) by this factor, we aet

A =ry] -
dx|

Integrating both sides of the last equation gives VZ — 9 v = ¢. Thus for either

x> 3 or x < —3 the general solution of the equation is y = - |

Notice in Example 4 that x = 3 and x = —3 are singular points of the equation
and that every function in the general solution y = ¢/\/x? — 9 is discontinuous at
these points. On the other hand, x = 0 is a singular point of the differential equation
in Example 3, but the general solution y = x’¢* — x%* + cx* is noteworthy in that
every function in this one-parameter family is continuous at x = 0 and is defined
on the interval (—2. =) and not just on (0, =), as stated in the solution. However,
the family y = x%* — x%¢* + cx* defined on (—o, =) cannot be considered the gen-
cral solution of the DE, since the singular point x = 0 still causes a problem. See
Problem 39 in Exercises 2.3.

17
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(3]

J

5]

4

FIGURE 2.3.2 Some solutions of

f -
Yry=u

FIGURE 2.3.3 Discontinuous f(x)

I EXAMPLE 5 An Initial-Value Problem

1y
Solve X 4 y =2, y(0) = 4.
dx

SOLUTION  The equation is in standard form, and P(x) = 1 and f(x) = x are contin-
uous on (—=, =). The integrating factor is ¢/¥* = ¢*, so imtegrating

d
— [e'y] = x¢*
dx

gives 'y = xe* — e" + c. Solving this last equation for y yields the general solution
y = x =1 = ¢e”. But from the initial condition we know that y = 4 when x = 0,
Substituting these values into the general solution implies that ¢ = 5. Hence the
solution of the problem is

y=x—1+57% —w<x<om, (12) =

Figure 2.3.2, obtained with the aid of a graphing utility, shows the graph of (12)
in dark blue, along with the graphs of other representative solutions in the one-
parameter family y = x — 1 + ce™. In this general solution we identify y, = ce™
and y, = x — 1. Itis interesting to observe that as x increases, the graphs of all mem-
bers of the family are close to the graph of the particular solution y, = x — 1, which
is shown in solid green in Figure 2.3.2. This is because the contribution of y, = ¢e™
to the values of a solution becomes negligible for increasing values of x. We say that
Yo = c¢e” " is a transient term, since y. — 0 as x — =. While this behavior is not a
characteristic of all general solutions of linear equations (see Example 2), the notion
of a transient is often important in applied problems.

DISCONTINUOUS COEFFICIENTS In applications the coefficients P(x) and

JS(x) in (2) may be piecewise continuous. In the next example f(x) is piecewise con-

tinuous on [0, >) with a single discontinuity, namely, a (finite) jump discontinuity at
x = 1. We solve the problem in two parts corresponding to the two intervals over
which f is defined. It is then possible to piece together the two solutions at x = 1 so
that y(x) is continuous on [0, =2).

l EXAMPLE 6  An Initial-Value Problem

1, O0=x=1,
e 1

Sol\'e% +y=fx), ¥0)=0 where f(x)= {O,

SOLUTION  The graph of the discontinuous function fis shown in Figure 2.3.3, We
solve the DE for y(x) first on the interval [0, 1] and then on the interval (1, =2). For
0=x=1 wehave

B 5y =i ivalent] 2 et
— Tty = or, equivalently, — le'y] = &~
dx - i . dx
Integrating this last equation and solving for y gives v = 1 + ¢;e ™. Since »0) =0,
we must have ¢y = —1, and therefore y=1— ¢ 0= x = 1. Then for x > | the
equation
dy
- 4 y = U
d% -

18



FIGURE 2.3.4  Graph of function
in (13)

FIGURE 2.3.5 Some solutions of
V- 2y =2
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leads to y = c2¢™*. Hence we can write

[1 €7, 0=<x=<1,

e, s I

By appealing to the definition of continuity at a point, it is possible to determine ¢,
so that the foregoing function is continuous at x = 1. The requirement that
lim,_,- y(x) = y(1) implies that c2e™'=1—¢"" or c;=e¢— 1. As seen in
Figure 2.3.4, the function

1—e¢* O=x=I,
(13)

(e — 1e™, X
is continuous on (0, =). B

Itis worthwhile to think about (13) and Figure 2.3.4 a little bit: you are urged (o
read and answer Problem 42 in Exercises 2.3

FUNCTIONS DEFINED BY INTEGRALS At the end of Section 2.2 we dis-
cussed the fact that some simple continuous functions do not possess antiderivatives
that are elementary functions and that integrals of these kinds of functions are called
nonelementary. For example, you may have seen in calculus that Je™ dx and
Ssinx? dx are nonelementary integrals. In applied mathematics some important func-
tions are defined in terms of nonelementary integrals. Two such special functions are
the error function and complementary error function:

-
f i )
Ji e dr and erfe{y)

| e (14)

From the known result Jo e~ dr = \Va/2" we can write 2/ V) Iz e dt = 1.
Then from [ = [, + [ itis seen from (14) that the complementary error func-
tion erfe(x) is related to erf(x) by erf(x) + erfe(x) = 1. Because of its importance
in probability, statistics, and applied partial differential equations, the error func-
tion has been extensively tabulated. Note that erf(0) = 0 is one obvious function
value. Values of erf(x) can also be found by using a CAS.

EXAMPLE 7  The Error Function

] §
Solve the initial-value problcmfd'—) —2xy=2, y0)=1.
=

SOLUTION = Since the equation is already in standard form, we see that the integrat-
ing factor is e ™ dx. so from

d

X
= [{J—x’_‘,] = Y g we get y = 2ev f e dr + cet (15)
dx &

Applying y(0) = 1 to the last expression then gives ¢ = 1. Hence the solution of the
problem is

y = Ze‘:j e " dt + ev ory = e“[1 + Ve
0

The graph of this solution on the interval (—2, =), shown in dark blue in Figure 2.3.5
among other members of the family defined in (15). was obtained with the aid of a
computer algebra system. ]

“This result is usually proved in the third semester of caleulus.
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USE OF COMPUTERS The computer algebra systems Mathematica and Maple
are capable of producing implicit or explicit solutions for some kinds of differential
equations using their dsolve commands.”

REMARKS

(i) In general, a linear DE of any order is said to be homogeneous when
g(x) = 0 in (6) of Section 1.1. For example, the linear second-order DE
¥" — 2y’ + 6y = 0is homogeneous. As can be seen in this example and in the
special case (3) of this section, the trivial solution y = 0 is always a solution of
a homogeneous linear DE.

(i) Occasionally, a first-order differential equation is not linear in one variable
but is linear in the other variable. For example, the differential equation

dy: - 1

dx x+y?

is not linear in the variable y. But its reciprocal

dx o dx "

e or —— =y

dy dy
is recognized as linear in the variable x. You should verify that the integratin g
factor /1% = ¢~ and integration by parts yield the explicit solution
x = —y?— 2y — 2 + ce’ for the second equation. This expression is, then,
an implicit solution of the first equation.

(7ir) Mathematicians have adopted as their own certain words from engineer-
ing, which they found appropriately descriptive. The word rransient, used
earlier, is one of these terms. In future discussions the words input and output
will occasionally pop up. The function fin (2) is called the input or driving
function; a solution y(x) of the differential equation for a given input is called
the output or response.

(iv) The term special functions mentioned in conjunction with the error func-
tion also applies to the sine integral function and the Fresnel sine integral
introduced in Problems 49 and 50 in Exercises 2.3. “Special Functions™ is
actually a well-defined branch of mathematics. More special functions are
studied in Section 6.3.

*Certain commands have the same spelling, but in Marhemartica commands begin with a capital letter
(Dsolve), whereas in Maple the same command begins with a lower case letter (dsolve). When
discussing such common syntax, we compromise and write, for example, dsolve. See the Student
Resource and Solutions Manual for the complele input commands used to solve a linear first-order DE.

EX E R C | S E S 2 1 3 Answers to selected odd-numbered problems begin on page ANS-2.
5 ) al s z & oy, if- 4 3 5 '
Int rqblems 1 .’4 ﬁn@ the general ‘:oluuon of the giv en dif: 5, 5 gyl =gl 6 54 TR
ferential equation. Give the largest interval / over which the 7 *
general solution is defined. Determine whether there are any To 2y gy =il 8y =2y+x2+5
transient terms in the general solution. .
dy S dy
9. x——y=x’sinx 10. x—=-+2y=3
dy _ dy dx dx f
1. —= 5y 2. = +2y=0
dx . dx dv . dv
L x——+4y=x"—x 12 (1 +x)——axy=x+ i’
dy . dy dx dx
3 —+y=e* 4. 3—+ 12y =4 ,
dx dx 13. xy' + x(x+ 2)y = ¢*

20



14, xy' + (1 + x)y = ¢ " sin2x
15. ydx —4(x + y9) dy = 0
16. ydx = (ye* — 2x) dy

d 7
17. cosx =2y (sinx)y=1

dx

R 4
18. cos®x sin x — + (cos’x)y = |
dx
19. (x + I)ﬂ + (x + 2)y = 2xe™"
dx

d.'
20 ¢+ 2P =58y — txy
dx

!_

21, = 4 respg—can6
dé

22 Fopmp= pp grn
dr

1.‘
23 224 Br+ )y =e>
dx

dy 4
24, (2= D2ty =@+ 1)y
dx

In Problems 25-30 solve the given initial-value problem.
Give the largest interval [ over which the solution is defined.

25. xy' +y=¢', y1)=2

{;
W yE —x =30 1) =35
dy
di . ) .
27. L—+ Ri=E, i0) =i,
dr
L. R, E, and iy constants
1T
28. %? = KT —T,): T©) =T,

k, T,,. and Ty constants
d s
0, ek 122+ y=Tax, yii)=10
dx
30. ¥ + (tan x)y = cos’x, y(0) = —1

In Problems 31-34 proceed as in Example 6 to solve the
given initial-value problem. Use a graphing utility to graph
the continuous function y(x).

31 2 4 2y = 0. 5(0) = 0, where

dx
PO e
Jo = 0, ¥=3
32. @ + ¥y = f(x), y(0) = 1, where
dx
L 0=x=1
f()‘)—{—]._ x:2= 1

21
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33. <) + 2xy = f(x), y(0) = 2, where
dx

x| EEE
S = 0. .

i
34, (1 + ,\-3}% + 2xy = f(x), y(0) = 0, where

5 X, 0=x<1

fG s x=1

35. Proceed in a manner analogous to Example 6 to solve the
initial-value problem y' + P(x)y = 4x, ¥(0) = 3, where

2, O=ax= 1;

e T > T

P() = [

Use a graphing utility to graph the continuous function

¥(x).

36. Consider the initial-value problem ¥ + ¢'y = f(x).
¥(0) = 1. Express the solution of the IVP forx > Q asa
nonelementary integral when f(x) = 1. What is the so-
lution when f(x) = 0?7 When f(x) = ¢"?

37. Express the solution of the initial-value problem

]

¥ = 2xy = 1,3(1) = 1. in terms of erf(x).

Discussion Problems

38. Reread the discussion following Example 2. Construct a
linear first-order differential equation for which all

nonconstant solutions approach the horizontal asymp-
lotey = 4asx—> o,

39. Reread Example 3 and then discuss, with reference
to Theorem 1.2.1, the existence and uniqueness of a
solution of the initial-value problem consisting of
xy" — 4y = x% and the given initial condition.

@) y©0)=0  (b) (0) = yo.y¢>0
(¢) y(xo) = yo,x0 > 0,y0 >0

40. Reread Example 4 and then find the general solution of
the differential equation on the interval (—3, 3).

41. Reread the discussion following Example 5. Construct a
linear first-order differential equation for which all solu-
tions are asymptotic to the line y = 3x — 5 as x — o=,

42. Reread Example 6 and then discuss why it is technically
incorrect to say that the function in (13) is a “solution™
of the IVP on the interval [0, =).

43. (a) Construct a linear first-order differential equation of
the form xy' + ap(x)y = g(x) for which y. = ¢/a?
and y,=x* Give an interval on which
v = x>+ ¢/x"is the general solution of the DE.

(b) Give an initial condition y(x) = vy for the DE
found in part (a) so that the solution of the IVP
is y=x'—1/x* Repeat if the solution is
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y =3 + 2/x3. Give an interval 1 of definition of E across the heart satisfies the linear differential equation

each of these solutions. Graph the solution curves. Is dE 1
there an initial-value problem whose solution is S
dr RC
defined on (—o0, )7
(c) Is each IVP found in part (b) unique? That is, can Solve the DE subject to E(4) = E.
there be more than one IVP for which, say,
y=x% — 1/x3 xin some interval I, is the solution?

44. In determining the integrating factor (5), we did not use Computer Lab Assignments

a constant of integration in the evaluation of [P(x) dx. 48. (a) Express the solution of the initial-value problem

Explain why using [P(x) dx + ¢ has no effect on the y = 2xy=—1,%0) = /2, in terms of erfe(x).

solution 6 (2). (b) Use tables or a CAS to find the value of y(2). Use a
45. Suppose P(x) is continuous on some interval f and a is a CAS to graph the solution curve for the IVP on

number in I. What can be said about the solution of the (—=, =).

Lty e W D4y v = ¥ = 07

mnGal-valieproblem y " -+~-Fia)y =1, yia) =07 49. (a) The sine integral function is defined by

Si(x) = [ (sint/1)dr, where the integrand is
Mathematical Models defined to be 1 atr = 0. Express the solution y(x) of
the initial-value problem x*y" + 2x%y = 10sin x,

46. Radioactive Decay Series The following system (1) = O/ térmis of Sie).

of differential equations is encountered in the study of the

decay of a special type of radioactive series of elements: (b) Use a CAS to graph the solution curve for the IVP
forx = 0.
dx = — A (c) Use a CAS to find the value of the absolute maxi-
dt mum of the solution y(x) for x > 0.
@y = A3 — Ay, 50. (a) The Fresnel sine integral is defined by
dt S(x) = [},sin(71*/2) dr. Express the solution y(x)
where Ay and A5 are constants. Discuss how to solve this of the initial-value problem y'— (sinx”)y = 0,
system subject to x(0) = xg, ¥(0) = yo. Carry out your y(0) = 5, in terms of S(x).
ideas. (b) Use a CAS to graph the solution curve for the IVP

47. Heart Pacemaker A heart pacemaker consists of a on (=22, ).

switch, a battery of constant voltage Ey, a capacitor with (©)
constant capacitance C, and the heart as a resistor with
constant resistance K. When the switch is closed, the

It is known that S(x) — % as x — = and S(x) — —1
as x — —o¢ . What does the solution y(x) approach
asx—> %7 As x— —x?

capacitor charges; when the switch is open, the capacitor (d) Use a CAS 1o find the values of the absolute
discharges, sending an electrical stimulus to the heart, maximum and the absolute minimum of the
During the time the heart is being stimulated, the voltage solution y(x).

2.4 EXACT EQUATIONS

REVIEW MATERIAL

e Multivariate calculus
¢ Partial differentiation and partial integration
s Differential of a function of two variables

INTRODUCTION  Although the simple first-order equation
ydx +xdy=10

is separable, we can solve the equation in an alternative manner by recognizing that the expression
on the left-hand side of the equality is the differential of the function f(x, ¥) = xy; that is,

dlxy) = ydx + x dy.
In this section we examine first-order equations in differential form M (x, ¥)dx + N(x.y)dy = 0. By
applying a simple test to M and N, we can determine whether M(x, v) dx + N(x, ¥) dy is a differen-
tial of a function f(x, y). If the answer is yes, we can construct /by partial integration.

22
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DIFFERENTIAL OF A FUNCTION OF TWO VARIABLES If z =flx,y)is a
function of two variables with continuous first partial derivatives in a region R of the
xy-plane, then its differential is

a %]
dz = id.r + f—fd_\,-‘. (1)
dx dy

In the special case when f(x, y) = ¢, where ¢ is a constant, then (1) implies

4 af
‘L—fd_r + —f dy = 0. (2)
dx iy

In other words, given a one-parameter family of functions f(x, ¥) = ¢, we can generate
a first-order differential equation by computing the differential of both sides of the
equality. For example, if x2 — Sxy + y* = ¢, then (2) gives the first-order DE

(2x — 5y)dx + (=5x + 3y} dy = 0. (3)

A DEFINITION  Of course, not every first-order DE written in differential form
M(x. y) dx + N(x, y) dy = 0 corresponds to a differential of f(x,¥) = ¢. So for our
purposes il is more important to turn the foregoing example around; namely, if
we are given a first-order DE such as (3), is there some way we can recognize
that the differential expression (2x — 5y) dx + (=5x + 3y?) dy is the differential
d(x* = 5xy + y*)? If there is, then an implicit solution of (3) is x> — Sxy +y =c
We answer this question after the next definition.

| DEFINITION 2.4.1 Exact Equation

A differential expression M(x. ¥) dx + N(x, y) dy is an exact differential in a
region R of the xy-plane if it corresponds to the differential of some function
f(x, ¥) defined in R. A first-order differential equation of the form

M vide + Nv. vy dy = 0

is said to be an exact equation if the expression on the lefi-hand side is an
exact differential.

For example, x*y* dx + x*y? dy = 0 is an exact equation, because its lefi-hand
side is an exact differential:

d (—' 2y = Py dx + xHy? dy.
Notice that if we make the identifications M(x, y) = x%y? and N(x, y) = x2, then

aM/dy = 3x%y? = 9N /dx. Theorem 2.4.1, given next, shows that the equality of the
partial derivatives dM /dy and dN/dx is no coincidence.

fTHEOREM 2.4.1 Criterion for an Exact Differential

Let M(x, y) and N(x, y) be continuous and have continuous first partial
derivatives in a rectangular region R defined by @ < x < b, ¢ < v <d. Then a
necessary and sufficient condition that M(x, y) dx + N(x, V) dy be an exact
differential is

oM &N
S )
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CHAPTER 2

FIRST-ORDER DIFFERENTIAL EQUATIONS

PROOF OF THE NECESSITY For simplicity let us assume that M(x, y) and
N(x, y) have continuous first partial derivatives for all (x, y). Now if the expression
M(x, y) dx + N(x, y) dy is exact, there exists some function fsuch that for all x in R,

) il
MGSd+ N dr= L as+ L
ox dy
d d
Therefore M(x,y) = _f N(x, y) = _f
dx ay

and

ﬂzi(ﬂ)_ﬂ=i(ﬂ’)zﬂ’

gy ay\ax/ ayox ax\dy) ax’

The equality of the mixed partials is a consequence of the continuity of the first par-
tial derivatives of M(x, y) and N(x, v). L

The sufficiency part of Theorem 2.4.1 consists of showing that there exists a
function f for which af /ax = M(x, y) and af/dy = N(x, v) whenever (4) holds. The
construction of the function f actually reflects a basic procedure for solving exact
equations.

METHOD OF SOLUTION Given an equation in the differential form
M(x, y) dx + N(x, ¥) dy = 0, determine whether the equality in (4) holds. If it does,
then there exists a function f for which

gf = M(x, y).
dx

We can find f'by integrating M(x, v) with respect to x while holding v constant:
fay)= fM(A'- y)dx + g(y), (5)

where the arbitrary function g(y) is the “constant”™ of integration. Now differentiate
(5) with respect to y and assume that df/dy = N(x, y):

l il
‘{—f = _(—IM(X, yydx + g'(v) = N(x, y).
dy dy
d
This gives g'(y) = N, y) — -é(—jM(_r, y) dx. (6)
y

Finally, integrate (6) with respect to y and substitute the result in (5). The implicit
solution of the equation is f(x, v) = c.

Some observations are in order. First, it is important 1o realize that the expres-
sion N(x, y) — (8/dy) [ M(x, y) dx in (6) is independent of x, because

g ) IN 9 [ N G
- [Nu, y) — — J M(x, ¥) dx] =—_Z (,'—fM(x, ») a'x) 5
ox dy dx  dy \dx dx dy

Second, we could just as well start the foregoing procedure with the assumption that
df /dy = N(x, y). After integrating N with respect to y and then differentiating that
result, we would find the analogues of (5) and (6) to be, respectively,

foon = JN(X’ vidy + h(x) and h(x) = M(x,y) — :—? j Nix, y) dy.
ox

In either case none of these formulas should be memorized.
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i EXAMPLE 1 Solving an Exact DE

Solve 2xy dx + (x> — 1) dy = 0.
SOLUTION  With M(x, y) = 2xy and N(x, y) = x> — 1 we have

aM dN
_— = 2 —

r‘i)’ ax’

Thus the equation is exact, and so by Theorem 2.4.1 there exists a function f(x. v)
such that

d d
‘—‘f = 2xy and of =
dx K

: 2—-1
ay

From the first of these equations we obtain, after integrating,
Fxy) = 2y + g(y).

Taking the partial derivative of the last expression with respect to vy and setting the
result equal to N(x, v) gives

df

~=,2+ g = » =1 «—Nix. vy

dy
It follows that g'(y) = —1 and g(y) = —y Hence f(x,y) = x*y — ¥, so the solution
of the equation in implicit form is x"y — y = ¢. The explicit form of the solution is
easily seentobe v ¢/(1 = 1" and is defined on any interval not containing either
x=lorx=—1 [

NOTE The solution of the DE in Example 1 is nor f(x, ¥) = x%y — y Rather, it is
J(x, ¥) = ¢;if a constant is used in the integration of g'(y), we can then write the so-
lution as f(x, ) = 0. Note, too, that the equation could be solved by separation of
variables.

rEXAM PLE 2 Solving an Exact DE

Solve (e™ — y cos xy) dx + (2xe® — x cos xy+2y)dv=0.
SOLUTION  The equation is exact because

am = , aN

—— = 2e” + xysinxy — cosxy = —,

dy ’ dx
Hence a function f(x, v) exists for which

. "
Mx,y) = i and  N(x.y) = .r_j_r
& dy

Now for variety we shall start with the assumption that df fdy = N(x. y); that is,

of
dy

flx,y) = 2x f e dy — xfcos xydy + 2 f}' dy.

= 2xe¥ — xcosxy -+ 2y
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FIGURE 2.4.T Some graphs
of members of the family
Y1 —xh) —cosx=¢

Remember, the reason x can come out in front of the symbol [ is that in the integra-
tion with respect to y, x is treated as an ordinary constant. It follows that

fx,y) = xe¥ = sinxy + y2 + h(x)

(’};f:

e¥ — ycosxy + h'(x) = e¥ — ycosxy, —Muxy
ox

and so A'(x) = 0 or h(x) = ¢. Hence a family of solutions is

xe® — sinxy + y* + ¢ = 0. =

E EXAMPLE 3 An Initial-Value Problem

d 2 — cosxsinx
Solve = ==X 2205 o) =2
dx /16 st |

SOLUTION By writing the differential equation in the form
(cos xsinx — x}'g) dx + y(1 — x%)dy =0,

we recognize that the equation is exact because

aM dN
e T
dy dx
d R
Now ——f = y(l — x7)
dy
,}.2
fay) =51 = 2% + hw
d}r 73 ’ . &
— = —xy- + A'(x) = cosxsinx — xy.
ox

The last equation implies that &' (x) = cos x sin x. Integrating gives

hix) = —j (cos x)(—sinx dx) = — % cos” x.

n

1 i
Thus %(l —x7) = 5 cos’x = ¢ or Yl — 2% — cos*x = ¢, @))]

where 2¢y has been replaced by ¢. The initial condition y = 2 when x = 0 demands
that 4(1) — cos® (0) = ¢, and so ¢ = 3. An implicit solution of the problem is then
¥l = x7) = costx = 3.

The solution curve of the IVP is the curve drawn in dark blue in Figure 2.4.1;
it is part of an interesting family of curves. The graphs of the members of the one-
parameter family of solutions given in (7) can be obtained in several ways, two of
which are using software to graph level curves (as discussed in Section 2.2) and
using a graphing utility to carefully graph the explicit functions obtained for var-
ious values of ¢ by solving y> = (¢ + cos® x) /(1 — x?) for y. [}

INTEGRATING FACTORS Recall from Section 2.3 that the lefti-hand side of
the linear equation y' + P(x)y = f(x) can be transformed into a derivative when
we multiply the equation by an integrating factor. The same basic idea sometimes
works for a nonexact differential equation M(x, y) dx + N(x, v) dy = 0. That is, it is
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sometimes possible to find an integrating factor u(x, y) so that afier multiplying. the
left-hand side of

M, YIM(x, y) dx + pw(x, YIN(x, y) dy = 0 (8)

15 an exact differential. In an attempt to find p, we turn to the criterion (4) for exact-
ness. Equation (8) is exact if and only if (uM), = (uN),, where the subscripts
denote partial derivatives. By the Product Rule of differentiation the last equation is
the same as M, + p M = N, + p,Nor

N = pyM = (My — Np. 9

Although M, N, M, and N, are known functions of x and y, the difficulty here in
determining the unknown p(x, y) from (9) is that we must solve a partial differential
equation. Since we are not prepared to do that, we make a simplifying assumption.
Suppose p is a function of one variable; for example, say that u depends only on x. In
this case, u, = du/dx and p, = 0, s0 (9) can be written as

du _ M, =N,

; 10
dx N p (10)

We are still at an impasse if the quotient (M, — N,)/N depends on both x and »
However, if after all obvious algebraic simplifications are made, the quotient
(M, — N,)/N turns out to depend solely on the variable x, then (10) is a first-order
ordinary differential equation. We can finally determine p because (10) is separa-
ble as well as linear. It follows from either Section 2.2 or Section 2.3 that

p(x) = eI M=NINIEY 14 Jike manner, it follows from (9) that if t depends only on
the variable y, then
du N, — M,
T (1)
¥ M

In this case. if (N; — M,)/M is a function of y only, then we can solve (11) for .
We summarize the results for the differential equation
M(x, y) dx + N(x, v) dy = Q. (12)

= If (M, — N,)/N is a function of x alone, then an integrating factor for (12) is

pxy=e * (13)

« I (N, = M,)/M is a function of y alone, then an integrating factor for (12)1s

ply) =i M (14)

§ EXAMPLE 4 A Nonexact DE Made Exact

The nonlinear first-order differential equation
xydx 4+ (2x2+ 3y = 20)dy = 0

is not exact. With the identifications M = xy, N = 2x* + 3y — 20, we find the partial
derivatives M, = x and N, = 4x. The first quotient from (13) gets us nowhere, since

M, =N, x— 4x 3%

N 22+ 3y2~ 20 2x2 + 3y? — 20

depends on x and y. However, (14) vields a quotient that depends only on y:

No—M, d4x—x 3x 3

M xy xy oy
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The integrating factor is then el = 30V = o7 = 5 A fier we multiply the given
£ £ 3 Py g
DE by u(¥) = y°, the resulting equation is

xytdx + 2x%y* + 3y° — 20" dy = 0.

You should verify that the last equation is now exact as well as show, using the
method of this section, that a family of solutions is %_;—3_\-4 : :',_\-‘“ —Syt=¢. R

REMARKS

({) When testing an equation for exactness, make sure it is of the precise
form M(x, y) dx+ N(x, y) dy=0. Sometimes a differential equation
is written G(x, y) dx= H(x, y) dy. In this case, first rewrite it as

G_(x, ¥) dx — H(x, y) dy=0 and then identify M(x, y) = G(x, y) and

N(x, y) = —H(x, y) before using (4).

(i) In some texts on differential equations the study of exact equations

precedes that of linear DEs. Then the method for finding integrating factors

just discussed can be used to derive an integrating factor for
¥ + P(x)y = f(x). By rewriting the last equation in the differential form

(P(x)y — f(x)) dx + dy = 0, we see that

M_\' i N\’ - P
W oI
From (13) we arrive at the already familiar integrating factor /7@ ysed in
Section 2.3.

EX E R C I S E S 2 i} 4 Answers to selected edd-numbered problems begin on page ANS-2.

In Problems 1-20 determine whether the given differential

.. L 3 12, Galy + e dr + 03+ 32" = 29} dy =0
equation is exact. If it is exact, solve it. Gy ) ( ¥) d

L @x—Ddx+@y+7)dy=0 13, 2D = 25t — y 4 6x2

2. x+y)dr—(x+69)dy=0 “ -

3. (5x+ 4y) dx + (4x — 8y dy = 0 14, (] -1 X) B e By

4. (siny —ysinx)dx + (cosx + xcosy — y)dy =0 Y & - *

5. 2xy? = 3)dx + (Y + 4)dy = 15. (,\‘2_)--* -- +1 9}_)%— ap

1 dy ?
6. (Ey ==+ 6o8 '%x)—\J % — 4x* + 3ysin3x =0
% dx. X 16. (5y — 2y’ — 2y = 0

Tl - 2y =0 17. (tan x — sinx sin y) dx + cos x cos y dy = 0

y j
8. (i +Inx + ;) dx = (1 —Inx)dy 18. 2ysinxcosx — y + 2y%e®) dx
9. (x— v*+ yisinx)dx = (3xy? + 2y cos x) dy = (v = sin‘x — dxye™ ) dy

10. (x* + y¥) dx + 3xy2dy = 0 19. 42y — 15— y)dr+ (" + 32 — Hdy =0

1 1 y ) 1
Nt s—5=—)di+ |y +——ldy=0
t O eyl 1+ oy

(=]

1
11. (yIny — ™) dx + (~ +xln y) dy =0 2
y
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In Problems 21-26 solve the given initial-value problem.
21 (x+ P dx+ 2y +x2— Ddy=0, y1)=1
22. (&' +y)dx+ 2+ x+ye')dy =0, y0)=1

23. Qy+2=5)dt+y+4—Ddy=0, y—-1)=2

=\ dy 2
u (T— )2+ —=0 yn=1
( 33 )d: 2y )

25. (y*cosx — 3x%y — 2x) dx
+ (2ysinx — x7 + Iny)dy = 0. yi0)y=e

d ]
26. ( J = -+ cosx — 2xy) 2 y(y + sinx), y(0) = 1
1+ 5 dx
In Problems 27 and 28 find the value of k so that the given
differential equation is exact.
27. (¥* + kxy* — 2x)dx + (3xy? + 20x%yH) dy =0
28. (6xy® + cosy) dx + (2kx>y* — xsiny)dy =0

In Problems 29 and 30 verify that the given differential equa-
tion is not exact. Multiply the given differential equation
by the indicated integrating factor u(x, v) and verify that the
new equation is exact. Solve.

29. (—xysinx + 2ycosx) dx + 2xcosx dy = 0;
p(x, y) = xy

30. (0 + 20y —yNdx+ (3P + 20y — D dy = 0;

RO Y) = (ot y)72

In Problems 31-36 solve the given differential equation by
finding, as in Example 4, an appropriate integrating factor.

31 (2* + 30 dy + 2xydy =0
2. ya+y+ Ddx+(x+2)dy=0
33. 6xydx+ (4y + 9T dy =0

2
34, cosxdx + (I + :) sinxdy =10
3

35 (10 =6y + e 3 dx—2dy=0

36. (y? + 0y dx + (5y7 — xy+ yisiny)dy =0

In Problems 37 and 38 solve the given initial-value problem
by finding, as in Example 4, an appropriate integrating factor.
37 xdx+ (ly + 4y)dy =0, y@d) =0

38 (P +y —S5)dx=(y+ ) dy, y(0)=1

39. (a) Show that a one-parameter family of solutions of
the equation

(dxy + 3 dy + 2y + 2x) dy = 0

isx?+ 2x%y + yl =

29
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(b) Show that the initial conditions y(0) = —2 and
y(1) = 1 determine the same implicit solution.

(c) Find explicit solutions y;(x) and y»(x) of the dif-

ferential equation in part (a) such that y,(0) = —2
and y;(1) = 1. Use a graphing utility to graph y;(x)
and y,(x).

Discussion Problems

40. Consider the concept of an integrating factor used in
Problems 29-38. Are the two equations M dx + Ndy = ()
and uM dx + pN dy = 0 necessarily equivalent in the
sense that a solution of one is also a solution of the other?
Discuss.

41. Rercad Example 3 and then discuss why we can con-
clude that the interval of definition of the explicit
solution of the IVP (the blue curve in Figure 2.4.1) is

{=1.1).

42. Discuss how the functions M(x, ¥) and N(x, v) can be
found so that cach differential equation is exact. Carry
out your ideas.

1
(a) M(x,y)dx + (.\'e"-" + 2xy + —) dy =0
X

X
+y

(b) (.‘.'_r"'Jj.""3 + 3 )d,\.’ + N, y)dy =10

43. Differential equations are somelimes solved by
having a clever idea. Here is a little exercise in
cleverness:  Although the differential  equation
(x — VX + y)) dx + ydy = 0is not exact, show how
the rearrangement (x dx + y dy) / Va7 + 2 = dx and
the observation %n’(;\'2 +3y) =xdx + v dy can lead to
a solution.

44. True or False: Every separable first-order equation
dy/dx = g(x)h(y) is exact.

Mathematical Model

45. Falling Chain A portion of a uniform chain of length
8 ft is loosely coiled around a peg at the edge of a high
horizontal platform, and the remaining portion of the
chain hangs at rest over the edge of the platform. See
Figure 2.4.2. Suppose that the length of the overhang-
ing chain is 3 ft, that the chain weighs 2 Ib/ft, and that
the positive direction is downward. Starting at r = 0
seconds, the weight of the overhanging portion causes
the chain on the table to uncoil smoothly and to fall to
the floor. If x(r) denotes the length of the chain over-
hanging the table at time 1 > 0, then v = dx/d1 is its
velocity. When all resistive forces are ignored, it can
be shown that a mathematical model relating v to x is
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given by
dv
xv— + v = 32z
dx

(a) Rewrite this model in differential form. Proceed as
in Problems 31-36 and solve the DE for v in terms
of x by finding an appropriate integrating factor.
Find an explicit solution v(x).

(b) Determine the velocity with which the chain leaves
the platform.

Computer Lab Assignments

46. Streamlines

(a) The solution of the differential equation

2xy P =t
2 g+ [1+-2—=|dy=0
@+ PP @+
is a family of curves that can be interpreted as
streamlines of a fluid flow around a circular object

FIGURE 2.4.2  Uncoiling chain in Problem 45

whose boundary is described by the equation
x2 + y> = 1. Solve this DE and note the solution
flx.yy=cfore=0.

(b) Use a CAS 1o plot the streamlines for
c=0, 0.2, =04, *=0.6, and *=0.8 in three
different ways. First, use the contourplor of a CAS.
Second, solve for x in terms of the variable y. Plot
the resulting two functions of y for the given values
of ¢, and then combine the graphs. Third, use the
CAS to solve a cubic equation for y in terms of x.

peg

platform edge

LRt s T
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REVIEW MATERIAL

# Techniques of integration
= Separation of variables
e Solution of linear DEs

INTRODUCTION  We usually solve a differential equation by recognizing it as a certain kind of
equation (say, separable, linear, or exact) and then carrying out a procedure, consisting of equation-
specific mathematical steps, that yields a solution of the equation. But it is not uncommon to be
stumped by a differential equation because it does not fall into one of the classes of equations that
we know how to solve. The procedures that are discussed in this section may be helpful in this
situation.

SUBSTITUTIONS  Often the first step in solving a differential equation consists
of transforming it into another differential equation by means of a substitution.
For example, suppose we wish to transform the first-order differential equation
dy/dx = f(x,y) by the substitution y = g(x. 1), where u is regarded as a function of
the variable x. If g possesses first-partial derivatives, then the Chain Rule

dy _ogdr

6_g @ dy du
dx  dxdx &

ves — = g xu) + g fx, u)—
ou dx g 1 g, 1) + g, lx, 1) =

If we replace dy/dx by the foregoing derivative and replace y in f(x, y) by g (x. 1), then
d
the DE dy/dx = f(x, y) becomes g, (x, 1) + g,(x, 1) d_” = f(x, g(x, 1)), which, solved
X

di
for dut/dx, has the form :; = Flx, u). If we can determine a solution 1 = ¢ (x) of this
i

last equation, then a solution of the original differential equation is y = g(x, ¢(x)).
In the discussion that follows we examine three different kinds of first-order
differential equations that are solvable by means of a substitution.
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HOMOGENEOUS EQUATIONS If a function [ possesses the property
Jx vy = f(x, y) for some real number . then f is said to be a homogeneous
function of degree a. For example, f(x, y) = % + y” is a homogeneous function of
degree 3, since

fax, 1) = (07 + (19)* = 263 + %) = Pf(x, y),
whereas f(x, y) = x* + y* + 1 is not homogeneous. A first-order DE in differential
form

Mix,y)dx + Nx.v)ydy = 0 (1)

is said to be homogeneous” if both coefficient functions M and N are homogeneous
equations of the same degree. In other words, (1) is homogeneous if

M(rx, ry) = r*M(x, y) and N(tx, 1y) = *N(x, v).
In addition, if M and N are homogeneous functions of degree @, we can also write
M(x, y) = x*M(1, u) and Nx, y) = x*N(1, 1), where u = yx o (2
and
M(x,y) = y"M(v, 1) and N(x,y) = y*N(», 1), where v = xfy. (3

See Problem 31 in Exercises 2.5. Properties (2) and (3) suggest the substitutions that can
be used to solve a homogeneous differential equation. Specifically, either of the substi-
tutions y = wx or x = vy, where v and v are new dependent variables, will reduce a
homogeneous equation o a separable first-order differential equation. To show this, ob-
serve that as a consequence of (2) a homogeneous equation M(x, y) dx + N(x,y) dy = 0
can be rewritten as

XML, u) dx + x*N(1, u) dy = 0 or M(1, u)dx + N(1, u) dy = 0,

where u = y/x or y = ux. By substituting the differential dv = u dx + x dut into the
last equation and gathering terms. we obtain a separable DE in the variables i and 1

M1, u) dx + N w)[udx + xdu] = 0
[M(1, 1) + uN(1, @)l dx + xN(1, 1) du = 0

dx . N1, 1) du

or e T
7 M(1, 1) + uN(1, 1)

0.

At this point we offer the same advice as in the preceding sections: Do not memorize
anything here (especially the last formula); rather, work th rough the procedure each
time. The proof that the substitutions x = vy and dx = v dy + y dv also lead to a
separable equation follows in an analogous manner from (3).

FXAM PLE T  Solving a Homogencous DE

Solve (x* + ¥} dx + (3 — xy) dy = 0.

SOLUTION  Inspection of M(x, v) = x? + y? and N(x, ¥) =x? — xy shows that
these coefficients are homogeneous functions of degree 2. If we let y = ux, then

"Here the word homogeneous does not mean the same as it did in Section 2.3, Recall that a linear firsi-
order equation ay(x)y' + aplxly = glv) is homogeneous when glx) =0,

31
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dy = wdx + x du, so after substituting, the given equation becomes

2+ D) de + (o — ux)udx + xdu] =0

20+ wdx + 33 —wdu=0

1= dx
Bau+==0
1+ u i
i 3
L— ] = w:—:| du + d_x = (), < longdivision
1 + u x

After integration the last line gives

—u+ 2101 + x| + In|x| = In|c|

y y —
—=+ 2In|1 + =| + In|x| = In|c|. <~ resubstiwtingn = ¥/
x X
Using the properties of logarithms, we can write the preceding solution as

In

x + y)? ¥ i
o)y ‘ == or (x + ¥)* = cxe™. =
cx o

Although either of the indicated substitutions can be used for every homoge-
neous differential equation, in practice we try x = vy whenever the function M(x, y)
is simpler than N(x, y). Also it could happen that after using one substitution, we may
encounter integrals that are difficult or impessible to evaluate in closed form: switch-
ing substitutions may result in an easier problem.

BERNOULLI'S EQUATION  The differential equation

dv ;

—= 3 Pl = flx}y", (4)
dx ' '

where n is any real number, is called Bernoulli’s equation. Note that for n = 0 and

n = 1, equation (4) is linear. For n # 0 and n 1 the substitution = v' " reduces

any equation of form (4) to a linear equation.

I EXAMPLE 2 Solving a Bernoulli DE

dy :
Solve x — + y = x*y*.
dx

SOLUTION  We first rewrite the equation as

dy 1
—_— 4 -y = /‘.},2

dx x°
by dividing by x. With n = 2 we have ¥ = y~ ' or y = u™'. We then substitute

dy _dydu _ _ L du

= —y Chain Rule
dx  dudx dx

into the given equation and simplify. The result is

32
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The integrating factor for this linear equation on, say, (0, %) is

e—_[d.r.".r = p~hnx — oln Tl s P
. d _]
Integrating e oz e |
dx
givesx™'u= —x+ coru = —x>+ ¢x. Since u = y~!, we have y = 1/, 5o a solu-
tion of the given equation is v = [/(—x + cx). |

Note that we have not obtained the general solution of the original nonlinear dif-
ferential equation in Example 2, since y = 0 is a singular solution of the equation.

REDUCTION TO SEPARATION OF VARIABLES A differential equation of the
form
1’.':"\' )
BN A AL (5)
av
can always be reduced to an equation with separable variables by means of the sub-
stitution 12 = Ax = By + C, B # 0. Example 3 illustrates the technique.

LE XAMPLE 3 An Initial-Value Problem

Iy
Solve == = (=2x + y)2 = 7, y(0) = 0.

dx
SOLUTION Il we letu = —2x + y, then du/dx = —2 + dv/dx, so the differential
equation is transformed into

du du
— +2=ny*-7 or — =u-—9,
dx dx

The last equation is separable. Using partial fractions

du J . 1 1 1 ; d
— = dx o = . = dx
(i — 3)u + 3) 6lu—3 wu+3 o *

and then integrating yields

]l|:..'—3
—=1In
6 lu+3

= x4 € or = gbitbe; — cet, «— replace ¢ by ¢

Solving the last equation for u and then resubstituting gives the solution

I + et 3(]1 + cebr
= Ll or y=2x+ (—-—C-Q (6)
1 — c'ef“ ] = re(\.x

Finally, applying the initial condition y(0) = 0 to the last equation in (6) gives

¢ = —1. Figure 2.5.1, obtained with the aid of a graphing utility, shows the graph of

}[I i ,-f)l']

l—‘-{;\—' in dark blue, along with the graphs of
g

some other members of the family of solutions (6). |

the particular solution v = 2x

33
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EXERCISES 2.5

Answers to selected odd-numbered problems begin on page ANS-2.

Each DE in Problems 114 is homogeneous.

In Problems 1-10 solve the given differential equation by
using an appropriate substitution.

1. (x—y)dx+xdy=0 2.x+y)dx+xdy=0

Joxdet(y—2x)dy=0 4. ydx = 2(x + y) dy
5. (07 + yx)der—x2dy =0

6. (Y +yx)dx +x2dy=10

dy po—iX
7.2 =12

dx .y

dy x4+ 3y

dx  3x 4 ¥

9. —ydx+ (x + Vay)dy =0

10. Ad— =y+ VE—), x>0
X

In Problems 11—-14 solve the given initial-value problem.

,,d_\‘ - 3

11 xy?— =3y — & y(1)=2

. dx
12 2+ 3D —=xy, y(—1)=1
dy
13. (x + ye"™) dx — xe"*dy =0, y(1)=0
4, ydx+x(Inx—Iny— Ddy=0, y(1)=e

Each DE in Problems 15-22 is a Bernoulli equation.

In Problems 15-20 solve the given differential equation by
using an appropriate substitution.

; 1 1y 5
15, x— 4y == 16£—x=e‘\"
dx ¥ dx -
Iy . 1y
iy vy — 1) 19, = (1 +x)y=2xy
dx dx

=l i > NS !_I 3
19. A2 @ =y 20301+ AT =200 - 1)

In Problems 21 and 22 solve the given initial-value problem.

f ]
2L "2(_'\ —2xy =3, y1)=3
dx - 2

D s
22 ;M% +y2 =1, y(0) =4

Each DE in Problems 2330 is of the form given in (5).

In Problems 2328 solve the given differential equation by
using an appropriate substitution.

dy 5 dy l—x—y
23, L= (x+y+1)2 R RS
dx L ) dx x4y
d dy
25, 2 = tan2(x + 3) 26. =L = sin(x + y)
dx dx

dy 1y _
2.2 ot o rs 28 Lot aes
dx dx

In Problems 29 and 30 solve the given initial-value problem.
d 7)

29, 268 cos(x + y), ¥(0) = w/4
dx
dy 3x + 2y

3l =

ix w2 YD

Discussion Problems

31. Explain why it is always possible to express any homoge-
neous differential equation M(x, y) dx + N(x, y) dy = 0 in

the form
dy '
dy _ F(g)_
dx X

You might start by proving that

M(x, ¥) = 2*M(1, y/x) and N(x, y) = x*N(1, y/x).

32. Put the homogeneous differential equation
(527 — 2y dx — xydy =0

into the form given in Problem 31.

33. (a) Determine two singular solutions of the DE in
Problem 10.

(b) If the initial condition y(5) = 0 is as prescribed in
Problem 10, then what is the largest interval [ over
which the solution is defined? Use a graphing util-
ity to graph the solution curve for the IVP.

34. In Example 3 the solution y(x) becomes unbounded as
x — *w. Nevertheless, y(x) is asymptotic to a curve as
x— —% and to a different curve as x — %, What are the
equations of these curves?

35. The differential equation dy/dx = P(x) + Q(x)y + R(x)y*
is known as Riccati’s equation.

(a) A Riccati equation can be solved by a succession
of two substitutions provided that we know a

34
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particular solution y, of the equation. Show that the slipping off the edge of a high horizontal platform is
substitution y = y; + u reduces Riccati’s equation

to a Bernoulli equation (4) with n= 2. The - dv A

Bernoulli equation can then be reduced to a linear dx

equation by the substitution w = 5.

In that problem you were asked to solve the DE by con-
verting it into an exact equation using an integrating fac-
tor. This time solve the DE using the fact that it is a
dvy 4 1 q Bernoulli equation.

R EEAE S -y + }_._

dx Xt xt

(b) Find a one-parameter family of solutions for the
differential equation

38. Population Growth In the study of population dy-

where y; = 2/x is a known solution of the equation. namics one of the most famous models for a growing

but bounded population is the logistic equation
36. Determine an appropriate substitution to solve

; dP
xy' = yin(xy). — = Pla — bP),
dr
: where a and b are positive constants. Although we
Mathematical Models : ] b : -
will come back to this equation and solve it by an
37. Falling Chain In Problem 45 in Exercises 2.4 we saw alternative method in Section 3.2, solve the DE this first
that a mathematical model for the velocity v of a chain time using the fact that it is a Bernoulli equation.

35
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15, (1 = 2x—x)y"+ 204y = 2y=0; yy=x+1
16. (1 —x2y" +2xy' =0; y=1

In Problems 17-20 the indicated function y;(x) is a solution
of the associated homogeneous equation. Use the method
of reduction of order to find a second solution ya(x) of the
homogeneous equation and a particular solution of the given
nonhomogeneous equation.

17. y"—dy=2; y = %

18. y"+y' =1, y =1
19. y" = 3y’ + 2y = 5¢*;, y =
20 yV'—dy' +3y=x; y=¢

Discussion Problems

21. (a) Give a convincing demonstration that the second-
order equation ay” + by' + ¢y = 0, a, b, and ¢ con-
stants, always possesses at least one solution of the
form y, = ¢™*, m, a constant.

(b) Explain why the differential equation in part (a)
musl then have a second solution either of the form

v, = €™ or of the form y, = xe™*, m; and m»
constants.

(c) Reexamine Problems 1-8. Can you explain why the
statements in parts (a) and (b) above are not
contradicted by the answers to Problems 3—57

22. Verify that y;(x) = x is a solution of xy" — xy" + y = 0.
Use reduction of order to find a second solution yz(x) in
the form of an infinite series. Conjecture an interval of
definition for ya(x).

Computer Lab Assignments
23. (a) Verify that yi(x) = " is a solution of
xy" = (x+ 10)y" + 10y = 0.
(b) Use (5) to find a second solution y2(x). Use a CAS to

carry oul the required integration.

(c) Explain, using Corollary (A) of Theorem 4.1.2, why
the second solution can be written compactly as

10

= 3

n=>0 nl

4.3 HOMOGENEOUS LINEAR EQUATIONS

WITH CONSTANT COEFFICIENTS

REVIEW MATERIAL

and Solutions Manual)

homogeneous linear higher-order DEs,

37

ame™ + be™ = ()

¢ Review Problem 27 in Exercises 1.1 and Theorem 4.1.5
¢ Review the algebra of solving polynomial equations (see the Student Resource

INTRODUCTION  As a means of motivating the discussion in this section, let us return to first-
order differential equations—more specifically, to homogeneous linear equations ay' + by = 0,
where the coefficients @ # 0 and b arc constants. This type of equation can be solved either by
separation of variables or with the aid of an integrating factor, but there is another solution method,
one that uses only algebra. Before illustrating this alternative method, we make one observation:
Solving ay’ + by = 0 for y' yields y' = ky, where k is a constant. This observation reveals the
nature of the unknown solution y; the only nontrivial elementary function whose derivative is a
constant multiple of itself is an exponential function ¢™*. Now the new solution method: If we substi-
tute y = "™ and y' = me™ into ay’ + by = 0, we get

ar e (am + b) = 0.

Since ¢"" is never zero for real values of x, the last equation is satisfied only when m is a solution or
root of the first-degree polynomial equation am ~ b = 0. For this single value of m, y = ¢ is a
solution of the DE. To illustrate, consider the constant-coefficient equation 2y’ + Sy = 0. It is not
necessary to go through the differentiation and substitution of y = ¢”* into the DE; we merely have
to form the equation 2m + 5 = 0 and solve it for m. From m = —3 we conclude that y = ¢ 3 is a
solution of 2y" + 5y = 0, and its general solution on the interval (—s¢, =) is y = ¢,e” 22,

In this section we will see that the foregoing procedure can produce exponential solutions for

@Y™ + @,y + e ay + @y + agy = 0, (1)

where the coefficients a;, 1 = 0, 1, . . . , n are real constants and a, # 0.
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AUXILIARY EQUATION  We begin by considering the special case of the second-
order equation

ay" + by +cy =0, 2)

where a. b, and ¢ are constants. If we try to find a solution of the form v = ¢™, then
after substitution of ¥' = me" and y" = m?e™*, equation (2) becomes

am?e™ + bme"™ + ce™ =0 or  e™(am® + bm + ¢) = 0.

As in the intreduction we argue that because e™* # 0 for all x, it is apparent that the
only way y = ¢™* can satisfy the differential equation (2) is when m is chosen as a
root of the quadratic equation

am= + bm — ¢ = Q. (3)
This last equation is called the auxiliary equation of the differential equa-
tion (2). Since the two roots of (3) are m; = (—=b + Vb> — 4ac)/2a and

m, = (—b — Vb* — 4dac)/2a, there will be three forms of the general solution of
(2) corresponding to the three cases:

« g and mo real and distinet (b% — 4ac = 0),
« 1y and m real and equal (b* — 4ac = 0), and
« s and m> conjugate complex numbers (% — 4ac < 0).

We discuss each of these cases in turn.

CASE |: DISTINCT REAL ROOTS Under the assumption that the auxiliary equa-
tion (3) has two unequal real roots my and m, we find two solutions, y; = ¢™" and
v, = e"*. We see that these functions are linearly independent on (—, =) and hence
form a fundamental set. It follows that the general solution of (2) on this interval is

el e A i o 4)

CASE II: REPEATED REAL ROOTS When m; = m», we necessarily obtain only
one exponential solution, y; = ™. From the quadratic formula we find that
m; = —b/2a since the only way to have n; = my is to have b — 4ae = 0. It follows
from (5) in Section 4.2 that a second solution of the equation is

C,Em,.r
Yy = (_,Hn.\' = _d.l' — em i {b\' — xem,.\‘ (5)
s gt

In (5) we have used the fact that —b/a = 2in. The general solution is then

¥ =™+ cave™, (6)

CASE 1ll: CONJUGATE COMPLEX ROOTS If m; and m; are complex, then we
can write m; = a + i3 and m> = « — i3, where « and § > O are real and 2= —1.
Formally. there is no difference between this case and Case 1, and hence

y = Ce@tiBx 4 C,glif)
However, in practice we prefer to work with real functions instead of complex
exponentials. To this end we use Euler’s formula:
e = cos 8 + isin 6,
where 6 is any real number.” It follows from this formula that

&% = cos Bx + isin Bx and e~ = cos Bx — isin Bx, (7)

—_. . . ) i . oo
*A formal derivation of Euler’s formula can be obtained from the Maclaurin series e* = 3, —by
a=g !

substituting x = i, using i = =1, " = =i, ..., and then separating the series into real and imaginary
parts. The plausibility thus established, we can adopt cos @ + ¢ sin 0 as the definition of e™.
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where we have used cos(—fSx) = cos Bx and sin(—fBx) = —sin Bx. Note that by first
adding and then subtracting the two equations in (7), we obtain, respectively,

B 4 ¢7Bx = 2 cos Bx and eBx — ¢7iBY = 2jsin Bx.

Since y = Cye'® P 4 Coel@™ P s a solution of (2) for any choice of the constants Cy

and C,, the choices C; = C; =1 and C; = 1, C3 = —1 give, in turn, two solutions:
¥y = Bcu-r-ilfi}.x + elu-i’BJ.\' and ¥y = f_,to+r',|3]\' == C,fa—iﬁ\r'

But ¥ = (e + 7)) = 2% cos Bx

and ¥y = e™(ef — 7YY = 2je™ sin Ba.

Hence from Corollary (A) of Theorem 4.1.2 the last two results show that ¢* cos Sx
and e™ sin Bx are real solutions of (2). Moreover, these solutions form a fundamen-
tal set on (—=, ==). Consequently, the general solution is

y = e eos Sx 4 cxe™sin By = ™ (e cos By ¢ sin ), (8)

I EXAMPLE 1 Second-Order DEs

Solve the following differential equations.

@ 2y" =5 =3y=0 (b) y' — 10y +25y=0  (c) y" + 4y + 7y =0

SOLUTION We give the auxiliary equations. the roots, and the corresponding gen-
eral solutions.

(@) 2m> = Sm—3=QQm+ 1)Ym—3)=0, m = —1,

P
fiy
II
L

El

From (4), v = ¢ye™™*? = cae™,

(b) m>*— 10m-+25=0n—3572=0, m=nm=35
From (6), v = ¢e™ = cyxe™
© m*+4d4m+7=0m=-2+ \/55. my = —2 — \/_”;:'

From (8) withe = =2, 8= V/3,y = ¢ (¢, cos V3r + ¢ sin V3ul. m

§ EXAMPLE 2 An Initial-Value Problem

Solve 4y" + 4y" + 17y = 0, y(0) = — 1, y'(0) = 2.

SOLUTION By the quadratic formula we find that the roots of the auxiliary

equation 4m” + 4m + 17 =0 are m; = —3 + 2iandm, = —1 — 2i. Thus from
(8) we have y = ¢ (¢ cos 2x + ¢3 sin 2x). Applying the condition y0) = —1,
we see from e%cicos0+ esin0)=—1 that ¢; = —1. Differentiating

v = e "*(—cos 2x + ¢» sin 2x) and then using y'(0) = 2 gives 2cs + 3 =2 orcx = 3.
Hence the solution of the IVP is y = ¢ **(~cos 2x + | sin 2x). In Figure 4.3.1 we
see that the solution is oscillatory, but y — () as x — == and ]\i —xasx— —w, B

TWO EQUATIONS WORTH KNOWING  The two differential equations

Vs By =0 and " — By = 0,

39
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where k is real, are important in applied mathematics. For y” + k*y = 0 the auxiliary
equation m? + k? = 0 has imaginary roots m, = ki and my = —ki. With @ =0 and
B = kin (8) the general solution of the DE is seen to be

¥ = ¢, cos kx + ¢;sin kx. &)

On the other hand, the auxiliary equation m®> — k* = 0 for y* — k%y = 0 has distinct

real roots m; = k and m> = —k, and so by (4) the general solution of the DE is
y = ¢ + e (10)
Notice that if we choose ¢; = ¢; = %and c = % c, = —% in (10), we get the particu-

lar solutions y = %(.gk-f + o) = coshkxandy = %(e“ — ¢7") = sinh kx. Since
cosh kx and sinh kx are linearly independent on any interval of the x-axis, an allernative
form for the general solution of y” — Ky = 0 is

y = ¢,cosh kx + ¢,sinh kx. (11)
See Problems 41 and 42 in Exercises 4.3.
HIGHER-ORDER EQUATIONS In general, to solve an nth-order differential

equation (1), where the a;, i = 0, 1,..., n are rcal constants, we must solve an nth-
degree polynomial equation

an” o, e aem gy oay = (L (12)
If all the roots of (12) are real and distinct, then the general solution of (1) is
.:/"I'\' |,,__L:,:..-.‘. 1 AR (”_.i'-' X

It is somewhat harder to summarize the analogues of Cases II and Il because the
roots of an auxiliary equation of degree greater than two can occur in many combi-
nations. For example, a fifth-degree equation could have five distinct real roots, or
three distinct real and two complex roots, or one real and four complex roots, or five
real but equal roots. or five real roots but two of them equal. and so on. When m, is a
root of multiplicity k of an nth-degree auxiliary equation (that is, k roots are equal
to m,). it can be shown that the linearly independent solutions are

SE gt p2amx Ty
and the general solution must contain the linear combination

[.J(,n' o (':.l'{_""““ EopaxZemt o e & ol .‘I..'_""Iﬁ,a.-::..

Finally, it should be remembered that when the coefficients are real, complex
roots of an auxiliary equation always appear in conjugate pairs. Thus, for example,
a cubic polynomial equation can have at most two complex roots.

! EXAMPLE 3 Third-Order DE

Solve y” + 3y" — 4y = 0.

SOLUTION It should be apparent from inspection of m? + 3m? — 4 = 0 that one
root is m; = 1, som — 1is a factor of m? + 3m® — 4. By division we find

A I = 4= (m— D)(m*+ dm+ 4) = (m— D(m + 2)%

so the other roots are m» = m3 = —2. Thus the general solution of the DE is
¥ = et e eave” >, e



¢ There is more on
this in the SRSM.
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i EXAMPLE 4 Fourth-Order DE

SOLUTION The auxiliary equation m*+ 2m®+ 1= (u®> + 1)> =0 has roots
my = m3 = i and my = my = —i. Thus from Case II the solution is

y= CI e.".\' + CEE—J'_\' + Caxei.r + C4_1'€_i".
By Euler’s formula the grouping Cje™ + Cae™™ can be rewritten as
€;cosx + ¢, sinx

after a relabeling of constants. Similarly, x(Cse'* + C4e™™) can be expressed as
x{c3cos x + ¢4 sinx). Hence the general solution is

¥y = cosx + ¢;sinx + c3xcosx + ¢uxsin x B

Example 4 illustrates a special case when the auxiliary equation has repeated
complex roots. In general, if m; = & + i, B > 0 is a complex root of multiplicity k
of an auxiliary equation with real coefficients. then its conjugate m> = a — i is also
a root of multiplicity k& From the 2k complex-valued solutions

plat F_B_\.\‘ el +ifF) X ".Eekr + iﬁ].r_ . IR— E(,_m-p- iﬁ}.r.

{,in—rBJ_\ ‘-(,Inx-"l',ﬁ?.l’ l_"ein—a'ﬁl\' F—=1 qla—=if

e
we conclude, with the aid of Euler’s formula, that the general solution of the corre-
sponding differential equation must then contain a linear combination of the 2k real
linearly independent solutions

eSERs- By XeMrOSHy Tleei iy g san wb e

ettsin By, xe™sin Ba. ye"'sin 8y, ... o letg

In Example 4 we identify k = 2, e = 0, and 8 = 1.

Of course the most difficult aspect of solving constant-coefficient differential equa-
tions is finding roots of auxiliary equations of degree greater than two. For example, (o
solve 3y" + 5y" + 10y’ — 4y =0, we must solve 3m®+ 5m%+ 10m —4 = 0.
Something we can try is to test the auxiliary equation for rational roots. Recall that
if m; = p/q is a rational root (expressed in lowest terms) of an auxiliary equation
a,m" + - -+ aym + ay = 0 with integer coefficients, then p is a factor of ag and qis
a factor of a,. For our specific cubic auxiliary equation, all the factors of ag = —4 and
ay=73 are p: £1, £2, +4 and ¢ =1, =3, so the possible rational roots are
p/q: =1, =2, =4, x5, *2, +< Each of these numbers can then be tested—say, by
synthetic division. In this way we discover both the root m, = % and the factorization

3t 4 S+ 10m— 4 = (m = %)(31113 + 6m + 12).

The quadratic formula then vields the remaining roots ma. = —1 + \/3-'5 and
my=—1- '\/gf. Therefore the general solution of 3y™ + 5y” + 10y’ — 4y = 0 is
¥ = e e ey cos V3 o ey sin 'V 3x).

USE OF COMPUTERS  Finding roots or approximation of roots of auxiliary equa-
tions is a routine problem with an appropriate calculator or computer software.
Polynomial equations (in one variable) of degree less than five can be solved by means
of algebraic formulas using the solve commands in Mathemartica and Maple. For aux-
iliary equations of degree five or greater it might be necessary to resort to numerical
commands such as NSolve and FindRoot in Mathematica. Because of their capability
of solving polynomial equations, it is not surprising that these computer algebra
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systems are also able, by means of their dsolve commands, to provide explicit solu-
tions of homogeneous linear constant-coefficient differential equations.

In the classic text Differential Equations by Ralph Palmer A gnew” (used by the
author as a student) the following statement is made:

It is not reasonable to expect students in this course to have computing skill and
equipment necessary for f{ﬁciem solving of equan‘ons such as

d*y
4?17"— =2 179
dx* d%

d\r

(13)

Although it is debatable whether computing skills have improved in the intervening
years, it is a certainty that technology has. If one has access to a computer algebra sys-
tem, equation (13) could now be considered reasonable. After simplification and some
relabeling of output, Mathemarica yields the (approximate) general solution

y = c,e” 0720 005(0.618605x) + cpe” 0782 gin(0.618605x)
+ 0629704780 c05(0.759081x) + €,e” 7878 5in(0.759081x).

Finally, if we are faced with an initial-value problem consisting of, say. a
fourth-order equation, then to fit the general solution of the DE to the four initial
conditions, we must solve four linear equations in four unknowns (the ¢, 2, €3, ¢4
in the general solution). Using a CAS to solve the system can save lots of time. See
Problems 59 and 60 in Exercises 4.3 and Problem 35 in Chapter 4 in Review.

*McGraw-Hill, New York, 1960.

EXERCISES 4.3

Answers 1o selected odd-numbered problems begin on page ANS-4.

In Problems 1-14 find the general solution of the given
second-order differential equation.

1. 44" +y' =0 2, y'—36y=0
3.y =y —6y=0 4, y" =3y +2y=0
5. 9"+ 8 +16y=0 6. y'— 10y' + 25y =10
7. 129" =Gyl = Jyi=) 8.y +4—y=0
9. y'+9y=0 10. 3y"+y=0
11. y"—4y' + 5y=10 12. "+ 2" +y=0
13, 3y"+ 2y + y=0 14. 23" =3y + 4y =0

In Problems 15-28 find the general solution of the given
higher-order differential equation.

15. y" — 4y" — 5y =0

16. y" —y=20

17. y" = 59"+ 3y + 9 =0
18. »" + 3" — 4 — 12y =0

19 d’u . d u 5 0
g oaEt — 2y =
df = df

dx  d
20, —=
drt  dr

2y + 3"+ 3y +y=0

—4x=0

22, y" — 6y" + 12y — By =0
23, J,H) 2 -_\Im + yﬂ =0

24y —2y" + 3y =0

25, 16%+')4d1_r9‘ 0

26.% 7%‘_18‘_0

27.‘:%’: sj—jfu_%_ ‘j_]:;_‘+@+5“=
28.23;—7%“2%4-3%;0

In Problems 29-36 solve the given initial-value problem.

29. y"+ 16y =0, y(0)=2,y'(0)= -2

d’y :rr T
o ';, + y = O, = =0, -] =
0.5 r=05(3) <0 (3)

T2
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d%y dv
242 5=, y)=0,y(1) =2
dr dt

32. 4" — 4y —3y=0, y0)=1,y(0)=5
3.y +y +2y=0, ¥0)=y'(0)=0

34. y" =2y +y=0, y0)=5,y'(0) =10

35, "+ 129"+ 36y =0, 0)=0,y'(0)=1,y"(0)=—7
36. ¥y +2)" =5y —6y=0, y0)=y'©0)=0,y0)=1

In Problems 37—-40 solve the given boundary-value problen.

37,y =10y +25y =0, y(©0)=1,y1)=0
38. "+ 4y =0, ¥0)=0,y(m) =0

mw
39. v +y=0, y(0)=0, y’(;) =0

40. y' =2y + 2y =0, y0) =1, y(w) =1

In Problems 41 and 42 solve the given problem first using
the form of the general solution given in (10). Solve again,
this time using the form given in (11).

41 ¥" = 3y=10, y0) =1,y =5
42. y"—y=0, yO=1y(1)=0

In Problems 4348 each figure represents the graph of a
particular solution of one of the following differential
equations:

(@) y"— 3y —4y=0
@ Yy +2y+y=0 (d) ¥y +y=0
(€ ¥y +2y+2y=0 ) y =3y +2y=0

Match a solution curve with one of the differential equa-
tions. Explain your reasoning.

(b) y" + 4y =0

43, -
/

FIGURE 4.3.2  Graph for Problem 43

FIGURE 4.3.3  Graph for Problem 44

43

45. ¥

o

Graph for Problem 45

\1N‘
|

Graph for Problem 46

FIGURE 4.3.4

FIGURE 4.3.5
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FIGURE 4.3.7  Graph for Problem 48
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Discussion Problems

49. The roots of a cubic auxiliary equation are m; = 4 and

my = m3z = —5. What is the comresponding homogeneous
linear differential equation? Discuss: Is your answer
unique?

50. Two roots of a cubic auxiliary equation with real coef-
ficients are m; = —3andm» = 3 + i. What is the corre-
sponding homogeneous linear differential equation?
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51. Find the general solution of y” + 6y" + 3" =34y =0
if it is known that y; = ¢~ * cos x is one solution.

52. To solve y* + y =0, we must find the roots of
m?*+1=0. This is a trivial problem using a CAS
but can alse be done by hand working with complex
numbers. Observe that m?* + 1= (m> + 1)* — 2m>
How does this help? Solve the differential equation.

53. Verify thaty = sinh x — 2 cos (x + 7/6) is a particular
solution of ¥ — y = 0. Reconcile this particular solu-
tion with the general solution of the DE.

54. Consider the boundary-value problem y" + Ay =0,
y(0) =0, y(7/2)=0. Discuss: Is it possible to
determine values of A so that the problem possesses
(a) trivial solutions? (b) nontrivial solutions?

Computer Lab Assignments

In Problems 55-58 use a computer either as an aid in
solving the auxiliary equation or as a means of directly
obtaining the general solution of the given differential

CHAPTER 4 HIGHER-ORDER DIFFERENTIAL EQUATIONS

equation. If you use a CAS to obtain the general solution,
simplify the output and, if necessary, write the solution in
terms of real functions.

85, y" =6y +2y' +y=0
56. 6.11y" + 8.59y" + 7.93y" + 0.778y = 0
57. 3.15y"W — 5.34y" + 6.33y' — 2.03y =0

58, ¥ 4 2y" —y' + 2y =10

In Problems 59 and 60 use a CAS as an aid in solving
the auxiliary equation. Form the general solution of the dif-
ferential equation. Then use a CAS as an aid in solving the
system of equations for the coefficients ¢;, 1 = 1, 2,3, 4 that
results when the initial conditions are applied to the general
solution.

89, Wiy [ ey g
¥(0) = —2,5"(0) = 6,y"(0) = 3,3"(0) =}

60. y* —3y" +3y" —y" =0,
¥(0) = y'(0) = 0,y"(0) = y"(0) = 1

[ T44

UNDETERMINED COEFFICIENTS—SUPERPOSITION

APPROACH"

REVIEW MATERIAL

we must do two things:

l‘:'"r.'.!‘!(m + ay— }.(F?— b

« find the complementary function y. and
+ find any particular solution y, of the nonhomogeneous equation (1).

aﬂ)_.hr} + G,r_|_\‘t”_“ R

¢ Review Theorems 4.1.6 and 4.1.7 (Section 4.1}

INTRODUCTION  To solve a nonhomogeneous linear differential equation

+ e 4 ay +oagy = gx), (1)

Then, as was discussed in Section 4.1, the general solution of (1) is ¥ = y. + y,. The complemen-
tary function y. is the general solution of the associated homogeneous DE of (1), that s,

+ a vy + agy = 0.

In Section 4.3 we saw how to solve these kinds of equations when the coefficients were constants.
Our goal in the present section is o develop a method for obtaining particular solutions.

“Note to the Instructor: In this section the method of undetermined coefficients is developed from the
viewpoint of the superposition principle for nonhomogeneous equations (Theorem 4.7.1). In Section 4.5
an entirely different approach will be presented. one utilizing the concept of differential annihilator

operators. Take your pick.
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METHOD OF UNDETERMINED COEFFICIENTS The first of two ways we
shall consider for obtaining a particular solution y, for a nonhomogeneous linear DE
is called the method of undetermined coefficients. The underlying idea behind
this method is a conjecture about the form of ¥p» an educated guess really, that is
motivated by the kinds of functions that make up the input function g(x). The general
method is limited to linear DEs such as (1) where

* the coefficients @;, i = 0, 1, . . .. n are constants and

¢ g(x) is a constant k, a polynomial function, an exponential function ¢®*,
a sine or cosine function sin Bx or cos Bx, or finite sums and products
of these functions.

NOTE  Strictly speaking, g(x) = k (constant) is a polynomial function. Since a con-
stant function is probably not the first thing that comes to mind when you think of
polynomial functions, for emphasis we shall continue to use the redundancy
“constant functions, polynomials, . ...~

The following functions are some examples of the types of inputs g(x) that are
appropriate for this discussion:

g(x) = 10, g(x) =22 — 52, gx) = 15x— 6 + 8e™,
g(x) = sin 3x — Sx cos 2x, g(x) = xesiny + (32 — De .

Thatis, g(x) is a linear combination of functions of the type

fi=p AT o e ok g st Plx) e, Plx)esin 8, and Pl e cos By,

where 1 is a nonnegative integer and @ and £ are real numbers. The method of
undetermined coefficients is not applicable to equations of form (1) when

I :
gx)=1Inx, gk = s glx) = tanx, g(x) = sin”lx,

and so on. Differential equations in which the input g(x) is a function of this last kind
will be considered in Section 4.6.

The set of functions that consists of constants, polynomials, exponentials
", sines, and cosines has the remarkable property that derivatives of their sums
and products are again sums and products of constants, polynomials, exponen-
tials e®', sines, and cosines. Because the lincar combination of derivatives
Ve Qe YT A e kg Yyt agy, must be identical to g(x), it seems
reasonable to assume that y, has the same form as g(x).

The next two examples illustrate the basic method.

i EXAMPLE 1  General Solution Using Undetermined Cocfficients

Solve y" + 4y' — 2y = 22° — 3x + 6. 2)

9]

SOLUTION  Step 1. We first solve the associated homogeneous equation
y" +4y" — 2y = 0. From the quadratic formula we find that the roots of the auxil-
iary equation m*> + 4m — 2 = 0 are m, = —2 — /6 and m, = —2 + /6. Hence

the complementary function is

—(2+vB)x P r\.”f\}\-_

Y= €€

Step 2. Now, because the function g(x) is a quadratic polynomial, et us assume a
particular solution that is also in the form of a quadratic polynomial

¥, =Ax*+ Bx + C.

45



142 ® CHAPTER 4 HIGHER-ORDER DIFFERENTIAL EQUATIONS

We seek to determine specific coefficients A, B, and C for which y, is a solution
of (2). Substituting y, and the derivatives

y,=2Ax+ B and yr=124
into the given differential equation (2), we get
yo+ 4y — 2y, = 2A + 8Ax + 4B — 2Ax* — 2Bx — 2C = 2x* — 3x + 6.

Because the last equation is supposed to be an identity, the coefficients of like powers
of x must be equal:

equal
_ | 1]

[ZoA ] +[sa—2B|x+ [ 2474B-2C | =22 —3x+56
That is, —24 =12, 8A — 2B = =3, 2A+4B—2C = 6.
Solving this system of equations leads to the values A = =1, B = —; and C = —9.
Thus a particular solution is

— s 5 -
bl S '?:A -9,

Step 3. The general solution of the given equation is

; - A 2
¥»Eye .‘";1 = 0e {: \6}! T ('|€r' _FV(J}_\ 7 XE = ;.\' — Q. [+

i EXAMPLE 2 Particular Solution Using Undetermined Coefficients

]

Find a particular solution of y" — y' + y = 2 sin 3x.

SOLUTION A natural first guess for a particular solution would be A sin 3x. But
because successive differentiations of sin 3x produce sin 3x and cos 3x. we are
prompted instead to assume a particular solution that includes both of these terms:

¥p = A cos 3x + Bsin 3x.

Differentiating y, and substituting the results into the differential equation gives,
after regrouping,

Yo =¥+ ¥, = (—84 — 3B)cos 3x + (34 — 8B) sin 3x = 2 sin 3x
or

equal

i
e s

sin 3x.
From the resulting system of equations,
—8A—3B=0, 34 — 8B =2,
we get A = ?—(; and B = -—%. A particular solution of the equation is
] 16
¥, = =7 cos 3x — —sin 3x. B
P73 73

As we mentioned, the form that we assume for the particular solution y, is an
educated guess; it is not a blind guess. This educated guess must take into consider-
ation not only the types of functions that make up g(x) but also, as we shall see in
Example 4, the functions that make up the complementary function y..
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g EXAMPLE 3  Formingy, by Superposition

Solve y” — 2y" — 3y = 4x — 5 + 6xe™. (3)

SOLUTION  Step 1. First, the solution of the associated homogeneous equation
¥ =2y — 3y =0isfound tobe y. = c1e™* + cae™.

Step 2. Next, the presence of 4x — 5 in g(x) suggests that the particular solution
includes a linear polynomial. Furthermore, because the derivative of the product xe>*
produces 2xe®* and ¢**, we also assume that the particular solution includes both
xe** and ¢**. In other words, g is the sum of two basic kinds of functions:

g(x) = g,(x) + g,(x) = polynomial + exponentials.

Correspondingly, the superposition principle for nonhomogeneous equations
(Theorem 4.1.7) suggests that we seek a particular solution

Yo =¥ T Y
where y, = Ax + Bandy, = Cxe* + E¢*'. Substituting
yp=Ax+ B+ Cxe™* + Ee**
into the given equation (3) and grouping like terms gives
Yp = 2y, — 3y, = —3Ax — 24 — 3B — 3Cxe™ + (2C — 3E)e™ = 4x — 5 + 6xe?Y, ()

From this identity we obtain the four equations

—34 = 4, =2A. = 3BBE =5 —3C =0, 2C—=3E =1,
The last equation in this system results from the interpretation that the coefficient of
e*Vin the right member of (4) is zero. Solving, we find A = —_é, B = ;1 C=—2,and
E = —5 Consequently,
4 i 23 -
Vo= ——=x = et i gasd
wh 3 9 3

Step 3. The general solution of the equation is

= . 4 23 4\
Y =iEET e Get = ‘:{-.1‘ s ? =2+ ) e B
3 3

In light of the superposition principle (Theorem 4.1.7) we can also approach
Example 3 from the viewpoint of solving two simpler problems. You should verify
that substituting

Yo, =Ax+ B into y'—2y —3y=4x—-35
and ¥y, = Cxe*™ + Ee’* into ¥ = 2y — 3y = 6xe™®
ields, in turn, y, = —3x + Zandy, = —(2x 4 3)e?*. A particular solution of (3)
yields, »Yp, = 73X F Gandy, = —(2x + {)¢*. A particular solution of (3

istheny, = y, + ¥,. . _
The next example illustrates that sometimes the “obvious” assumption for the
form of y,, is not a correct assumption.

I EXAMPLE 4 A Glitch in the Method

Find a particular solution of y" — 5y’ + 4y = 8e¢*.
SOLUTION  Differentiation of ' produces no new functions. Therefore proceeding

as we did in the earlier examples, we can reasonably assume a particular solution of
the form y, = Ae*. But substitution of this expression into the differential equation
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for y,,.

f’l"he difficulty here is apparent on examining the complementary function
Ve = ¢1e* + c2e*. Observe that our assumption Ae* is already present in y.. This
means that ¢” is a solution of the associated homogeneous differential equation, and
a constant multiple Ae* when substituted into the differential equation necessarily
produces zero.

What then should be the form of y,? Inspired by Case Il of Section 4.3, let’s see
whether we can find a particular solution of the form

Yp = Axe’,

Substituting y, = Axe® + Ae*and y;, = Axe® + 2Ae¢" into the differential equation
and simplifying gives
¥, = Sy, + 4y, = —34e* = 8¢

From the last equality we see that the value of A is now determined as A = —g,
Therefore a particular solution of the given equation is y, ~ ~ 31( =

The difference in the procedures used in Examples 1-3 and in Example 4
suggests that we consider two cases. The first case reflects the situation in
Examples 1-3.

CASE | No function in the assumed particular solution is a solution of the asso-
ciated homogeneous differential equation.

In Table 4.1 we illustrate some specific examples of g(x) in (1) along with the
corresponding form of the particular solution. We are, of course, taking for granted
that no function in the assumed particular solution y,, is duplicated by a function in
the complementary function y,.

TABLE 4.1 Trial Particular Solutions

giv) Form of v,
1. 1 {any constant) A
2, 5x+7 Ax+ R
3 -2 Ax*+ Bx+ C
- e | A+ B+ Cx+ E
5. sin4x Acosdy + Bsindx
6. cos 4x Acosdx + Bsindx
7. e Ae’*
8, (9r — 2)e™ (Ax + B)ye™
9,y (Ax? + Bx + C)e™
10. ¢ sin 4x Ae* cos 4x + Be™ sin 4x
11. 537 sin 4x (A + By + Cleos dx + (Ex” + Fx + G)sindx
12, xe¥ cos 4x (Ax + Byetcos dx + (Cx + E)e* sin 4x

I EXAMPLE 5 Forms of Particular Solutions— Case I

Determine the form of a particular solution of
(a) y" — 8y' + 25y = S5x%e ™ — Te™* (b) ¥ + 4y = xcosx
SOLUTION (a) We can write g(x) = (5Sx* — 7)e ™. Using entry 9 in Table 4.1 as
a model, we assume a particular solution of the form
Y= (A° + B2 + Cx + Ede™™.

Note that there is no duplication between the terms in y, and the terms in the comple-
mentary function y. = ¢*(c; cos 3x + ¢3 sin 3x).
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(b) The function g(x) = x cos x is similar to entry 11 in Table 4.1 except, of course,
that we use a linear rather than a quadratic polynomial and cos x and sin x instead of
cos 4x and sin 4x in the form of y,:

¥y = (Ax + B)cosx + (Cx + E) sin x.
Again observe that there is no duplication of terms between ¥p and

Ve = €] €08 2x + ¢ 8in 2x. i}

If g(x) consists of a sum of, say, m terms of the kind listed in the table, then (asin
Example 3) the assumption for a particular solution y, consists of the sum of the trial
forms y,. ¥,. . ...y, corresponding to these terms:

y!" = ¥py + ¥py e Ypar
The foregoing sentence can be put another way.

Form Rule for Case I The form of y, is a linear combination of all linearly
independent functions that are generated by repeated differentiations of g(x).

E EXAMPLE 6  Forming y, by Superposition— Case I

Determine the form of a particular solution of

¥ =9y 4+ 14y = 3% — 55in 2x + Txett

SOLUTION
Corresponding to 3x7 we assume ¥, = Ax* + Bx + C.
Corresponding to — 5 sin 2x we assume  y, = Ecos2x + Fsin 2x.
Corresponding to 7xe® we assume ¥y =4Gx +H)e™,
The assumption for the particular solution is then
Yo = ¥p ¥ Vpy ¥, = A+ Bx + C + Ecos2x + Fsin2x + (Gx + H)e™,
No term in this assumption duplicates a term in y, = ¢ + ¢5e’~. =
CASE Il A function in the assumed particular solution is also a solution of the
associated homogeneous differential equation.

The next example is similar to Example 4,

I EXAMPLE 7 Particular Solution—Case II

Find a particular solution of y" — 2y + v = ¢,

SOLUTION The complementary function is y. = cje* + coxe®. As in Example 4,
the assumption y, = Ae* will fail, since it is apparent from y, that ¢* is a solution of
the associated homogeneous equation y” — 2y' + v = 0. Moreover, we will not be
able to find a particular solution of the form v, = Axe®, since the term xe* is also
duplicated in y.. We next try

o= Aylet
¥ —Axe.

Substituting into the given differential equation yields 24e* = ¢*, s0 A = L. Thus a
particular solution is y, = 1+, e

P o
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Suppose again that g(x) consists of m terms of the kind given in Table 4.1. and
suppose further that the usual assumption for a particular solution is

e S N

wherethey,,i=1,2,...,mare the trial particular solution forms corresponding to
these terms. Under the circumstances described in Case 1I, we can make up the
following general rule.

Multiplication Rule for Case Il If any y, contains terms that duplicate terms in

Ve then that y, must be multiplied by x", where n is the smallest positive integer

that eliminates that duplication.

FXAM PLE 8 An Initial-Value Problem

Solve y" + y = 4x + 10sinx, y(m) = 0, y'(7) = 2.

SOLUTION The solution of the associated homogeneous equation y" + y =
is y. = ¢; cos x + ¢ sin x. Because g(x) = 4x + 10 sin x is the sum of a linear
polynomial and a sine function, our normal assumption for y,, from entries 2 and 3
of Table 4.1, would be the sumof y, = Ax + Band y, = Ccosx + Esinx:

YV, = Ax + B+ Ccosx + Esinx. (3)
But there is an obvious duplication of the terms cos x and sin x in this assumed form

and two terms in the complementary function. This duplication can be eliminated by
simply multiplying y, by x. Instead of (5) we now use

¥, =Ax+ B+ Cxcosx + Exsinux. (6)
Differentiating this expression and substituting the results into the differential
equation gives

Yp+ ¥, =Ax+ B — 2Csinx + 2Ecosx = 4x + 10sinx,

and so A =4, B=0. —2C =10, and 2E = 0. The solutions of the system are
immediate: A =4, B=0, C = =5, and E = 0. Therefore from (6) we obtain
¥p = 4x — 5x cos x. The general solution of the given equation is

Y=Yt ¥ = qcosx+ o sinx + 4x — Sxcos .

We now apply the prescribed initial conditions to the general solution of the
equation. First, ¥(7) = ¢; cos 7 + ¢z sinw + 47 — 57 cos w = 0 yields ¢y = 97,

since cos 7 = — 1 and sin 7 = 0. Next, from the derivative
y' = —O9wsinx + c,cosx + 4 + Sxysinxy — S5cosx
and y(m) = —97wsinow + cacos 7+ 4+ SwsinT — Scosw= 2

we find ¢; = 7. The solution of the initial-value is then

y=9mcosx + Tsinx + 4x — Sxcosx. 1

§ EXAMPLE 9  Using the Multiplication Rule

Solve y" — 6y’ + Oy = 6x% + 2 — 123~

SOLUTION The complementary function is y. = cje®* + caxe™. And so, based on
entries 3 and 7 of Table 4.1, the usual assumption for a particular solution would be

¥, = Ax*+ Bx + C + Ee™.
R 2 A 7 N o
2
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Inspection of these functions shows that the one term in y,, is duplicated in y,. If
we multiply y, by x, we note that the term xe>* is still part of y.. But multiplying
¥p, by x* eliminates all duplications. Thus the operative form of a particular
solution is

Yp = AxY + Bx + C + Ex2e.

Differentiating this last form. substituting into the differential equation, and collecting
like terms gives

Yp— 6y, + 9y, = 9AXC + (=124 + 9B)x + 2A — 6B + 9C + 2Ee™ = 6232 + 2 — 1263

It follows from this identity that A = £, B = g C= % and E = —6. Hence the general

solution y = y. + ypis y = cje™ & caxe™ + 32 5 v 12— gl - |

I EXAMPLE 10  Third-Order DE—Case I

Solve y" + 3" = ¢* cos x.

SOLUTION  From the characteristic equation m® + m® = 0 we find m; = my = 0
and m3 = —1. Hence the complementary function of the cquation  is
Ve =€) T cax F cae”" With g(x) = e¥ cos x, we see from entry 10 of Table 4.1 that
we should assume that

¥, = Ae'cosx + Be'sinx.

Because there are no functions in ¥p that duplicate functions in the complementary
solution, we proceed in the usual manner. From

Yo+ ¥, =(—2A + 4B)e'cosx + (—4A — 2B)esiny = e"cos x

we get —2A + 48 = 1 and —44 — 2B = 0. This system gives A = —]35 and B = {
s0 a particular solution is ¥ = —ﬁ e‘cosx + ;Lc»-"sin x. The general solution of the

equation is

S Yo
YVEYoh Yy, =t X + et — —e'cosx + —evsin x ]
’ e - : 10 5

rEXAM PLE 1T Fourth-Order DE—Case 1T

Determine the form of a particular solution of y + " = [ — y2er,

SOLUTION  Comparing y. = ¢| + ¢33 + e3x° + ¢4¢” with our normal assumption
for a particular solution

Y, =A + Bx?e™% + Cxe™ + Ee™™,
'\/’ .2 o Z)

¥a, %

we see that the duplications between v, and ¥p are eliminated when ¥p, is multiplied
by x* and ¥, is multiplied by x. Thus the correct assumption for a particular solution
is vy = Ax’ + Bade ™ - Cxle™ 4 Exe™™. ]
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REMARKS

(f) In Problems 27-36 in Exercises 4.4 you are asked to solve initial-value
problems, and in Problems 3740 you are asked to solve boundary-value
problems. As illustrated in Example 8, be sure to apply the initial conditions or
thc-'boundary conditions to the general solution y = y, + y,. Students often
make the mistake of applying these conditions only to the complementary
function y. because it is that part of the solution that contains the constants
Ci, Cain, O,

(ii) From the “Form Rule for Case I" on page 145 of this section you see why
the method of undetermined coefficients is not well suited to nonhomogeneous
linear DEs when the input function g(x) is something other than one of the four
basic types highlighted in color on page 141. For example, if P(x) is a polyno-
mial, then continued differentiation of P(x)e®* sin Bx will generate an indepen-
dent set containing only a finite number of functions—all of the same type,
namely, a polynomial times ¢** sin Bx or a polynomial times ¢** cos Bx. On
the other hand, repeated differentiation of input functions such as g(x) = In x
or g(x) = tan” lx generates an independent set containing an infinite number of
functions:

derivatives of In x: - },%, =
X
1 —2x =2+ 6x°
T+ 2 (1+7 (1 +2)7°

1

derivatives of lan” 'x:

EXERCISES 4.4 Answers to selected odd-numbered problems begin on page ANS-5.

In Problems 1-26 solve the given differential equation by 16 v =5y =2x  —4x — x4+ 6

undetermined coefficients. "
17. y" — 23" + 5y = e¥cos 2x

Ly +3y +2v=6 18. y" — 2y" + 2y = ™ (cos x — 3 sin x)
2. 4"+ 9y =15 19. y" + 2y' + y = sinx + 3 cos 2x
3. y"— 10y + 25y =30x+ 3 20. ¥y +2y' — 24y = 16 — (x + 2)e**
4, y'+y —6y=2x 21. y" —6y" =3 —cosx
5. sy y=aton 22. y" = 2y" =y + By = bxe™

4 23. y" ="+ 3y —y=x—4¢"
6. yv' — &' + 20y = 100x” — 26xe" 2. Y —y" — 4y +dy=5— e + o>
7. ¥" + 3y = —48x%™ 25, YW 4 iy 4 y= (x— 1)?
8. 4y" — 4y' — 3y = cos 2x 26. Y — y" = dx + 2xe™*
9, yW—y'=-3

In Problems 27-36 solve the given initial-value problem.

12. y" — 16y = 2% 28. 23"+ 3y —2y=14x2—4x— 11, y()=0,y'(0)=0
13. ¥" + 4y = 3 sin 2x 29. 5y" +y' = —6x, y(0)=0,y'(0)=—10

14. y" — 4y = (x* — 3)sin 2x 30. Y+ 4y +4y =3 +xe ™, yO)=2,y(0) =5
15. y" + y = 2xsinx 3L 3"+ 4y + Sy =354, y(0) = —3,y(0) = 1
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32, y" —y=coshx, y(0)=2y(0) =12

1 5 _

33, (drf + wx = Fysinwt, x(0)=0,x(0)=0
[ AP ’

34. e + wx = Fyeosyt, x(0)=0,x"(0)=0
ar-

35. Y7~y =0 = ode* + A0e¥, y(0) =F
(0 =3"0) = 3

36. y" + 8y =2x—5+ 8%,
}‘n(o) — _4

y(0) = =5,y"(0) = 3,

In Problems 3740 solve the given boundary-value problem.

3.y +y=x*+1, y0)=5y1)=0

By = +2y=2x-2, yO)=0,ym=m7

39. y'+3y=06x, y0)=0,y1)+y(1)=0

40, v +3y=6x, y(O)+y (O =0,v(1)=0

In Problems 41 and 42 solve the given initial-value problem
in which the input function g(x) is discontinuous. [Hint:
Solve cach problem on two intervals, and then find a solution

so that y and y' are continuous at x = 77 /2 (Problem 41) and
at x = 7 (Problem 42).]

41. y" + 4y =gx), y(0)=1,y(0) = 2. where

L Jsinx, 0=x= /2
80 =10 x> ap

42, y" =2y 4+ 10y = g(x), »(0)=0,v(0) =0, where

o 20, 0=x=w
x) =
& 0, X =t

Discussion Problems

43. Consider the differential equation ay” + by' + ¢y = &*,
where a, b, ¢, and k are constants. The auxiliary
equation of the associated homogeneous equation is
am® + bm + ¢ = 0.

(a) If & is not a root of the auxiliary equation, show
that we can find a particular solution of the form
v, = Ae*, where A = 1/(ak? + bk + ¢).

(b) If & is a root of the auxiliary equation of multiplicity
one, show that we can find a particular solution of
the form y, = Axe*, where A = 1/Q2ak + b).
Explain how we know that k # —b/(2a).

(¢) If kis a root of the auxiliary equation of multiplicity
two, show that we can find a particular solution of the
form y = Ax%e**, where A = 1/(2a).

44. Discuss how the method of this section can be used
to find a particular solution of y" + y = sin x cos 2x.
Carry out your idea.
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45. Without solving, match a solution curve of y" + y = f(x)
shown in the figure with one of the following functions:
0 fx) =1, () fx)=e 7,
(i) flx) = e, (iv) f(x) = sin 2x,
(v) flx) = e¥sinx, (vi) f(x) = sinx.

Briefly discuss your reasoning.

(a) x [,
A IANFA" nﬂ;

VoV T \}\i

I

FIGURE 4.4.1

Solution curve

(b) ¥

‘1\ N N
N ¥

FIGURE 4.4.2 Solution curve

(c)

FIGURE 4.4.3

Solution curve

(d) \

\ \ﬂ \
|

FIGURE 4.4.4 Solution curve

Computer Lab Assignments

In Problems 46 and 47 find a particular solution of the given
differential equation. Use a CAS as an aid in carrying out
differentiations, simplifications, and algebra.

46. y" — 4y' + 8y = (2x® — 3x)e?* cos 2x
+ (1057 = x — e gin 2x

47. yW 4+ 29" + y = 2 cos x — 3xsin x
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4.5

UNDETERMINED COEFFICIENTS —ANNIHILATOR APPROACH

REVIEW MATERIAL
¢ Review Theorems 4.1.6 and 4.1.7 (Section 4.1)

INTRODUCTION  We saw in Section 4.1 that an nth-order differential equation can be written
a, D'y + a,,_|D"‘1_\-' + -+ gDy + agy = glx), (1)

where Dfy = d*yfdx*’, k=0,1,...,n When it suits our purpose, (1) is also written as L(y) = g(x),
where L denotes the lincar nth-order differential, or polynomial, operator

a D+ a, D"+ -0 4+ gD+ ay (2)

Not only is the operator notation a helpful shorthand, but also on a very practical level the
application of differential operators enables us to justify the somewhat mind-numbing rules for
determining the form of particular solution y, that were presented in the preceding section. In this
section there are no special rules; the form of y, follows almost automatically once we have found
an appropriate linear differential operator that annihilates g(x) in (1). Before investigating how this
is done, we need to examine two concepts.

FACTORING OPERATORS When the coefficients a;, i = 0. 1,.... n are real
constants, a linear differential operator (1) can be factored whenever the characteris-

tic polynomial a,m" + Apqm™

a root of the auxiliary equation

Gt g, A am toa; =0,

- -« + aym + ag factors. In other words, if r; is

then L = (D — ry) P(D), where the polynomial expression P(D) is a linear differential
operator of order n — 1. For example, if we treat D as an algebraic quantity, then the
operator D7 + 5D + 6 can be factored as (D + 2)(D + 3) oras (D + 3)(D + 2). Thus
if a function y = f(x) possesses a second derivative, then

(D> + 5D + 6)y = (D + 2)(D + 3)y = (D + 3)(D + 2)y.
This illustrates a general property:
Factors of a linear differential operator with constant coefficients commute.

A differential equation such as y" + 4y" + 4y = 0 can be written as

DY+4D+4)y=0 or (D+2)D+2)y=0 or (D+2)>%=0.

ANNIHILATOR OPERATOR If L is a linear differential operator with constant
coefficients and fis a sufficiently differentiable function such that

L(f(x) =0,

then L is said to be an annihilator of the function. For example, a constant function
¥ = k is annihilated by D, since Dk = 0. The function y = x is annihilated by the
differential operator D? since the first and second derivatives of x are 1 and 0,
respectively. Similarly, D*x? = 0, and so on.

The differential operator D" annihilates each of the functions

Tl e paRee L el (3)
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As an immediate consequence of (3) and the fact that differentiation can be done
term by term, a polynomial

Ehiy -
Gy GG+ e ok g} (4)

can be annihilated by finding an operator that annihilates the highest power of x.

The functions that are annihilated by a linear nth-order differential operator L
are simply those functions that can be obtained from the general solution of the
homogeneous differential equation L(y) = 0.

The differential operator (D — «)" annihilates each of the functions

(,o.\‘. xe™ ..\.jeﬂ.‘.‘ Lo lﬁ,(r.\. (5]

To see this, note that the auxiliary equation of the homogeneous equation
(D = a)'y=0is (m—a)" = 0. Since a is a root of multiplicity n, the general
solution is

_‘_, e Cleu.( an (.‘:Xe“" I < (.“",ff"leu.r. (6)

E EXAMPLE T  Annihilator Operators

Find a differential operator that annihilates the given function.
(@ 1 =5x2+8x" (b)) e™™  (c) de* — 10xe™
SOLUTION (a) From (3) we know that D*x? = 0. so it follows from (4) that
D1 — 5x* + 8x%) = 0.
(b) From (5), witha = —3 and n = 1, we see that
(D + 3)e ™ =0.
(c) From (5) and (6), with @ = 2 and n = 2, we have

(D — 2)%(4** — 10xe™) = 0. .

When a and B, B > 0 are real numbers, the quadratic formula reveals that
[m* = 2am + (a® + B%]" = 0 has complex roots a + i3, @ — i, both of multi-
plicity n. From the discussion at the end of Section 4.3 we have the next result.

- - e ey v -
The differential operator [D? — 2aD + (a? + B7)]" annihilates each of the
functions
et cos Bx, xe*tcos fr. e cos By, ... a7 le"tcos A @
e“*sin fAx. xe™sin Br.  MeTsin By, .... ¥ le"Tgn Bux.

I'EX AMPLE 2 Annihilator Operator

Find a differential operator that annihilates 5¢ ™ cos 2x — 9¢™* sin 2.x.

SOLUTION Inspection of the functions ¢™ cos 2x and e~ sin 2x shows that
@ = —1land 8 = 2. Hence from (7) we conclude that D? + 2D + 5 will annihilate
each function. Since D> + 2D + 5 is a linear operator, it will annihilate any linear
combination of these functions such as 5¢™ cos 2x — 9¢™* sin 2x. B
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When & = 0 and n = 1, a special case of (7) is

(D + )] . o =0 ®)

| sin Bx

For example, D? + 16 will annihilate any linear combination of sin 4x and cos 4x.

We are often interested in annihilating the sum of two or more functions. As we
have just seen in Examples 1 and 2, if L is a linear differential operator such
that L(y;) =0 and L(y,) =0, then L will annihilate the linear combination
c1y1(x) + c2y2(x). This is a direct consequence of Theorem 4.1.2. Let us now suppose
that L, and L, are linear differential operators with constant coefficients such that L,
annihilates y;(x) and L, annihilates ya(x), but L;(y») # 0 and L:(y)) # 0. Then the
product of differential operators L)L, annihilates the sum ¢;yy(x) + ¢2y2(x). We can

easily demonstrate this, using linearity and the fact that L L, = L,L;:

LiLy(y, + y2) = LiLy(y)) + LiLo(y)
= L,Ly(y;) + LiL(yy)
= Ly[Li(y)] + Ll[IL:U‘z)] =0,

" -

—

Lern LTI

For example, we know from (3) that D? annihilates 7 — x and from (&) that
D? + 16 annihilates sin 4x. Therefore the product of operators DX(D? + 16) will
annihilate the linear combination 7 — x + 6 sin 4x.

NOTE The differential operator that annihilates a function is not unique. We saw
in part (b) of Example 1 that D + 3 will annihilate e™*, but so will differential
operators of higher order as long as D + 3 is one of the factors of the operator. For
example, (D + 3)(D + 1), (D + 3)%, and D*(D + 3) all annihilate =, (Verify this.)
As a matter of course, when we seek a differential annihilator for a function y = f(x),
we wanlt the operator of lowest possible order that does the job.

UNDETERMINED COEFFICIENTS  This brings us to the point of the preceding
discussion. Suppose that L(y) = g(x) is a linear differential equation with constant
coefficients and that the input g(x) consists of finite sums and products of the func-
tions listed in (3), (5), and (7)—that is, g(x) is a linear combination of functions of
the form

k(constant), X", x"e*'. x"e*'cos Bx. and  x"etsin fv

where m is a nonnegative integer and « and 8 are real numbers. We now know
that such a function g(x) can be annihilated by a differential operator L; of
lowest order, consisting of a product of the operators D", (D — )", and
(D* = 2aD + a® + B%)". Applying L, to both sides of the equation L(y) = g(x)
yields LiL(y) = Li(g(x)) = 0. By solving the homogeneous higher-order equation
LiL(y) = 0, we can discover the form of a particular solution y, for the original
nonhomogeneous equation L(y) = g(x). We then substitute this assumed form into
L(y) = g(x) to find an explicit particular solution. This procedure for determining
vp. called the method of undetermined coefficients, is illustrated in the next
several examples.

Before proceeding, recall that the general solution of a nonhomogeneous
linear differential equation L(y) = g(x) is y = y, + y,, where y. is the comple-
mentary function—that is, the general solution of the associated homogeneous
equation L(y) = 0. The general solution of each equation L(y) = g(x) is defined
on the interval (—==, o),
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I EXAMPLE 3 General Solution Using Undetermined Cocfficients

Solve y” + 3y' + 2y = 4x* ©)

SOLUTION Step 1. First, we solve the homogeneous equation y” + 3y + 2y = 0.
Then, from the auxiliary equation mr+3m+2=(m+ im+2)=0 we find
m; = —1 and m2 = —2, and so the complementary function is

- -
Ve = €1e” "+ cae”

Step 2. Now, since 4x” is annihilated by the differential operator D, we see that
D¥D? + 3D + 2y = 4D3x? is the same as

D¥D*+ 3D + 2)y = 0. (10)
The auxiliary equation of the fifth-order equation in (10},
mm® 4+ 3m+2)=0 or mi(m+ Dim+2)=0,

has roots my = ms» = m3 = 0, mgy = —1, and ms = —2. Thus its general solution
must be

A i L S e
Y=o Fox+ et + et + cseT (11

The terms in the shaded box in (11) constitute the complementary function of the
original equation (9). We can then argue that a particular solution y, of (9) should
also satisfy equation (10). This means that the terms remaining in (11) must be the
basic form of y,:

¥, =A + Bx + CxX, (12)

where, for convenience, we have replaced ¢, ¢3, and ¢3 by A, B, and C, respectively.
For (12) to be a particular solution of (9). it is necessary to find specific coefficients
A, B, and C. Differentiating (12), we have

¥, =B 420 vy = 2C,
and substitution into (9) then gives

yp + 3y, + 2y, =2C + 3B + 6Cx + 24 + 2Bx + 20x = 457,

Because the last equation is supposed to be an identity, the coefficients of like powers
of x must be equal:

equal

24| 2B+ 6C |x+| 24+ 3B+ 2C | =42 + 0x+ 0.

That is 2C = 4, 2B+ 6C =0, 2A + 3B +2C=0. (13)

Solving the equations in (13) gives A=7, B=—6, and C= 2. Thus
¥p=7— 6x + 2x%

Step 3. The general solution of the equation in (9) is y = y, + y, or

Y=t e+ T = 6x + 252 [#]
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I EXAMPLE 4 General Solution Using Undetermined Coefficients

Solve y" — 3y’ = 8" + 4 sin x. (14)

SOLUTION Step 1. The auxiliary equation for the associated homogeneous equa-
tiony’ — 3y = 0ism?> = 3m=mm—3)=0,s0y, = c1 + e,

Step 2. Now, since (D — 3)e** = 0 and (D* + 1) sin x = 0, we apply the differen-
tial operator (D — 3)(D? + 1) to both sides of (14):
(D — 3)(D* + 1(D* — 3D)y = 0. (15)
The auxiliary equation of (15) is
(m — 3)(m* + D(m* —3m) =0 or m(m — 3)2(m*> + 1) = 0.
Thus y= ¢ + cze-“" g 53.1;97‘-' + ¢4 08 X + cssinx.

After excluding the linear combination of terms in the box that corresponds to y.. we
arrive at the form of y,:
¥, = Axe® + Bcosx + Csinx.
Substituting y, in (14) and simplifying yield
yp = 3y, = 34e* + (=B — 3C)cosx + (3B ~ C)sinx = 8¢ + 4 sin x.

Equating coefficients gives 3A = 8, =B — 3C = 0,and 3B — C = 4. We find A = %‘

B= % and C = —=, and consequently,

8§ , .6 2
¥, ==xeX* + —cosx — 7 Sifx
g 5 )

Step 3. The general solution of (14) is then

sin x. =

Lh o

I EXAMPLE 5 General Solution Using Undetermined Coefficients

Solve y" + ¥ = xcosx — COS X. (16

SOLUTION The complementary function is y. = ¢, cos x + ¢; sin x. Now by com-
paring cos x and x cos x with the functions in the first row of (7), we see thata = 0
and n = 1, and so (D? + 1)? is an annihilator for the right-hand member of the equa-
tion in (16). Applying this operator to the differential equation gives

(D*+ 12D+ y=0 or (D*+ 1)y=0.

Since i and —i are both complex roots of multiplicity 3 of the auxiliary equation of
the last differential equation. we conclude that

Y= ¢;COSX + €, Sinx + cxcosx + cxsiny + csx7cos x + cex?sin x.
We substitute
¥, = Axcosx + Bxsinx + Cxlcosx + Ex’sinx
into (16) and simplify:

ypt+ ¥, =4Excosx — 4Cx sinx + (2B + 2C)cosx + (—24 + 2E) sinx

= XCOsX — COs.x.
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Equating coefficients gives the equations 4E = 1, —4C =0, 2B + 2C = —1, and
—2A + 2E = 0, from which we find A = 1, B = —1, C=0,and E = 1. Hence the
general solution of (16) is

. 1 T 1 ;
Y= eosx + gpsinx + Zx oSt — Exsmx T Z):Esm X. i

{EXAM PLE 6 Form of a Particular Solution

Determine the form of a particular solution for
¥ =2y + y = 10e > cos x. (17)
SOLUTION The complementary function for the given equation is

Ve = cie’ T caxe’.
Now from (7), withae = =2, 8= 1,and n = 1, we know that

(D* + 4D + 5)e > cos x = 0.
Applying the operator D* + 4D + 510 (17) gives
(D* -+ 4D + 5XD* — 2D + 1)y = 0. (18)

Since the roots of the auxiliary equation of (18) are —2 — i, =2 + i, 1. and 1. we
sce from

Y= et + oxet + T eosx + e siny
that a particular solution of (17) can be found with the form

¥, = Ae > cosx + Be 'sin x, ]

l EXAMPLE 7 Form of a Particular Solution

Determine the form of a particular solution for
y—=4y" + 4y = 5x7 — 6x + 4xle? + 365, (19)
SOLUTION  Observe that
DY(5x* — 6x) = 0, (D — 2)%%e* = 0, and (D = 5)™ =0,
Therefore DD — 2)*(D — 5) applied to (19) gives
DXD — 23D — 5)(D* — 4D + 4D)y = 0
or DYD — 2)%D — 5)y = 0.

The roots of the auxiliary equation for the last differential equation are easily seen to
be 0,0,0,0,2,2,2,2,2, and 5. Hence

) . 7, o 9 ; 39 9 5
Y=g+ cx +oax-+ ('4}'3 + cse7¥ + cgre’™ + cpxle™ + cgxe=t + 09)'46“" + cjpe™. (20

Because the linear combination ¢; + cse® + core®™ corresponds to the complemen-
tary function of (19), the remaining terms in (20) give the form of a particular solu-
tion of the differential equation:

¥ = Ax + B2+ 03 + Fxyle?s + FI"(?:" + GJ.‘"(."?" + Hﬁ’s"'. B

SUMMARY OF THE METHOD For your convenience the method of undeter-
mined coefficients is summarized as follows.
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The differential equation L(y) = g(x) has constant coefficients, and the
function g(x) consists of finite sums and products of constants, polynomials,
exponential functions ¢**, sines, and cosines.

(/)  Find the complementary solution y, for the homogeneous equation
L(y) = 0.

(1) Operate on both sides of the nonhomogeneous equation L(y) = g(x)
with a differential operator L; that annihilates the function g(x).

(itf) Find the general solution of the higher-order homogeneous differential
equation LiL(y) = 0.

(iv) Delete from the solution in step (iii) all those terms that are duplicated
in the complementary solution y. found in step (f). Form a linear
combination y, of the terms that remain. This is the form of a
particular solution of L(y) = g(x).

(v)  Substitute y, found in step (iv) into L(y) = g(x). Match coefficients
of the various functions on each side of the equality, and solve the
resulting system of equations for the unknown coefficients in y,.

(vi) With the particular solution found in step (v), form the general
solution y = ¥y, + y, of the given differential equation.

REMARKS

ek

The method of undetermined coefficients is not applicable to linear differential
equations with variable coefficients nor is it applicable to linear equations with
constant coefficients when g(x) is a function such as

1
glx)=Inx, glx) = —, g(x) = tan x, g(x) = sin™!x,
3

and so on. Differential equations in which the input g(x) is a function of this
last kind will be considered in the next section.

EX E RC ] S E S 4 - 5 Answers to selected odd-numbered problems begin on page ANS-5.

In Problems 1 —10 write the given differential equation in the 13. (D—2)D +5);, y=e™+ 3¢
form L(y) = g(x), where L is a linear differential operator
. » 2 .
with constant coefficients. If possible, factor L. 14. D=+ 64; y = 2cos 8x — 5sin 8x
1. 9y" — 4y =sinx 2; p7'= Gy= P In Problems 15-26 find a linear differential operator that
3y -4y —12y=x—6 4. 2" — 3y =2y =1 annihilates the given function.
5. "+ 10y" + 25y = € 6. y" + 4y = ¥ cos 2x 4 y
' 7 : . 15.. 1=+Hx—= 2% 16. x7'(1 — 5x)
eyt 2yls= [ Sytak [hyi=zpgn®
S. ).m + 4_\'" - 3}:J — x‘l cos X — 3x 1%.. 1+ ?C’ZX 18. x + 3){(‘6"
g — .
Lyt =% 19. cos 2x 20. 1 + sinx

10,y — 8y + 16y = (x* — 2x)e™*
21. 13x + 9x% — sin 4x 22, 8x — sinx + 10 cos Sx
In Problems 11— 14 verify that the given differential operator

annihilates the indicated functions. 23 7% + 2xe® — x?e* 24, (2 — 92

11. D% y=10x3— 2x 12, 2D = 1; y = 4¢e*"? 25. 3+ ' cos 2x 26. e Fsinx — ™ cosx
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In Problems 27-34 find linearly independent functions that
are annihilated by the given differential operator.

27. pS 28. D2+ 4D
29. (D — 6)(2D + 3) 30. D* — 9D — 36
31. D?+ 3 32. DX—6D + 10

33. D* — 10D* + 25D 34. DXD-5D-T)

In Problems 35-64 solve the given differential equation by
undetermined coefficients.

36. 2y" — 7y + 5y = =29
3T y'+y =3 38 ¥y + 2"+ y =10

39. '+ 4y +4y=2x+6

40, y" + 3y =4x =35

41, y" + y" = 8x7 42, y" =2y + y=x} + 4x
43, y' =y — 12y =™ 44, y" + 2y + 2y = 5¢5F

45. y"' = 2y' — 3y =4¢"— 9

46. y" + 6y’ + 8y = 3™ + 2x

47. ¥" + 25y = 6sin x

48. "+ 4y =4dcosx+ 3sinx— 8

49. y" + 6y' + 9y = —xe**

50. y" + 3y — 10y = x(e* + 1)

51. y' —y=x%"+ 5

52. "+ 2y +y=x%e™

53. ¥ — 2y + Sy = ¢"sinx

54, vy + y' + i_\' = e'{sin 3x — cos 3x)
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55. y" -+ 25y = 20 sin 5x 56. y"+y=4cosx—sinx
58. y" + 4y = cos’x
59, y" + 8y" = —6x> + 9x + 2

57. y" +y' + y=xsinx

60. Y/ —y'+y —y=xet—e*+ 7
6L ¥y —3y"+ 3y —y=¢e"—x+ 16
62. 2y — 3y" — 3y + 2y = (¢* + )2
63, YW =2y + Y ="+ ]

64,y — 4y" = 557 — -t
In Problems 65-72 solve the given initial-value problem.

65. y" =64y =16, y(0)=1.¥(0)=0

66. y'+y =x yO=1,y0)=0

67. y' = 5y'=x—=2, y0)=0,y(0) =2

68. y" + 5y — 6y = 10, y(0)=1,y'(0) = 1

69. '+ y=8 cos 2x — 4 sin 1, \(-g) = -I._\"(%T) =4

70, y" = 2y" + y' =xe* + 5, y(0)=2,y'(0) =2,
¥'0) = -1

T y" =4y + 8y =1x% y0)=2.y(0)=4

72y —y"=x+ el y(0)=0,)'(0)=0,y"(0) = 0,
Y =0

Discussion Problems

73. Suppose L is a linear differential operator that factors
but has variable coefficients. Do the factors of L com-
mute? Defend vour answer.

4.6 VARIATION OF PARAMETERS

REVIEW MATERIAL

61

¢ Variation of parameters was first introduced in Section 2.3 and used again in Section 4.2,
A review of those sections is recommended.

INTRODUCTION  The procedure that we used to find a particular solution y, of a linear first-order
differential equation on an interval is applicable to linear higher-order DEs as well, To adapt the
method of variation of parameters to a linear second-order differential equation

a)(x)y" + ay(x)y’ + aplx)y = gx). (1)
we begin by putting the equation into the standard form
Yy P@Y + 00y = f(x) (2)

by dividing through by the lead coefficient a»(x). Equation (2) is the second-order analogue of the
standard form of a linear first-order equation: dy/dx + P(x)y = f(x). In (2) we suppose that P(x),
Q(x), and f(x) are continuous on some common interval I, As we have already seen in Section 4.3,
there is no difficulty in obtaining the complementary function ¥e, the general solution of the asso-
ciated homogeneous equation of (2), when the coefficients are constant.
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DIFFERENTIAL EQUATIONS

ASSUMPTIONS Corresponding to the assumption y, = 1;(x)y;(x) that we used in
Section 2.3 to find a particular solution y, of dy/dx + P(x)y = f(x), for the lincar
second-order equation (2) we seek a solution of the form

¥, = (0)y(X) +ia(x)ya(x), (3)

where y; and y; form a fundamental set of solutions on 7 of the associated homoge-
neous form of (1). Using the Product Rule to differentiate y, twice, we get

Y= wpyy + o+ ooy + yaus
Yp = wiyi i+ yu oy oy £ yaun + youy  upys.
Substituting (3) and the foregoing derivatives into (2) and grouping terms yields

zero zaro
+ 00y, = wlyy + Pyy + Qvi] + gyl = Pyl + O] + yuf + gy

+ yauz + unyy + Py + yaual + ypuy + yaus

(I r d ' 1 r 1 I3 1 r L} 1 ’ I}
= d_ [vpreg] + I_ [yauz] + Plyguy + yauia] + yiuy + yaua
X (ax

d , :
= Dy + yad] + Plyw + ya] + yi, + yis = £(0. @

Because we seek to determine two unknown functions i, and u-, reason dictates that
we need two equations. We can obtain these equations by making the further assump-
tion that the functions 1, and u satisfy y,i; = v.u) = (0. This assumption does not
come out of the blue but is prompted by the first two terms in (4), since if we demand
that y,uy + y.uy = 0, then (4) reduces to v, + viut = f{v). We now have our
desired two equations. albeit two equations for determining the derivatives ) and
1t5. By Cramer’s Rule, the solution of the system

yiuy + yau; =0

yiy + yauy = fx)
can be expressed in terms of determinants:
W Wa  vftx
iy = and  ay e 2w 2L 5
W : W W
. 2 0 Va ! 0
where W= le 1}: W, = e W, = '): ; (6)
¥ X Sy i f)

The functions u and 1z are found by integrating the results in (5). The determinant
W is recognized as the Wronskian of y; and y,. By linear independence of v; and y-
on I, we know that W(y;(x), y2(x)) # 0 for every x in the interval.

SUMMARY OF THE METHOD  Usually, it is not a good idea to memorize for-
mulas in lieu of understanding a procedure. However, the foregoing procedure is
too long and complicated to use each time we wish to solve a differential equation.
In this case it is more efficient to simply use the formulas in (5). Thus to solve
axy" + apy’ + agy = g(x), first find the complementary function y. = ¢y, + c2v»
and then compute the Wronskian W(y;(x), y2(x)). By dividing by a;. we put the
equation into the standard form y" + Py' + Qy = f(x) to determine f(x). We find
u; and u> by integrating '} = W,/Wand uy = W,/W, where W, and W, are defined
as in (6). A particular solution is y, = w;y; + uzy2. The general solution of the
equation is then y = y, + y,.
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g EXAMPLE T General Solution Using Variation of Parameters

Solve y" — 4y’ + 4y = (x + 1)e’~.

SOLUTION From the auxiliary equation m? — 4m + 4 = (m — 2)2 = 0 we have
Ye = c1e** + coxe®*. With the identifications y; = ¢2* and y, = xe?*, we next com-
pute the Wronskian:

o) I
e2x xe¥

Wi e‘.’.\" Xe?.w) — e
( 2 2{_,2.\ 2.\‘6’1"' + (,’.’x

Ax

Since the given differential equation is already in form (2) (that is, the coefficient of
y"is 1), we identify f(x) = (x + 1)e**. From (6) we obtain

0 xe** er 0 )
2x ok 2x == (X + l))’-e-h' H;E = 2x = 2 = (I =+ ])fd.\‘
e 2xe™™ + ¢* 2e (x + e
and so from (5)
A - s 1)xe™ s ) i 1ye*s o
Uy S e T u:——d‘_—-——,x-i-],
2z e
It follows that 1, = —1x" — 1% and u, = 137 + x. Hence
I 3 3 273
Lo, ) ; [ ) T T
yo=| —=x —=x? e + [ =22 + 1 |xe*r = ‘—).‘38"‘ ok ,_,A..-.el\'
g ( 3 2 2 6 2
and y=v +yv =¢ (,’2' + e l'ﬁ’j" i _13()3\' | lti‘_‘_,Z.\ B
/ LE 0 P 1 27 5 6' 2' 2

I EXAMPLE 2 General Solution Using Variation of Parameters

Solve 4y" + 36y = csc 3.
SOLUTION  We first put the equation in the standard form (2) by dividing by 4:
1
y' + 9y = —csc 3x.
! 4

Because the roots of the auxiliary equation m? + 9 = 0 are m; = 3/ and m> = —3i, the
complementary function is y, = ¢) cos 3x + ¢ sin 3x. Using ¥; = cos 3x, y; = sin 3x,
and f(x) = }csc 3x, we obtain

) cos3x  sin3x
Wi(cos 3x, sin 3x) = -

—3sin3x 3cos 3x

W, = 0 sindx| 1 W. = cos 3x 0 _ lecos3x
" |lesc3xr 3 cos3x & *|-3sin3x lese3x| 4 sin3x
S . W, 1 p , W, 1 cosix
ntegrating W)= —=—— an My = =—
A W 12 W 12sin3x
gives u, = —%.1‘ and u, = _;'g In|sin 3x|. Thus a particular solution is
3 +l(‘“)||' 3x|
Y, = ———xcos 3x + — (sin 3x) In|sin 3x|.
G 12 36

The general solution of the equation is

1 1
Y =¥ t¥y,=ccos3x+ cysindx — -13,1' cos 3x + —3_6 (sin3x) In|sin3x|. (7) =
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Equation (7) represents the general solution of the differential equation on, say,
the interval (0, 7/6).

CONSTANTS OF INTEGRATION  When computing the indefinite integrals of i}
and w3, we need not introduce any constants. This is because

=Y T Y Yt Ex¥y ot (ity + ap)y, + (ua + b))y,

Il

(e, = apy; + (ca + by + iy + way;

Il

Cyy + Gy, + gy + gy

I EXAMPLE 3  General Solution Using Variation of Parameters

1
Solve y" — y = —.
X

SOLUTION The auxiliary equation m? — 1 =0 yields m; = —1 and m> = 1.

Therefore y. = c1e* + c2e™*. Now W(e*, ¢™) = —2, and
e *(1/x I [#e™
U= —-———E-*/“), v == —di,
=3 13 P
e'(1/x) 1 |*¢
uy = -—S*-L—, u, = —— | —dt.
- = - 2 de t

Since the foregoing integrals are nonelementary, we are forced to write

l X e_.f I X ()I
WTees (’."J —dft — —e“J —dt,
2 Yy 1 2 Xy r

E 1 ¥ gt 1 ¥ el
andso y=y, + v, ="+ ce™' + ¢ —=flt == | —=dL (8) =
& - 25 Je 1 2 G !

»
In Example 3 we can integrate on any interval [xg. x] that does not contain the

origin.

HIGHER-ORDER EQUATIONS The method that we have just examined for
nonhomogeneous second-order differential equations can be generalized 1o linear
nth-order equations that have been put into the standard form

YO+ P @)yl - e Pix)Y + Polx)y = f(). ©

If ye= ey + caya + -+ ¢y, is the complementary function for (9), then a
particular solution is

Mo = antxwn(x) +ua(x)valx) o+ o oo e G0y,

where the iy, k = 1, 2, ..., n are determined by the n equations

Yy yary A+ -+ yul, = 0
yiu; + Yoy oo + )_;?“:I =0
(10)

Y+ g e 0 = £,
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The first n — 1 equations in this system, like y,u} + yaeb = 0in (4), are assumptions
that are made to simplify the resulting equation after Yo = wyi(x) + -0 4
11, (x)y,(x) is substituted in (9). In this case Cramer’s rule gives

W
e
" W

where W is the Wronskian of yy, 1, . . ., y, and W, is the determinant obtained by
replacing the kth column of the Wronskian by the column consisting of the right-
hand side of (10)—that is, the column consisting of (0, 0, . . . ,f(x)). Whenn = 2,
we get (5). When n = 3, the particular solution is y, = 11y + >y, + u3ys, where
V1. ¥2, and y; constitute a linearly independent set of solutions of the associated
homogeneous DE and uy, u, i3 are determined from

W, W, W,y
.l= ‘_‘ [’-_ ‘-5 ;: _\l l}
i, W s W 1 W (11)
R ¥ 0 » Mooy 0 Yi Y o)
s, Wa=|yi 0 |, Wa=|y ¥ 0], ad W= |y ¥
¥i ¥iofo oy Yioyr f) Yioyhoys

See Problems 25 and 26 in Exercises 4.6.

]

REMARKS

.
o

(i) Variation of paramelters has a distinct advantage over the method of
undetermined coefficients in that it will always yield a particular solution ¥p
provided that the associated homogeneous equation can be solved. The pre-
sent method is not limited to a function f(x) that is a combination of the four
types listed on page 141. As we shall see in the next section, variation of
parameters, unlike undetermined coefficients, is applicable to linear DEs
with variable coefficients.

(i7) In the problems that follow, do not hesitate to simplify the form of y,.
Depending on how the antiderivatives of u} and i} are found, you might not
obtain the same y, as given in the answer section. For example, in Problem 3
in Exercises 4.6 both y, = § sin x — 1 x cos x and y, = sinx — 1 x cos x

are valid answers. In either case the general solution ¥ = Ye + ¥p simplifies to
Y= cosx+ cysinx — % x cos x. Why?

EXERCISES 4.6

Answers to selected odd-numbered problems begin on page ANS-5.

In Problems 1-18 solve each differential equation by varia-

tion of parameters.
1. y"+ y=secx
3. y"+y=sinx
" - o2
. v+ y=cosx
7. ¥" — y=coshx

p e]r
9, y" =iy =—
X

2.y +
4, v+

6. y" +

1
11 7+ 39" + 2y =
’ ) 1 + ¢t
e
12. y' = 2y' + 3y =
y=tanx J YRS TR
¥y = sec a tan @ 13, _\"H s 3_\'" s 2_‘]" = sin ¢*
M — Ot b = &l an
y = sec?x 14. y 2y ¥ = ¢’ arctan ¢
: I5. y" + 2"+ y=e"Int 16, 25" + 2y + v = 4/
vy = sinh 2x : . - - :
17. 3y" — 6y' + 6y = e*sec x
Ox
= 5 18. 44" — 4y’ + y = VT — 12

e
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In Problems 19-22 solve each differential equation by
variation of parameters, subject to the initial conditions
¥(0)=1y(0)=0.

19. 4y" — y = xe*'?

20. 2" +y' —y=x+1

21, y" + 2y — By = 2" ¥ —g¥
22, y" — 4y' + 4y = (1227 — 6x)e

30.

31

In Problems 23 and 24 the indicated functions are known lin-
early independent solutions of the associated homogencous
differential equation on (0, o). Find the general solution of
the given nonhomogeneous equation.

TEIE. g 1 £
23, Py + xy' + (,\‘2 — Yy =,
yi=x""cosx, yr = x"sinx

24. x%y" + xy' + y = sec(In x);
¥y = cos(ln x), y2 = sin(ln x)

In Problems 25 and 26 solve the given third-order differen-
tial equation by variation of parameters.
25,

y"+ y' =tanx 26. ¥y + 4y' = sec 2x

Discussion Problems

In Problems 27 and 28 discuss how the methods of unde-
termined coefficients and variation of parameters can be
combined to solve the given differential equation. Carry out
your ideas.

27. 3y" —6y' + 30y =158mx + e tan 3x
28, y"'— 2y +y=4x2— 3 + x"le*

29. What are the intervals of definition of the general solu-
tions in Problems 1, 7, 9, and 187 Discuss why the inter-
val of definition of the general solution in Problem 24 is

nor (0, =).

Find the general solution of x%y" + x3y’ —dx?ly =1
given that y; = x? is a solution of the associated homo-
geneous equation.

Suppose y,(x) = u(x)y1(x) + wa(x)y:(x), where u; and
1 are defined by (5) is a particular solution of (2) on an
interval I for which P, O, and f are continuous. Show
that y, can be written as

plx) = J G(x, Df(r) dt, (12)
where x and xg are in /,
Gex, 1) = Y10ya(0) = yi1(ya(1) (13)

W)

and W(r) = W(y(r), y2(r) is the Wronskian. The func-
tion G(x, 1) in (13) is called the Green’s function for the
differential equation (2).

. Use (13) to construct the Green's function for the differ-

ential equation in Example 3. Express the general solu-
tion given in (8) in terms of the particular solution (12).

. Verify that (12) is a solution of the initial-value problem

d*y dy -
S+ P+ Oy =f(x), yxp) =0, yi(x)=0.
dx dx

on the interval I. [Hinr: Look up Leibniz's Rule for
differentiation under an integral sign.]

. Use the results of Problems 31 and 33 and the Green's

function found in Problem 32 to find a solution of the
initial-value problem

"

Y —y=e% y0)=0, y(@©)=0

using (12). Evaluate the integral.

4.7

CAUCHY-EULER EQUATION

REVIEW MATERIAL

in that an auxiliary equation must be solved.

66

= Review the concept of the auxiliary equation in Section 4.3,

INTRODUCTION  The same relative ease with which we were able to find explicit solutions of
higher-order linear differential equations with constant coefficients in the preceding sections does
not, in general, carty over to linear equations with variable coefficients. We shall see in Chapter 6
that when a linear DE has variable coefficients, the best that we can wusually expect is to find a
solution in the form of an infinite series. However, the type of differential equation that we consider
in this section is an exception to this rule; it is a linear equation with variable coefficients whose
general solution can always be expressed in terms of powers of x, sines, cosines, and logarithmic
functions. Moreover, its method of solution is quite similar to that for constant-coefficient equations
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CAUCHY-EULER EQUATION A linear differential equation of the form

dn i d.l:—l
2 + n”_llﬂ“‘l .

a.x"

' g )
= X —— T dgy = X),
" dxt :]xd_l' o g

where the cocfficients a,, a,-1. . . . , ag are constants, is known as a Cauchy-Euler
equation. The observable characteristic of this type of equation is that the degree
k=mn,n—1,....1, 0 of the monomial coefficients x* matches the order k of
differentiation %y /dx*;

same Same
v dy & T by
a,x _dx“ + a,—1x" —-_d_!;-‘""

As in Section 4.3, we start the discussion with a detailed examination of the
forms of the general solutions of the homogeneous second-order equation

The solution of higher-order equations follows analogously. Also, we can solve the

i 3. T
nonhomogeneous equation ax~y” + bxy' + ¢y = g(x) by variation of parameters,
once we have determined the complementary function y,.

NOTE The coefficient ax® of y” is zero at x = 0. Hence (o guarantee that the
fundamental results of Theorem 4.1.1 are applicable to the Cauchy-Euler equation,
we confine our attention to finding the general solutions defined on the interval
(0, ). Solutions on the interval (—22, 0) can be obtained by substituting 1 = —x into
the differential equation. See Problems 37 and 38 in Exercises 4.7.

METHOD OF SOLUTION  We try a solution of the form y = x™, where m is to be
determined. Analogous to what happened when we substituted " into a linear equa-
tion with constant coefficients, when we substitute x™, each term of a Cauchy-Euler
equation becomes a polynomial in m times 3, since

dy

L a0
ap s ——
dat

=gqXmim— Dm—2) - (m—k+ Dy ¥ = agmm — D)(m — 2)  + « (m— k + D"

For example, when we substitute y = 3™, the second-order equation becomes

Ldry dv :
ax —= + bx—+ cy = am(m — 1)a” + bmx™ + cx" = (am(m — 1) + binm + ).
A

dx? ix

Thus y = x™ is a solution of the differential equation whenever i is a solution of the
auxiliary equation

amim — 1)+ b+ ¢ = 0 or an® + (b= a@m + ¢ = 0, (1

There are three different cases to be considered, depending on whether the roots of
this quadratic equation are real and distinct, real and equal, or complex. In the last
case the roots appear as a conjugate pair.

CASE I: DISTINCT REAL ROOTS  Let m; and m» denote the real roots of (1) such
thatmy # ma. Theny, = ¥™and y, = x™ form a fundamental set of solutions. Hence
the general solution is

e o il R T i (2)
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FXAMPLE T Distinct Roots

d’y dy

23
da? dx

Solve x*

SOLUTION Rather than just memorizing equation (1), it is preferable to assume
y = ™ as the solution a few times to understand the origin and the difference
between this new form of the auxiliary equation and that obtained in Section 4.3.
Differentiate twice,

dy dy

= = mx"!, = = m(m — Da""2,
dx”

dx

and substitute back into the differential equation:

d?- ' dv 5
X \, — a4y = 2 mOn = D = 2x e ma = 4
dx* dx
=mm— 1) —2m—4)=x"m>—3m—4)=0
if m>=3m—4=0. Now (m+ 1)(m—4)=0 implies m; = —1, mx =4, so
] A
V= X ol v |

CASE 1i: REPEATED REAL ROOTS 1If the roots of (1) are repeated (that is,
my = n1). then we obtain only one solution—namely, v = x™. When the roots of the
quadratic equation am® + (b — a)ym + ¢ = 0 are equal, the discriminant of the coef-
ficients is necessarily zero. It follows from the quadratic formula that the root must
bem; = —(b — a)/2a.

Now we can construct a second solution y2, using (5) of Section 4.2. We first
write the Cauchy-Euler equation in the standard form

and make the identifications P(x) = b/ax and [(bf/ax) dx = (b/a) In x. Thus

e—[h.’n}ln x
¥, = Pl oF dx
m

M J’X—ba’n . X—lm,d'x e thiainy = gl we gt WE

_\J"'J){_M” s xtmaedy o o = (b~ alta

dx J
g | ==
X

7

i T

Ii

The general solution is then

e in x. (3)

l EXAMPLE 2 Repeated Roots

,d%y
Solve 4x~ i : + Sxﬂ +y=0.
dx dx

SOLUTION The substitution y = x" yields
,dy d

dx~—t- 8x—‘\l +y=x"Emm—1)+8m+ 1)=x"Em* +4m + 1) =0
dx dx
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when 4m® + 4m + 1= 0or (2m + 1)2 = 0. Since m; = —%, the general solution is

- =T
y= e T+ ex 12y, ]

For higher-order equations, if i, is a root of multiplicity &, then it can be shown
that

il

X BLE i CLll [ i) Lz 2l e

are k linearly independent solutions. Correspondingly, the general solution of the dif-

ferential equation must then contain a linear combination of these k solutions.

CASE 1ll: CONJUGATE COMPLEX ROOTS  If the roots of (1) are the conjugate
pairm) = @ + iB, my = a — i3, where a and 8 > 0 are real, then a solution is

y = CpotiB 4 Cyxe=is,

But when the roots of the auxiliary equation are complex, as in the case of equations
with constant coefficients, we wish to write the solution in terms of real functions
only. We note the identity

¥ = (oI 3yiB = piBlnx
which, by Euler’s formula, is the same as
x"® = cos(BInx) + i sin(B Inx).
Similarly, 27 = cos(B1Inx) — isin(BInx).
Adding and subtracting the last two results yields
X+ x7B = 2 cos(B In x) and x# — x~%® = 2i sin(B 1In x),

respectively. From the fact thaty = C1x***% + C,x27# js a solution for any values of

the constants, we see, in turn, for C; = Ca = land C; = 1, C; = —1 that
¥y, = xu(_“-"ﬁ -+ x—l'ﬁ) and Ya = X“(lrﬁ _ X—.I'IB)
or ¥ = 2x*cos(BIn x) and ¥2 = 2ix"sin(B1n x)

are also solutions. Since W(x® cos( In x). x* sin(8 In x)) = Bxta~l = q, B =0on
the interval (0, =), we conclude that
¥ = x%cos(BInx) and ¥a = a%sin(B1Inx)

constitute a fundamental set of real solutions of the differential equation. Hence the
general solution is

y o= xeycos(BIn ) — opsint B Inx)l. (4)

I EXAMPLE 3 An Initial-Value Problem

Solve 4x%y” + 17y = 0,3(1) = —1,3'(1) = —

L
SOLUTION  The y’ term is missing in the given Cauchy-Euler equation; neverthe-
less, the substitution y = x™ yields

437y + 17y = x"@m(m — 1) + 17) = x"(4m? — 4m + 1Y=20

when 4m* — 4m + 17 = 0. From the quadratic formula we find that the roots are
m; = % + 2iand m, = % — 2i. With the identifications o = %andﬁ = 2 we see from
(4) that the general solution of the differential equation is

y=x'"[e;cos(21n x) + ¢, 8in(2 In X))

By applying the initial conditions y(1) = —1, y'(1) = —1 to the foregoing solution
and using In 1 = 0, we then find, in turn, that ¢; = —1 and c> = 0. Hence the solution
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of the initial-value problem is v = —x"? cos(2 In x). The graph of this function,
obtained with the aid of computer software, is given in Figure 4.7.1. The particular
solution 1s seen to be oscillatory and unbounded as x — ==, |

The next example illustrates the solution of a third-order Cauchy-Euler equation.

I EXAMPLE 4 Third-Order Equation

d3v d?y dv
Solve ).'3—}.‘ + 52 -———:- £ 4, 8y = 0.
5 dx- dx

SOLUTION  The first three derivatives of y = x™ are
dy dy ; d?y
— = 5 m(m — 1x" = 2

; T3 ] T3 m(n — 1)(m — 2)xm3,
dx X S

so the given differential equation becomes

Xmim— Dim — 2)27 + 53m0m — D" 2 + Tem™ ' + 8x”

-+
|
-

- !V
+
[#.s]
&

I

I

Min(m — Dm — 2) + 5m(m — 1) + Tm + 8)

="+ 2mt + 4m+ 8) = XMm + Dm* + 4) = 0.

In this case we see that y = x™ will be a solution of the differential equation
for my= -2, ma=2i, and mi= —2i Hence the general solution is
v e Tk pscos(2In x) + e3sin(2 Inx), ]

The method of undetermined coefficients described in Sections 4.5 and 4.6
does not carry over, in general, to linear differential equations with variable coeffi-
cients. Consequently, in our next example the method of variation of parameters is
employed.

l EXAMPLE 5 Variation of Parameters

Solve x%y" — 3xy’ + 3y = 2x'e".

SOLUTION Since the equation is nonhomogeneous, we first solve the associated
homogeneous equation. From the auxiliary equation (m — 1)(m — 3) =0 we
find y. = ¢1x + c2x”. Now before using variation of parameters to find a particular
solution y, = w1y + uzys, recall that the formulas u} = W,/ W and u} = W,/ W,
where W;, W, and W are the determinants defined on page 158, were derived
under the assumption that the differential equation has been put into the standard
form y" + P(x)y" + Q(x)y = f(x). Therefore we divide the given equation by x7,
and from

(s]
LS}

Y=y 4+ Sy= 2

‘I-J

we make the identification f(x) = 2x%¢*, Now with ¥y =x. y; = x>, and

3 3

X x X : X 0

W= =25, W, = = —2x%", W, = = 22"
B 1 2 . e,
1 32 237" 3x° ! 1 2x%e"
2x% ¢t 2x3¢"
we find up = — > — a2t and uy = Pl e
X - X
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The integral of the last function is immediate, but in the case of u} we integrate
by parts twice. The results are i, = —x%e* + 2xe* — 2¢* and u, = ¢*. Hence
Yp = wy1 + uay2is

V= (—x%e’ + 2xe" — 2e%x + X = 2x% — 2xet.

Finall ¥ =y + oy, = ox + opx’ + 200et — 2xet. m
Y. . = = I 2

REDUCTION TO CONSTANT COEFFICIENTS The similarities between the
forms of solutions of Cauchy-Euler equations and solutions of linear equations with
constant coefficients are not just a coincidence. For example, when the roots of the
auxiliary equations for ay” + by’ + ¢y = 0 and ax’y” + bxy' + ¢y = 0 are distinct
and real, the respective general solutions are

¥y = eMm* 4+ gt and Yy=ox™M + o™, x>0, (5)

In view of the identity ¢! * = x, x = 0, the second solution given in (5) can be
expressed in the same form as the first solution:

y =g e Inx + (.__’em: Ing — C]em,r 41 (.:gm:f.

where 1 = In x. This last result illustrates the fact that any Cauchy-Euler equation can
albways be rewritten as a lincar differential equation with constant coefficients by
means of the substitution v = ¢". The idea is to solve the new differential equation
in terms of the variable r, using the methods of the previous sections. and, once the
general solution is obtained, resubstitute -+ 11 v. This method, illustrated in the last
example, requires the use of the Chain Rule of differentiation.

E EXAMPLE 6 Changing to Constant Cocfficients

Solve x*y" — xy' + y = Inx.

SOLUTION  With the substitution x = ¢" or 7 = In x, it follows that

dy _dvdi _1dy
dx drdx xdrt

d*y 1d [dy dy 1
T i | et ] e == Product Rule and Chain Rule

d¥®  xdx\dr dt 52
(€ )
dit dr)

_ 1(@1) N ﬂ(_L) _ 1
x\drf x dr 2R

Substituting in the given differential equation and simplifying vields

— Chuin Rule

dy _dy

— +y=t

de T dr

Since this last equation has constant coefficients, its auxiliary equation is
m> = 2m + 1= 0,0r (im — 1)? = 0. Thus we obtain y, = cie’ + cate'.

By undetermined coefficients we try a particular solution of the form y, = A + Br.
This assumption leads to =28+ A + Br=1,s0A=2and B= 1. Using y = Yot Yo
we get

y=ce+cste' +2 +1,

so the general solution of the original differential equation on the interval (0, =) is
y=epx+oaxlna+ 2+ lnx &
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CHAPTER 4 HIGHER-ORDER DIFFERENTIAL EQUATIONS

EXERCISES 4.7

Answers to selected odd-numbered problems begin on page ANS-5.

In Problems 1-18 solve the given differential equation.

1. x%y" —2y=0 2. 4x*y"+y=0

3.y +y =0 4. xy"—3y' =0
5 3" +xy +4y=0 6. 33"+ 5xy' +3y=0
755 xgjr” = 3)."\-" e 2_‘;-‘ =0 8. J(z_\'rJ o 3.‘-'(_]-‘F - 4}“ =0

9. 25x%y" +25xy' +y=0 10, &xH" +4xy' —y=0
11. x%y" + 5xy' + 4y =0 12. x%y" + 8xy' + 6y =0
13. 33"+ 6xy' +v=0 14. x3y" = Txy' + 41y =0
15. xy" — 6y =0 16. ¥*y" +xy' —y=10
17. xy* + 6" =0
18. x*y® + 6x%y" +9x%y" + 32y’ +y =0

In Problems 19—24 solve the given differential equation by
variation of parameters.

19. xy" — 4y = x4
20, 2x%y" + Sxy' +y=a"—x
2. " —xy' +y=2x 22 x%H"—2xy' + 2y=x%"

1
24, 3y +xy —y=
. ’ * x =1

2. ]
23. xy"+ay' —y=Inx

In Problems 25-30 solve the given initial-value problem.
Use a graphing utility to graph the solution curve.

25 xy"+3xy' =0, y()=0,3(1)=4

26. xy" —Sxy' + 8y =0, y2)=32,y(2)=0
27. "+ xy' +y=0, y()=1,y(1)=2

28, ¥y = 3xy' +4y=0, y1)=5y(1)=3
29, xy"+y =% yD=1LyM=-3

30. 2" — Sxy' + 8y =85, ¥(3)=0y(3) =0

In Problems 31-36 use the substitution x = e’ to transform
the given Cauchy-Euler equation to a differential equation
with constant coefficients. Solve the original equation by
solving the new equation using the procedures in
Sections 4.3-4.5.

31. x%y" +9xy' —20y =0
32. 3% =9y +25p=0

2

L xoy" 4+ 10xy' + 8y = o

LIS ]
e

34, 2%y — 4xy' + 6y = Inx?

35, xz}'” —3xy + 13y =4+ 3x

36. ¥3y" — 3x%y" + 6xy' — 6y =3 + Inx?

In Problems 37 and 38 solve the given initial-value problem
on the interval (—2=, 0).

37. 4xly"+y=0, y(—1=2,y(-1)=4

38, Xy —dxy +6y=0, y(—2)=8,y(-2)=0

Discussion Problems

39. How would you use the method of this section to solve
(x+ 22"+ @+2)y +y=0?

Carry out your ideas. State an interval over which the
solution is defined.

40. Can a Cauchy-Euler differential equation of lowest
order with real coefficients be found if it is known that
2 and 1 — i are roots of its auxiliary equation? Carry
out your ideas.

41. The initial-conditions y(0) = yp., ¥'(0) = y; apply to
each of the following differential equations:

x3y" =0,
Iy = 2xy' + 2y =0,
Xy — 4xy' 4+ 6y = 0.

For what values of yp and y; does each initial-value
problem have a solution?

42. What are the x-intercepts of the solution curve shown
in Figure 4.7.17 How many x-intercepts are there for
0<x< %?

Computer Lab Assignments

In Problems 4346 solve the given differential equation by
using a CAS to find the (approximate) roots of the auxiliary
equation.

43, 2x%y" — 10.98x%y" + 8.5xy' + 1.3y =0

44. 3y" 4+ 4x%y" + 5xy' — 9y =0

45, xy@ + 6xy" + 327" = 3xy’ + 4y =0

46, x*y@ — 6xy” + 33x%" — 105xy’ + 169y = 0

47. Solve x’y" — x%y" — 2xy’ + 6y = x? by variation of
parameters. Use a CAS as an aid in computing roots of
the auxiliary equation and the determinants given in
(10) of Section 4.6.

12
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e CHAPTER 8 SYSTEMS OF LINEAR FIRST-ORDER DIFFERENTIAL EQUATIONS

8.1

PRELIMINARY THEORY—LINEAR SYSTEMS

REVIEW MATERIAL

¢ Matrix notation and properties are used extensively throughout this chapter. It is imperative that
you review either Appendix 11 or a linear algebra text if you unfamiliar with these concepts.

INTRODUCTION  Recall that in Section 4.8 we illustrated how to solve systems of » linear
differential equations in » unknowns of the form

P(D)x; + Py(D)xy + - -+ + P (D)x, = by(1)
Py (Dyxy + Pyy(D)xy + - - =+ Py (D)x, = ba(2) (1)

Po(D)xy + Po(D)xy + -+ + Po(D)x, = by(0),

where the P;; were polynomials of various degrees in the differential operator D. In this chapter
we confine our study to systems of first-order DEs that are special cases of systems that have the
normal form

@i

= g (XX o o . 0Ky
dr
dx.
it S g:{f,_l']._x;_\, . s ..‘{n) (2}
dr ;
dx, ( )
- = &L X, . A
df é’ 1

A system such as (2) of » first-order equations is called a first-order system.

LINEAR SYSTEMS When each of the functions gy, ga..... g, in (2) is linear
in the dependent vanables x, xa, ..., X, we get the normal form of a first-order

system of linear equations:

o, : y '
—= =N T oapltn oo b ey, (nx, T A
ar

dx ) .
—= =y (T T ol R g, + D
i

dx, ’ ’
—= S (0 O e s e, 1)L
di o S

(3)

We refer to a system of the form given in (3) simply as a linear system. We
assume that the coefficients a; as well as the functions f; are continuous on a
common interval . When f;(1) = 0,7 = 1. 2, .. .. n, the linear system (3) is said to

be homogeneous; otherwise, it 1s nonhomogeneous.

MATRIX FORM OF A LINEAR SYSTEM If X, A(r), and F(r) denote the respec-

tive matrices

x,(1) ay(n) apln) - - - al) i)

xa(0) ay () an(f) - ay,(r) S
X = < s A = ; s F(i» =

x,(0) an(f) apt) - a0 S0l
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then the system of linear first-order differential equations (3) can be written as

y ap() ap - a0l [x 5
4 |* ay(n) apnlt) - a0 x; §EG]

[

Il

E . 5 £ .
X an()  apn) - - a0 \x,l  1f0)
or simply X'=AX + F. (4)
If the system is homogeneous, its matrix form is then

X! = AX. (5)

I EXAMPLE T  Systems Written in Matrix Notation

o X .
a) If X = . then the matrix form of the homogeneous system
5 fad Y

& 3x + 4

e RN i

dr ¥ 34\,

s X'= X.

dy 5 ; 5 =7

— = 5y — V

di :

X
(b) If X = | y ], then the matrix form of the nonhomogeneous system
dx
ek gk gt
dt ’ ;
6 1 1 t

dy .
?=S_r+7_\'—:f 10 is X'=18 7 —1]|X+|10¢].
[¢
) 2: 8 =] or
dz
st Oy grera Gy B
dt

DEFINITION 8.1.1 Solution Vector

A solution vector on an interval / is any column matrix

x,(0)
x5(1)
X —

x,(1)

whose entries are differentiable functions satisfying the system (4) on the
interval.

A solution vector of (4) is, of course, equivalent to n scalar equations
X1 = (1), xa = ha(n), . .., x, = ¢,(r) and can be interpreted geometrically as a set
of parametric equations of a space curve. In the important case n = 2 the equations
X1 = ¢y(f), xa = ¢h2(r) represent a curve in the x;xy-plane. It is common practice to
call a curve in the plane a trajectory and to call the xjx,-plane the phase plane. We
will come back to these concepts and illustrate them in the next section.
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I EXAMPLE 2 Verification of Solutions

Verify that on the interval (—e=, =)

o Bl (3 ,“_(3&”)
6= ()= (L) e ow= (o=

1 3
are solutions of X' = ( )X, (6)
3 3
SOLUTION F X| = (_26_3) and X5 = (lggéf) we see that
omA T 20 " 3068 ’
1 3 g gmH — 32 —26"3“)
AX, = - )= )=x,
! (5 3)(—6‘1’) (5@‘2’ = 3e"") ( e !
g W = (1 3)(30.6*) B ( 3¢ + 1566’) B (183"") 5 3
o 27 \s 3/\sest)  \1set + 15e¢) — \30et) ~ O

Much of the theory of systems of n linear first-order differential equations is
similar to that of linear nth-order differential equations.

INITIAL-VALUE PROBLEM  Let 7y denote a point on an interval / and

[x1(10) Y1l
xy(ty) Y2
X =] - and Xp=
xn(ff))' V!
where the y;, = 1,2, ..., nare given constants. Then the problem
Solve: X" = A(nX + F(n
; : § (7
Subject to: Xt} =X;

is an initial-value problem on the interval.

THEOREM 8.1.1 Existence of a Unique Solution

Let the entries of the matrices A(r) and F(r) be functions continuous on a com- |
mon interval I that contains the point 7g. Then there exists a unique solution of ,
the initial-value problem (7) on the interval. '

HOMOGENEQOUS SYSTEMS 1In the next several definitions and theorems we are
concerned only with homogeneous systems. Without stating it, we shall always assume
that the a;; and the f; are continuous functions of f on some commeon interval 7.

SUPERPOSITION PRINCIPLE The following result is a superposition principle
for solutions of linear systems.

THEOREM 8.1.2 Superposition Principle

Let Xy, Xo. ..., X, be aset of solution vectors of the homogeneous system (5)
on an interval /. Then the linear combination

X=¢gXj+eX,+ -+ X,

where the ¢;, 1 = 1, 2, . .., k are arbitrary constants, is also a solution on the
interval.
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1t follows from Theorem 8.1.2 that a constant multiple of any solution vector of a
homogeneous system of linear first-order differential equations is also a solution.

i EXAMPLE 3  Using the Superposition Principle

You should practice by verifying that the two vectors

cos ¢ 0
X, =|—3cost+1sint| and X,=|¢
—cost — sint 0
are solutions of the system
1 0 1
X' = 11 0]X. (8)
-2 0 =i

By the superposition principle the linear combination
cos t 0
X=X+ Xs=¢ —; cos t + ﬁsinf + cqf €
—cost — sint 0
is yet another solution of the system. =

LINEAR DEPENDENCE AND LINEAR INDEPENDENCE  We are primarily in-
terested in linearly independent solutions of the homogeneous system (3).

DEFINITION 8.1.2 Linear Dependence/Independence

Let X, X5, . .., X be a set of solution vectors of the homogeneous system
(3) on an interval I. We say that the set is linearly dependent on the interval
if there exist constants ¢y, ¢, . . ., ¢;. not all zero, such that

X, taX,+ -+ X =0

for every ¢ in the interval. If the set of vectors is not linearly dependent on the
interval, it is said to be linearly independent.

The case when k& = 2 should be clear; two solution vectors Xy and X are linearly
dependent if one is a constant multiple of the other, and conversely. For k = 2 a set of
solution vectors is linearly dependent if we can express at least one solution vector as
a linear combination of the remaining vectors.

WRONSKIAN  As in our earlier consideration of the theory of a single ordi-
nary differential equation, we can introduce the concept of the Wronskian
determinant as a test for linear independence. We state the following theorem
without proof.

THEOREM 8.1.3 Criterion for Linearly Independent Solutions

A 12 Xin

X3 X2 X2n
Let X1 = =Lk g ng - — '":

A X2 Xon
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be # solution vectors of the homogeneous system (5) on an interval /. Then the
set of solution vectors is linearly independent on 7 if and only if the Wronskian

Xy .. Ay
Xag win Ko

WX X X # 0 e
Vot N2 ]‘-.:Ii

for every 1 in the interval.

It can be shown that if X;, X, . .., X,, are solution vectors of (5), then for every
tin I either W(X,, X,,....X,) # 0 or W(X.X;,...,X,) = 0. Thus if we can
show that W # 0 for some g in I, then W # 0 for every ¢, and hence the solutions are
linearly independent on the interval.

Notice that, unlike our definition of the Wronskian in Section 4.1, here the
definition of the determinant (9) does not involve differentiation.

l EXAMPLE 4 Linearly Independent Solutions

i

)

1 5 A :
In Example 2 we saw that X, = (_])e"-’ and X, = (5)65’ are solutions of

system (6). Clearly. X and X, are linearly independent on the interval (—2=, =), since
neither vector is a constant multiple of the other. In addition, we have

-2, Gy
e = 3e g
. =ge¥ £ 0
e =1

or

WX, X,) = ‘_

Se

for all real values of 1. a

| DEFINITION 8.1.3 Fundamental Set of Solutions

Any set X,.X,,...,X, of n lincarly independent solution vectors of the
homogeneous system (5) on an interval [ is said to be a fundamental set of
solutions on the interval.

THEOREM 8.1.4 Existence of a Fundamental Set

There exists a fundamental set of solutions for the homogeneous system (5) on
an interval 1.

The next two theorems are the linear system equivalents of Theorems 4.1.5
and 4.1.6.

—[ THEOREM 8.1.5 General Solution—Homogeneous Systems

Let X, X5, ....X, be a fundamental set of solutions of the homogeneous
system (5) on an interval I Then the general solution of the system on the
interval is

X=c¢X, + X, + -+ X,

where the ¢;, i = 1, 2, .. ., n are arbitrary constants.

78



8.1 PRELIMINARY THEORY—LINEAR SYSTEMS L 309

I EXAMPLE 5 General Solution of System (6)

1 3 .
From Example 2 we know that X, = (_l)eﬂ’ and X, = (Jef"’ are linearly

independent solutions of (6) on (—o=, =). Hence X, and X» form a fundamental set
of solutions on the interval. The general solution of the system on the interval
is then

1 3
X=¢X, + X, = c,( )9"3’ + r;w( )ef". (10) m

i EXAMPLE 6  General Solution of System (8)

The vectors

cos f 0 sin f
¥ - I
X, ={—lcost + Lsint|, X=11)¢, Xy = |—gzsing— %cosr
—Cost — sin{ 0 —sint + cost ]

are solutions of the system (8) in Example 3 (sce Problem 16 in Exercises 8.1). Now

cosJ 0 sin 1
WX, X,, X5) = —%cosr =+ %sinf e —\_!-sinf = _.l,cosr =e #0
—cost —sint 0 —sint + cosr

for all real values of 1. We conclude that X, X». and X3 form a fundamental set of
solutions on (—=, =). Thus the general solution of the system on the interval is the
linear combination X = ¢;X; + ¢5X> + ¢3X3; that is,

cos t 0 sin ¢
X 1 ¢ 5 : 1
K=yl —zcos <+ -%smr Tl e+ "—ism t—scost|. =
—Ccost — sint 0 —sint -+ cost

NONHOMOGENEOUS SYSTEMS  For nonhomogeneous systems a particular
solution X, on an interval / is any vector, free of arbitrary parameters, whose entries
are functions that satisfy the system (4).

THEOREM 8.1.6  General Solution—Nonhomogeneous Systems

Let X, be a given solution of the nonhomogeneous system (4) on an interval
Iand let

X =X F6X + o004 6%,

denote the general solution on the same interval of the associated homo-
geneous system (5). Then the general solution of the nonhomogeneous sys-
tem on the interval is

X =% 4%,

The general solution X, of the associated homogeneous system (5) is
called the complementary function of the nonhomogencous system (4).
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E EXAMPLE 7 General Solution—Nonhomogeneous System

31—

43 . . .
546 is a particular solution of the nonhomogeneous system
T

(& e ("5

on the interval (—2, =). (Venfy this.) The complementary function of (11) on
1 3

5 3

The vector X, = (

12t — 11

o
=)

X'= (11)

the same interval, or the general solution of X' = ( )X, was seen in (10) of

1 3
Example 5 to be X, = cl( 1)9"2’ + ¢, (i) e%. Hence by Theorem 8.1.6

. . BY 3N 3r—4
X=X +X, =g . c*-I-C15 el &0

15 the general solution of (11) on (—=, =).

EXERCISES 8.1

Answers to selected odd-numbered problems begin on page ANS-13.

In Problems 1-6 write the linear system in matrix form.

dx
di
i\_-
dr

dx
dr
dy

dt
dz

di

dx

dt
dy
dt
dz
dr
dx
T dt
dr
dz
dt

In Problems 7-10 write the given system without the use of

matrices.

i dx

3x — Sy 2. —

dt

dy

4x + 8y i

dr

dx

—3x + 4y — 9z 4: —

: dt

dy

6x — y el

Y dr

dz

10x + 4y + 3z ==

: dr
x—y+z+i—1
) i U G oy

x+y+z+r—1+2

—3x + 4y + e 'sin 2t
Sx + 97 + 4e'cos 2t

y+6z—e™

7 5 -9 0 8
8. X' =14 1 1| X+ |2]e—(0]e?
dx — Ty 0 =2 3 1 3
= 4 X I =1 2\/x I 3
9. —|y|=| 3 -4 1|y|+[2]e=|-1)
dt
z i 5 6/\z 2 1
e Y
d fx 3 =Ivfx 4 t— 4
=y + 2z 10. — = + sint + 4
- di (\) (1 1)(;-) (s)“m (Zr + 1)"
—x i

In Problems 11-16 verify that the vector X is a solution of
the given system.

11. d—l = 3x — 4y
dt :
3 W L
7 4x—Ty; X= (2)5’
dx
12, — = —2x + 5y
dr )
)l', S
Do or+ 4y X =( 0 )e‘
dt : 3cost — sint
11 X: _ (_] %)x X = (_ l) =32
- -1 T\ )¢
2 1 1 4
14. X' = X = "+ {
(—1 0) (3)"’ (—4)"’
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1 2 I 1
15. X' = 6 —1 01X; X= 6
-1 -2 -1 —-13
1 G 1 sin 1
16. X’=| 1 1 0|X; X=(-Isinr—1lcost
=2: 10 .~ —sint + cost

In Problems 17-20 the given vectors are solutions of a
system X' = AX. Determine whether the vectors form a
fundamental set on the interval (—o, o),

17. X, = (l)(f:’, X, = ( ])e_[”
1 —1
8
18. X| = (_:)t’r, XE == (z)(z’{ + (‘_S)I(‘r

| 1 |
19. X, =|-2|+2{2], x,=[-2],
4 2 4
3 2
X;=(-6 1|4
12 4
1 2
20. XI = 6, Xz = | =2 E.’_-”\ X'; = 3 (‘?r
=13 = =

In Problems 21-24 verify that the vector X, is a particular
solution of the given system.

22

23.

26.

8.2 HOMOGENEOUS LINEAR SYSTEMS e 311

= e () %= ()

, 2 1 I\ 1 AT
X =(3 4)}(_(7)6; X;= (l)e’ 4-(_])!6
1 2 3 —] sin 3t
X'=(-4 2 0\X+| 4|sin3r; X, = 0
-6 1 0 3 cos 3t
. Prove that the general solution of

6 0
0 1)X
10

6 — % 2
X=¢|—-1)e"+oef 1]e¥+ (1]
=% 1 1

Prove that the general solution of

=04 e Qe ()

on the interval (—=, =) is

‘;’;—: =3x+2y—4—18; X, = (_?): + (?) + (;);3 + (_j); + (é)
8.2 HOMOGENEOUS LINEAR SYSTEMS

REVIEW MATERIAL
« Section I1.3 of Appendix 11

3

81

1 3
homogeneous system X' = (ﬁ )X is

ky

1 !
X=X +cX,= c'|( I)e‘z’ + (-3( )e”’.

Because the solution vectors X; and X, have the form

%=

* Also the Student Resource and Solutions Manual

INTRODUCTION  We saw in Example 5 of Section 8.1 that the general solution of the

)e"-’, i=1,2,
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where k;. k2. A;. and A, are constants, we are prompted to ask whether we can always find a solution
of the form

ky

X (JJ\! — Kez\.r (]]

for the general homogeneous linear first-order system
X' = AX, (2)

where A is an n X n matrix of constants.

EIGENVALUES AND EIGENVECTORS If (1) is to be a solution vector of
the homogeneous linear system (2), then X' = Kie", so the system becomes
Khe' = AKeM. After dividing out ¢ and rearranging, we obtain AK = AK or
AK — AK = 0. Since K = IK, the last equation is the same as

(A—ADK = 0. (3)

The matrix equation (3) is equivalent to the simultaneous algebraic equations

(ay — Ak + apky + 0+ ayk, = 0
ayky + (A — Ay + - - -+ ak, =0
arr[k] + ("INQA'E SR e (aam - A)kﬂr = 0

Thus to find a nontrivial solution X of (2), we must first find a nontrivial solution
of the foregoing system; in other words, we must find a nontrivial vector K that
satisfies (3). But for (3) to have solutions other than the obvious solution
ky =k, =---=k,= 0, we must have

dettA — AL = 0.

This polynomial equation in A is called the characteristic equation of the matrix A;
its solutions are the eigenvalues of A. A solution K # 0 of (3) corresponding to
an eigenvalue A is called an eigenvector of A. A solution of the homogeneous system
(2) is then X = Ke™',

In the discussion that follows we examine three cases: real and distinct eigen-
values (that is, no eigenvalues are equal), repeated eigenvalues, and, finally, complex
eigenvalues.

8.2.1 DISTINCT REAL EIGENVALUES

When the n X n matrix A possesses i1 distinct real eigenvalues Ay, A», ..., A, thena
set of n linearly independent eigenvectors Ky, K, .. ., K, can always be found, and
X, = K,e, Xy= Kz, i X, = K

is a fundamental set of solutions of (2) on the interval (—s2, =),

THEOREM 8.2.1 General Solution—Homogeneous Systems

Let A, A, ..., A, be ndistinct real eigenvalues of the coefficient matrix A of the
homogeneous system (2) and let K, K-, ..., K, be the corresponding eigen-
vectors. Then the general solution of (2) on the interval (—=, =) is given by

N = (.IKI(,&_-‘ £ (»3K3{,’-;! =R (-.”K“(J"'--:"
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three different planes
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g EXAMPLE 1 Distinct Eigenvalues

dx

Solve =2x + 3y
dr
’ 4)
= . 2x + .
dt

SOLUTION We first find the eigenvalues and eigenvectors of the matrix of
coefficients.
From the characteristic equation

i § 3 N
det(A — A = =SA-A-4=A+DA-4 =0
2 1 =X
we sce that the eigenvalues are A; = —1 and A, = 4.
Now for A} = —1, (3) is equivalent to
3+ 3k5=0
2k| F 3}\2 = 0.
Thus k) = —ky. When k2 = — 1, the related eigenvector is
0= ()
K, = :
=]
For A2 = 4 we have =2k + 3k =20
2 =3k =10

Since the matrix of coefficients A is a 2 X 2 matrix and since we have found two lin-
early independent solutions of (4),

1 3
X, = ( )e"’ and X, = (‘)e‘*,
= . 2

we conclude that the general solution of the system is

1 3

5) ®

PHASE PORTRAIT  You should keep firmly in mind that writing a solution of a
system of linear first-order differential equations in terms of matrices is simply an
alternative to the method that we employed in Section 4.8. that is, listing the individ-
ual functions and the relationship between the constants. If we add the vectors on the
right-hand side of (5) and then equate the entries with the corresponding entries in
the vector on the left-hand side, we obtain the more familiar statement

x = ¢ + 306", ¥y = —cie”t + 2.0

As was pointed out in Section 8.1, we can interpret these equations as parametric
equations of curves in the xy-plane or phase plane. Each curve. corresponding to
specific choices for ¢; and ¢, is called a trajectory. For the choice of constants
¢ = ¢2=1 in the solution (5) we see in Figure 8.2.1 the graph of x(s) in the
rx-plane, the graph of y(1) in the ry-plane, and the trajectory consisting of the points
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+
////(

X X,

FICURE 8.2.2 A phase portrait of
system (4)

(x(f), y(r)) in the phase plane. A collection of representative trajectories in the phase
plane, as shown in Figure 8.2.2, is said to be a phase portrait of the given linear
system, What appears to be two red lines in Figure 8.2.2 are actually four red
half-lines defined parametrically in the first, second, third, and fourth quadrants
by the solutions X2, —X,;, —X», and X, respectively. For example, the Cartesian
equations y = %x, x>0, and y = —x, x > 0, of the half-lines in the first and fourth
quadrants were obtained by eliminating the parameter f in the solutions x = 3¢,
y= 2% and x = 7', y = —e”, respectively. Moreover, each eigenvector can be
visualized as a two-dimensional vector lying along one of these half-lines. The

3 ; 13 .
eigenvecior K, = (2) lies along y = %x in the first quadrant, and K; = (_1) lies

along y = —x in the fourth quadrant. Each vector starts at the origin; K, terminates
at the point (2, 3), and K, terminates at (1, —1).

The origin is not only a constant solution x = 0, y = 0 of every 2 X 2 homoge-
neous linear system X' = AX, but also an important point in the qualitative study of
such systems. If we think in physical terms, the arrowheads on each trajectory
in Figure 8.2.2 indicate the direction that a particle with coordinates (x(r), y(#)) on
that trajectory at time  moves as time increases. Observe that the arrowheads, with
the exception of only those on the half-lines in the second and fourth quadrants,
indicate that a particle moves away from the origin as time ¢ increases. If we imagine
time ranging from —2 to o, then inspection of the solution x = cre™" + 3cae™,
y = —cie”" + 2c2e", ¢ # 0, c2 # 0 shows that a trajectory, or moving particle.
“starts” asymptotic to one of the half-lines defined by X, or =X, (since e is negli-
gible for t — —2¢) and “finishes™ asymptotic to one of the half-lines defined by X
and — X (since e~ " 1s negligible for t — ).

We note in passing that Figure 8.2.2 represents a phase portrait that is typical of
all 2 X 2 homogeneous lincar systems X’ = AX with real eigenvalues of opposite
signs. See Problem 17 in Exercises 8.2. Moreover, phase portraits in the two cases
when distinct real eigenvalues have the same algebraic sign are typical of all such
2 % 2 linear systems; the only difference is that the arrowheads indicate that a parti-
cle moves away from the origin on any trajectory as 1 — 2 when both A, and A, are
positive and moves toward the origin on any trajectory when both A, and A» are neg-
ative. Consequently, we call the origin a repeller in the case A; = 0, A; = 0 and an
attractor in the case A; < 0, A; < 0. See Problem 18 in Exercises 8.2. The origin in
Figure 8.2.2 is neither a repeller nor an attractor. Investigation of the remaining case
when A = 0 is an eigenvalue of a 2 X 2 homogeneous linear system is left as an
exercise. See Problem 49 in Exercises 8.2.

FX AMPLE 2 Distinct Eigenvalues

dx

Solve = —4x + ¥ + =z
di ’
dy
= x -+ 5 ;s — I s
di ! ? (6)
az —
dt y s

SOLUTION  Using the cofactors of the third row, we find

—4 — A 1 1
det(A — Al) = 1 Fi— A —1 = —A+3A+DHA—-35 =0,
0 1 —3—A
and so the eigenvalues are Ay = —3, A» = —4,and A3 = 5.
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For Ay = —3 Gauss-Jordan elimination gives
-1 1 110 oW 1 0 =110
(A+310)=| 1 8 —1|0]cperations 1g 1 0|0
0 1 00 0 0 alo

Therefore k; = k3 and k> = 0. The choice k3 = 1 gives an eigenvector and corre-
sponding solution vector

1 1
K, =10, X, =10} (7
1 1
Similarly, for A; = —4
01 110} we [1 0 —10]0
(A+4I0)=|1 9 —1|0| cperations o ] 110
0 1 110 00 010
implies that k; = 10k; and k> = —k3. Choosing k3 = 1. we get a second eigenvector
and solution vector
10 10
K,=[-1[ X=[-1]e™ (8)
1 1

Finally, when A3 = 5, the augmented matrices

-9 1 10} e [1 0 —1]0
A+510=| 1 0 —1]0 0 1 -8|0
L0 1 -8lo 00 olo
i |
yield K, =|8] x={zgle (9)
| |

The general solution of (6) is a linear combination of the solution vectors in (7.
(8), and (9):

1 10 1
X=¢|0]e™+ | =1 ]e™ + 5| 8 |&™. [}
1 I 1

USE OF COMPUTERS Software packages such as MATLAB, Mathematica,
Maple, and DERIVE can be real time savers in finding eigenvalues and eigenvectors
of a matrix A.

8.2.2 REPEATED EIGENVALUES

Of course, not all of the n eigenvalues Ap, Aa, . ... A, of an n X 1 matrix A need be

distinet; that is, some of the eigenvalues may be repeated. For example, the charac-
teristic equation of the coefficient matrix in the system

, _ (3 -18
X —(3 _g)x (10)
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is readily shown to be (A + 3)2 = 0, and therefore Ay = A2 = —3 is a root of multi-
plicity two. For this value we find the single eigenvector

K, = 3, s0 X, = 3 e (1
T 1

is one solution of (10). But since we are obviously interested in forming the general
solution of the system. we need (o pursue the question of finding a second solution.

In general, if m is a positive integer and (A — Aj)™ is a factor of the characteristic
equation while (A — A" !is not a factor. then A is said to be an eigenvalue of mul-
tiplicity m1. The next three examples illustrate the following cases:

(i)  For some n X n matrices A it may be possible to find m lincarly inde-
pendent eigenvectors K, K, . . ., K, corresponding to an eigenvalue
Ay of multiplicity m = n. In this case the general solution of the system
contains the linear combination

f‘]K]eMr + CQKE‘-’AI? T s o CmeeAIr'

(ii)  If there is only one eigenvector corresponding to the eigenvalue A; of
multiplicity m, then m linearly independent solutions of the form

X, =Kt
X, = Kyret + Kyet!

m—1 r.r.u—:‘_

reﬁ,r 4 Km:..._.—rﬁ,.?\.f N Ty

hm — I&mlm (”; i 2) iy

where K; are column vectors, can always be found.

EIGENVALUE OF MULTIPLICITY TWO We begin by considering eigenvalues
of multiplicity two. In the first example we illustrate a matrix for which we can find
two distinct eigenvectors corresponding to a double eigenvalue.

i EXAMPLE 3 Repeated Eigenvalues

L =2 2
SolveX' = | -2 1 =2 )X
2 =2 1

SOLUTION Expanding the determinant in the characteristic equation

det(A — A= | -2 I —A -2 1=0

yields —(A + 1)*(A — 5) = 0. Wesee that A, = A» = —1 and A5 = 5.

For A; = —1 Gauss-Jordan elimination immediately gives
2 I —1 00
(A +1]0)=|-2 0 1 101
2 0 0 0f0
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The first row of the last matrix means k; — k, + k3= 0ork; = ks — ki. The choices
ka=1,k3=0and ks =1, ka=1 yield, in turn, &y = [ and %k, = 0. Thus two

eigenvectors corresponding to A, = — 1 are
1 0
K =1 and K,=1]1
0 1

Since neither eigenvector is a constant multiple of the other, we have found two
linearly independent solutions.

1 0
X =11} and X, =|1]e",
0 1

corresponding to the same eigenvalue. Last, for Ay = 5 the reduction

~4 =2 ) wxw {1 @ =110
(A+s510)=|-2 —4 —2|0 i s Ll O | 10
2. =2 =4|0/ 00 0o
implies that ky = k3 and ks = —/s. Picking k3 =1 gives ky = 1, k> = —1; thus a
third eigenvector is
1
K,={-1

| 0 1
X=qflje"+efl]e + e —1]e* B
0 1 1

The matrix of coefficients A in Example 3 is a special kind of matrix known
as a symmetric matrix. An n X 5 matrix A is said to be symmetric if its transpose
AT (where the rows and columns are interchanged) is the same as A — that is, if
AT = A It can be proved that if the matrix A in the system X’ = AX is symmetric
and has real entries, then we can always find n linearly independent eigen-
vectors Ky, Ks, ..., K,, and the general solution of such a system is as given in
Theorem 8.2.1. As illustrated in Example 3, this result holds even when some of the
eigenvalues are repeated.

SECOND SOLUTION  Now suppose that A1 is an eigenvalue of multiplicity two
and that there is only one eigenvector associated with this value. A second solution
can be found of the form

X; = Kl + Petri, (12)
k PJI
ky P2
K= and P=|.
where
Ky Pr
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FIGURE 8.2.3 A phase portrait of
system (10)

To see this, we substitute (12) into the system X' = AX and simplify:
(AK — L K)ret + (AP — AP — K)eM' = 0.

Since this last equation is to hold for all values of r, we must have

A—-—MDK =10 (13)
and (A— ADP =K. (14)
Equation (13) simply states that K must be an eigenvector of A associated with A;.

By solving (13), we find one solution X, = Ke'". To find the second solution X, we
need only solve the additional system (14) for the vector P.

I EXAMPLE 4 Repeated Eigenvalues

Find the general solution of the system given in (10).

SOLUTION From (11) we know that A, = —3 and that one solution is
3 3
X, = (1)6"3’. Identifying K = (I) and P = (P] ) we find from (14) that we must
P2
now solve

6p, — 18p, = 3
2p — 6py = 1.

Since this system is obviously equivalent 1o one equation, we have an infinite num-

ber of choices for p; and p,. For example, by choosing py = 1, we find p, = %

1
However, for simplicity we shall choose p; = § so that p» = 0. Hence P = (E})

i : <A o
Thus from (12) we find X, = (l)re"” + (é)e"’". The general solution of (10) is
then X = ¢|X; + cXsor

3 —3r 3 =3y { =3t
X=(']1("+f311("76(’". B

By assigning various values to ¢; and ¢» in the solution in Example 4, we
can plot trajectories of the system in (10). A phase portrait of (10) is given in
Figure 8.2.3. The solutions X, and —X, determine two half-lines y = —L). = 0
and y = ix, x < 0, respectively, shown in red in the figure. Because the single
eigenvalue is negative and ¢ ¥ —0 as r— = on every trajectory, we have
(x(t). (1)) = (0, 0) as r — 2. This is why the arrowheads in Figure 8.2.3 indicate
that a particle on any trajectory moves toward the origin as time increases and why
the origin is an attractor in this case. Moreover, a moving particle or trajectory

= 3c1e7 + (3t + ™M), y = c1e7¥ + cpte™™, ¢, # 0, approaches (0, 0)
tangentially to one of the half-lines as r — ==. In contrast, when the repeated eigen-
value is positive, the situation is reversed and the origin is a repeller. See Problem 21
in Exercises 8.2. Analogous to Figure 8.2.2, Figure 8.2.3 is typical of all 2 X 2
homogeneous linear systems X' = AX that have two repeated negative eigenvalues.
See Problem 32 in Exercises 8.2,

EIGENVALUE OF MULTIPLICITY THREE When the coefficient matrix A has
only one eigenvector associated with an eigenvalue A; of multiplicity three, we can
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find a second solution of the form (12) and a third solution of the form

2
X, =K "_j'e"” + Bre™ + Qe'r, (135)
Ky 12 Gy
J(z PQ QE
where K=|-| P= <l and Q=
ky Pn I

By substituting (15) into the system X' = AX, we find that the column vectors K, P,
and Q must satisfy

A—-AMDK =0 (16)
(A-ADP =K (17)
and (A - ADQ =P. (18)

Of course, the solutions of (16) and (17) can be used in forming the solutions X,
and X,

! EXAMPLE 5 Repeated Eigenvalues

21 6
SolveX' =0 2 5|X.
0 0 2

SOLUTION The characteristic equation (A — 2)* = 0 shows that Ar=2is an
eigenvalue of multiplicity three. By solving (A — 2I)K = 0. we find the single
eigenvector
"
K=(0]).
0

We next solve the systems (A — 2P = K and (A — 21)Q = P in succession and
find that

o
<

P=11 and Q=|-

al— tn|o

Using (12) and (15), we see that the general solution of the system is

1 | 0\ 15 0 0'
X=r¢cl0]e*+ || 0 e+ [ 1]e¥| + ol |0 = e+ 1 e + “% e, |
0 0 0 0/~ 0 %)

REMARKS

When an eigenvalue A; has multiplicity m, either we can find m linearly
independent eigenvectors or the number of corresponding eigenvectors is less
than 7n. Hence the two cases listed on page 316 are not all the possibilities under
which a repeated eigenvalue can occur, It can happen, say, that a 5 X 5 matrix
has an eigenvalue of multiplicity five and there exist three corresponding lin-
early independent eigenvectors. See Problems 31 and 50 in Exercises 8.2,
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8.2.3 COMPLEX EIGENVALUES

If\y=a+ Biand Ay =a— Bi, >0, i* = —1 are complex eigenvalues of the
coefficient matrix A, we can then certainly expect their corresponding eigenvectors
to also have complex entries.”

For example, the characteristic equation of the system

1.
fd'_'::6x‘_y
(19)
dy
—= = 5x + 4y
dr
6—A =1
i = = = A= 10A + 29 = 0.
18 det(A — A ’5 4_)“ A DA 9=10

From the quadratic formula we find Ay = 5 + 2i, A- = 5 — 2i.
Now for A; = 5 + 2i we must solve

(1 = 2i)k; — k=0
Sk, — (1 + 2i)k, = 0.

Since ko = (1 — 2i)k,,” the choice k; = 1 gives the following eigenvector and
corresponding solution vector:

| ] L
ot X A5+ 2008
K (1 - 2;‘)‘ i (1 - 2f)£ ‘

In like manner, for A = 5 — 27 we find

1 i 1 N
K, = .1y X, = " e 21
- 1+ 2§ - 1+ 2i

We can verify by means of the Wronskian that these solution vectors are linearly
independent, and so the general solution of (19) is

1 . 1 .
= (5+2in & _,[S—Zur‘
X c](] B 2!‘)6 C_(] . 2{)( (20)

Note that the entries in K corresponding to As are the conjugates of the
entries in K; corresponding to A;. The conjugate of A; is. of course, A». We
write this as A, = A) and K, = K,. We have illustrated the following general
result.

f THEOREM 8.2.2 Solutions Corresponding to a Complex Eigenvalue

Let A be the coefficient matrix having real entries of the homogeneous sys-
tem (2), and let K; be an eigenvector corresponding to the complex eigenvalue
Ay = a + i, @ and Breal. Then

K, et and Ke*

are solutions of (2).

"When the characteristic equation has real coefficients, complex eigenvalues always appear in conjugate

pairs.
"Note that the second equation is simply (1 + 2) times the first.
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FIGURE 8.2.4 A phase portrait of
system (19)
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It is desirable and relatively easy to rewrite a solution such as (20) in terms of
real functions. To this end we first use Euler’s formula to write

P HN = S = pSiens 21 + i sin 21
€52 = Mg = Si(eos 2t — isin 21).

Then, after we multiply complex numbers, collect terms, and replace ¢; + ¢; by C)
and (c; — ¢2)i by Ca, (20) becomes

X=0X, + &%, 1)

Rt 0

where X, = ’ (I)cos 2 — (_2)51n 2f]e5’
0 1

and X,= K_,])cos 2t + (I)sin Zr}es’.

It is now important to realize that the vectors X, and X, in (21) constitute a linearly
independent set of real solutions of the original system. Consequently, we are justi-
fied in ignoring the relationship between C1, Cy and ¢y, 3, and we can regard C; and
C> as completely arbitrary and real. In other words, the linear combination (21) is
an alternative general solution of (19). Moreover, with the real form given in (21) we
are able to obtain a phase portrait of the system in (19). From (21) we find x(7) and
(1) to be

x = Cie¥cos 2t + Cpe¥sin 2t

¥y = (€ = 2Cy)e’cos 2t + (2C; + C,)e¥ sin 2r.
By plotting the trajectories (x(r), ¥(1) for various values of C} and C, we obtain the
phase portrait of (19) shown in Figure 8.2.4. Because the real part of Ay is 5 = (,
€ — @ as 1 — o, This is why the arrowheads in Figure 8.2.4 point away from the
origin; a particle on any trajectory spirals away from the origin as 1 — o, The origin
is a repeller.

The process by which we obtained the real solutions in (21) can be generalized.
Let K, be an eigenvector of the coefficient matrix A (with real entries)
corresponding to the complex eigenvalue A1 = a + if. Then the solution vectors in
Theorem 8.2.2 can be written as

Kie'' = K e = K,e"(cos Bt + i sin BN

K](’L’ = E,e""{’_"ﬁ’ - E,e”’(cos Bt — isin ).
By the superposition principle, Theorem 8.1.2, the following vectors are also
solutions:
X_lK A,r+E,x,r .__l_K _L_IZ Leet 2 i F7e ol o3
=z (Kie et’) = ,?( 1+ Kpe*'cos Br — 5 (=K + K)e sin pr

; o . - i .
X, = %(—Kle"l' + K;et) = %(—K] + K))e" cos Br + ;(K[ + Ky)e* sin Br.

Both %(z +Z)=a and %:’(—z T Z)=b are real numbers for any complex
number z = a + ib. Therefore, the entries in the column vectors YK, + K,) and
1i(—K, + K,) are real numbers. By defining

| - ;
B, = E(KT + K)) and By=—(=Kj+ K, (22)

we are led to the following theorem.
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THEOREM 8.2.3 Real Solutions Corresponding to a Complex

Eigenvalue

Let Ay = @ + iff be a complex eigenvalue of the coefficient matrix A in the
homogeneous system (2) and let B; and B, denote the column vectors defined
in (22). Then

X, = {B,cos #ir — B.,sin fr]e”

(23)
X, = [B.cos 8t + B sin fii]e”
are linearly independent solutions of (2) on (—z=, =),
The matrices B and B, in (22) are often denoted by
B, = Re(K;) and B, = Im(K,} (24)

since these vectors are, respectively, the real and imaginary parts of the eigenvector
K. For example, (21) follows from (23) with

6= (1) = () +03)

B, = Re(K,) = (:) and B, = Im(K,) = (_2)

i EXAMPLE 6 Complex Eigenvalues

Solve the initial-value problem

x’—( i 8)x XD)—( 2) 25
=l =g NI Lp &

SOLUTION First we obtain the cigenvalues from

2— A 8
defid =)= =A+4=0
*H ) ‘—J ~2—J
The eigenvalues are Ay = 2iand A, = A, = —2i. For A, the system
(2= 2i)k + 8k, =0

=k +(—2-20)=0

gives ky = —(2 + 20)k,. By choosing k> = —1, we get

= (*17)- () o)

b 3
B, = Re(K,) = (_;) and B, = ImK,) = (a)

Now from (24) we form

Since @ = 0, it follows from (23) that the general solution of the system is

[ S R e

2cos 2t — 2sin 2t 2 cos 2r + 2 sin 27
& + ¢, :

X

(26)

—cos 21 —sin 21
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Some graphs of the curves or trajectories defined by solution (26) of the system
arc illustrated in the phase portrait in Figure 8.2.5. Now the initial condition

2
X0y = (_1
2¢) + 20, =2, —¢; = —1, whose solution is ¢; = 1, ¢ = 0. Thus the solution

) or, equivalently, x(0) = 2 and y(0) = —1 yields the algebraic system

2 cos 2t — 2 sin 2t

to the problem is X :( ) The specific trajectory defined

—cos 2t
parametrically by the particular solution x = 2 cos 21 — 2 sin 27, v = —cos 21 is the
red curve in Figure 8.2.5. Note that this curve passes through (2, —1). E

REMARKS

In this section we have examined exclusively homogeneous first-order systems
of linear equations in normal form X' = AX. But often the mathematical
model of a dynamical physical system is a homogeneous second-order system
whose normal form is X" = AX. For example, the model for the coupled
springs in (1) of Section 7.6,

mxi = —kx + k(xn — x)
27
Mmsxh = —ka(xs — x),
can be written as MX" = KX,

where

M = (m. 0 ) K= (_kl = ;;3)? and X = (I](Uj.
0 i k: _k: -T:‘,U)

Since M is nonsingular, we can solve for X" as X" = AX, where A = M~ K.
Thus (27) is equivalent to

his o
m m m
X" = 1 1 i X 28}
ey (28)
m, s

The methods of this section can be used to solve such a system in two ways:

= First, the original system (27) can be transformed into a first-order system
by means of substitutions. If we let x] = x; and x, = x,, then x4 = x/ and
x; = xjand so (27) is equivalent to a system of four linear first-order DEs:

Ral e
P 0 0.3 0
X2 T Xy 0 o AR o |
k k-: k’) v C .
I; — _(_L + ._'.)xl 4 ==X O i _f‘_]_ = & ii 0 0 X. (29)
m; o ony my myom m
k & ky ky
e =0 5 00
n, i ) 2

By finding the eigenvalues and eigenvectors of the coefficient matrix A in
(29), we see that the solution of this first-order system gives the complete
state of the physical system—the positions of the masses relative to the
equilibrium positions (x; and x,) as well as the velocities of the masses
(x3 and x4) at time 1. See Problem 48(a) in Exercises 8.2.
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« Second, because (27) describes free undamped motion, it can be argued
that real-valued solutions of the second-order system (28) will have
the form

X = Vcos wt and X = Vsin wt, (30)

where V is a column matrix of constants. Substituting either of the
functions in (30) into X" = AX yields (A + w?DV = 0. (Verify.)
By identification with (3) of this section we conclude that A = —?
represents an eigenvalue and V a corresponding eigenvector of A. It can
be shown that the eigenvalues A; = —w?, i = 1,2 of A are negative, and
S0 @; = V/—A; is a real number and represents a (circular) frequency
of vibration (see (4) of Section 7.6). By superposition of solutions the
general solution of (28) is then

X = ¢}V cos ot + ¢,V sin oy + ¢3V,008 wyt + ¢,V,sin w,t a1

= (c;€08 Wyt + c;sin W)V, + (c3c08 @yt + ¢y5in wy1)V,,

where V; and V, are, in turn, real ei genvectors of A corresponding to A,

and A;.
The result given in (31) generalizes. If —wf, —w3,..., —w? are
distinct negative eigenvalues and Vi, Vs, ..., V, are corresponding real

eigenvectors of the n X n coefficient matrix A, then the homogeneous
second-order system X" = AX has the general solution

X = 2 (a;c0s w;t + b;sin w;0)V,, (32)
i=1
where a; and b; represent arbitrary constants. See Problem 48(b) in
Exercises 8.2.

EXERCISES 8.2

Answers to selected odd-numbered problems begin on page ANS-13.

8.2.1 DISTINCT REAL EIGENVALUES =1 0
9. X'= I, 2 1%
In Problems 1-12 find the general solution of the given 0 3 =
system.
10 1
T i By 308 gy 10. X' =[0 1 0|X
dt : dt ' 1 0 1
dy dy
— = 4x + 3y = =ax4 3y i
ar - T ar T . =
5 ) . X' = 7 -2 3|x
3.5 = —4x+ 2y 4. 5= 25 1 g T B
dr ’ dt 2
dy 5 P dy 3 -1 4 2
7R oA Y 2% = 4 -1 =3|%
a 10 -5 -6 2 1 & B
5 X' = g X 6. X' = 3 X
-12 Sl In Problems 13 and 14 solve the given initial-value problem.
dx dx
7. —=x+y—z 8. —=2x— 7Ty 1o
a0 g T A 13. X’ = ( ])x, X(0) = (3)
L ﬂ‘-5'+10'+4* - ’
a2 g o 14 1
dz dz 14, X' = v v ==
R B0 Eonna 4. X 0 2 0|X, X 3
di di ’ L il 0
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Computer Lab Assignments

In Problems 15 and 16 use a CAS or linear algebra software
as an aid in finding the general solution of the given system.

09 21 32
15 X' = |07 65 42|X
1.1 1.7 34
1 0 2 =T&
0 5.1 0 -1 3
16. X' = 1 2 =3 0 0|X
0 1 =31 4 0
—-28 0 0 1.5 1

17. (a) Use computer software to obtain the phase portrait
of the system in Problem 5. If possible, include
arrowheads as in Figure 8.2.2. Also include four
half-lines in your phase portrait.

(b) Obtain the Cartesian equations of each of the four
half-lines in part (a).

(¢) Draw the eigenvectors on your phase portrait of the
system.

18. Find phase portraits for the systems in Problems 2 and 4.
For ecach system find any half-line trajectories and
include these lines in your phase portrait.

8.2.2 REPEATED EIGENVALUES

In Problems 19-28 find the general solution of the given
system.

1x ix
19. = = 3¢ — 20, 2= —6x 4 5y
di : dt :
1y dy
. 9x — 3y e —5x + dy
di dr z
= ! 12 -9
21, X' = X 22, X' = X
5 3 (5 7o)
{x 1
23 L =y 4. T =3+ 2y + 4
dr : dt >
QZI-F}J—: g'\—:=2_r+2::
dr dr
dz dz
—=x=%+z — =4x+ 2y + 3z
dt dt :
5 -4 0 | 0 0
258X =1 0 21X 20: X'= (0 3 1)X
0 25 0 -1 1
1 0 0 4 1 0
27. X' =2 2 —-1]X 28.X'=10 4 1|X
0 1 0 0 0 4
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In Problems 29 and 30 solve the given initial-value problem.

L2 4\, _ (-1
29. X _(_1 6);\, X(O)—( 6)

0 0 1 ]
30. X' =0 1 0]X, X©0) =2
1 0 0 5

31. Show that the 5 X 5 matrix

=

Il
[ T e B e S o B S0
(=B o B = R S SN
o S v S 6 R o SO v
oo OO
L e o R T s

has an eigenvalue A; of multiplicity 5. Show that three
linearly independent eigenvectors corresponding to A,
can be found.

Computer Lab Assignments

32. Find phase portraits for the systems in Problems 20
and 21. For each system find any half-line trajectories
and include these lines in your phase portrait.

8.2.3 COMPLEX EIGENVALUES

In Problems 33-44 find the general solution of the given
system.

3. = =6x—y M e md
di ’ dt :
dy dy
— = 5x + ' —_ = =2y =
& KT dr &
!_ v
5 e Sy +y 36. L = 4x + Sy
dt dr .
dy dy
—= = —2x + 3y = = —2x + 6y
g X 3 7 x + 6y
4 -5 -
T = (, )X 38. Xt = (] S)X
5 —4 L =3
dx dx
39. == 40. = = 2x + y + 2z
dt dt 5t b
dy dy
—_ = = — = 3y 7
dt dt v+ 62
d_ d_
ar gy ok
1 -1 2 4 0 1
41. X' = | —1 01X 42. X'= 0 6 0|X
—~1 0 1 4 0
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2 51 2 4 4 X = V cos wt. Find the eigenvalues and eigenvec-
$3.X'=|-5 6 4]X 4.X =]|-1 -2 0)}X tors of a 2 X 2 matrix. As in part (a), obtain (4) of
0 02 =1 0 =2 Section 7.6.
In Problems 45 and 46 solve the given initial-value problem. Discussion Problems
49. Solve each of the following linear systems.
1 =12 —14 -
5.x =1 2 =3]x xO=| 6 @) x*=(1 l)x ®) xar( ; ')x
| ] = =7 1 1 =1 -
_ Find a phase portrait of each system. What is the geo-
6 -1 __2 S Cyac 23 U 30
46. X' = (5 4)){, X(0) = ( ) metric significance of the line ) x in each portrait?
50. Consider the 5 X 5 matrix given in Problem 31. Solve
. , the system X' = AX without the aid of matrix methods,
Computer Lab Assignments but write the general solution using matrix notation. Use
47. Find phase portraits for the systems in Problems 36, 37, the general solution as a basis for a discussion of how the
and 38. system can be solved using the matrix methods of this

, . section. Carry out your ideas.
48. (a) Solve (2) of Section 7.6 using the first method

outlined in the Remarks (page 323)—that is, express 51. Obtain a Cartesian equation of the curve defined
(2) of Section 7.6 as a first-order system of four lin- parametrically by the solution of the linear system in
ear equations. Use a CAS or linear algebra software Example 6. Identify the curve passing through (2, —1)
as an aid in finding eigenvalues and eigenvectors of in Figure 8.2.5 [Hint: Compute x*, y?, and xy.]

a 4 > 4 matrix. Then apply the initial conditions to
your general solution to obtain (4) of Section 7.6.

wn
b3

. Examine your phase portraits in Problem 47. Under
what conditions will the phase portrait of a 2 X2

(b) Solve (2) of Section 7.6 using the second method out- homogeneous linear system with complex eigenvalues
lined in the Remarks—that is, express (2) of Section consist of a family of closed curves? consist of a family
7.6 as a second-order system of two linear equations. of spirals? Under what conditions is the origin (0, 0) a
Assume solutions of the form X =V sin wr and repeller? An attractor?
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This chapter is divided into two basic
parts. The first six sections discuss infinite
sequences and infinite series. The last four
sections discuss Taylor and Maclaurin
polynomials and power series.

In this chapter, you should learn the
following.

E How to determine whether a
sequence converges or diverges. (8.1)

How to determine whether an

infinite series converges or diverges. m—

(9.2-9.6)

# How to find Taylor or Maclaurin
polynomial approximations of
elementary functions. (9.7)

How to find the radius and interval of
convergence of a power series and how
to differentiate and integrate power
series. (9.8)

How to represent functions by power
series. (3.9)

How to find a Taylor or Maclaurin
series for a function. (8.10)

"

Enc Haines

The sphereflake shown ahove is a computer-generated fractal that was created by
Eric Hames The radius of the large sphere is 1. To the large sphere nine spheres
it of radius 3 are attached. To each of these, nine spheres of radius § are attached.

This process is continued infinitely. Does the sphereflake have a finite or an infinite

surface area? (See Section 9.2, Exercise 114.)

Maclaurin polynomials approximate a given function in an interval around x = 0. As you add terms to the Maclaurin
polynomial, it becomes a better and better approximation of the given function near x = 0. In Section 9.10, you will see
that 2 Maclaurin series is equivalent to the gtven function {under surtabie condztlons)
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596 Chapter 9 Infinite Series

Sequences

List the terms of a seqiience.

Determine whether a sequence converges or diverges.

Write a formula for the nth term of a sequence.

Use properties of monotonic sequences and bounded sequences.

Sequences

In mathematics, the word “sequence” is used in much the same way as in ordinary
English. To say that a collection of objects or events is in sequence usually means that
the collection is ordered so that it has an identified first member, second member, third
member, and so on.

Finding Patterns Describe a
pattern for each of the following
sequences. Then use your descrip-
tion to write a formula for the

nth term of each sequence. As n Mathematically, a sequence is defined as a function whose domain is the set of
increases, do the terms appear to positive integers. Although a sequence is a function, it is common to represent
be approaching a limit? Explain sequences by subscript notation rather than by the standard function notation. For
your reasoning. instance, in the sequence
2. I.%.%,%,fg.. e E; 2 3, 4, R n, i % &
| P S
ki Fagags oas papacs l l ] l I J J Sequence
10 10 10 10 10
3060 100130 dy Gy 8y Bg  saoey Gy

d 149 16 25

£:9x 160234 30 1 is mapped onto a,, 2 is mapped onto a., and so on. The numbers a,, -, @+, . . ..a,.

15 7 9 11 Pp 1 PP 2 P2 5022 B0 1
€ 71011619 - . . . are the terms of the sequence. The number a,, is the nth term of the sequence,

and the entire sequence is denoted by {a,}.

Occasionally, it is convenient EXAMPLE E Listing the Terms of a Sequence

to begin a sequence with a,. so that the

terms of the sequence become a. The terms of the sequence {a,} = {3 + (=1)"} are
Gor s A aee o on e 3+ (=D)L 3+ (=120 3+ (=% 3+ (=14, ..
2 4, 2, 4,

b. The terms of the sequence {b,} = Il%} are
— 2n
4

I 2 3
[ =g =10 L= 9 1= g3 T =g T
ey el 3 4
) 3‘) 5‘) ?'J
c. The terms of the sequence {¢,} = {,}HH_— 1} are
12 22 32 42
B2=1T"2-1"2=1"2~T1
1 4 9 16
(fEE (1 Some sequences are i T 7 15’
defined recursively. To define a sequence
recursively, you need to be given one or d. The terms of the recursively defined sequence {d, |, where d, = 25 and
more of the first few terms. All other d, .= d, =35, are
terms of the sequence are then defined
using previous terms, as shown in 23, 2y-=g5=20, 20=H=15 1§=5=10,. . ..
Example 1(d). ]
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Forn = M, the terms of the sequence all lie
within g units of L.
Figure 9.1

There are different ways in
which a sequence can fail to have a
limit. One way is that the terms of the
sequence increase without bound or
decrease without bound. These cases
are written symbolically as follows,

Terms increase without bound:

lim a, = oo

=2
Terms decrease without bound:

lim q, = —oo
L = =1

9.1 Sequences 597

Limit of a Sequence

The primary focus of this chapter concerns sequences whose terms approach limiting
values. Such sequences are said to converge. For instance, the sequence {1/2/)

1311 1.1
2' 478 16" 327" "

converges to 0, as indicated in the following definition.

DEFINITION OF THE LIMIT OF A SEQUENCE

Let L be a real number. The limit of a sequence {a,}is L, written as

lim a, = L

H=—zc
if foreach £ > 0, there exists M > 0 such that |a, — L| < £ whenevern > M.
If the limit L of a sequence exists, then the sequence converges to L. If the limit
of a sequence does not exist, then the sequence diverges.

Graphically, this definition says that eventually (forn > M and & > 0) the terms
of a sequence that converges to L will lie within the band between the linesy = L + &
and y = L — g, as shown in Figure 9.1.

If a sequence {a,} agrees with a function f at every positive integer, and if f{x)
approaches a limit L as x — sc, the sequence must converge to the same limit L,

i

THEOREM 9.1 LIMIT OF A SEQUENCE ' I

Let L be a real number. Let f be a function of a real variable such that
lim f(x) = L.

If {a,} is a sequence such that f(n) = a, for every positive integer . then

lim a, = L.
H—2c
GullEad The converse of Theorem 9.1 is not true (see Exercise 138). =

EXAMPLE

Finding the Limit of a Sequence

Find the limit of the sequence whose nth term is

] I
a, = (l bR '—) i
n

Solution  In Theorem 5.15. you learned that

1 RS
lim (l =t ——) = e.
r—pao X
So, you can apply Theorem 9.1 to conclude that
. ) l n
lim a, = lim (1 + —
n—oo n—3oc n

=.g: B

gy



598 Chapter 8 Infinite Series

o,
)

1DE se a graphing
utility to graph the function in
Example 4. Notice that as x approaches
infinity, the value of the function gets
closer and closer to 0. If you have
access to a graphing utility that can
generate terms of a sequence, try
using it to calculate the first 20 terms
of the sequence in Example 4. Then
view the terms to observe numerically
that the sequence converges to (.

The following properties of limits of sequences parallel those given for limits of
functions of a real variable in Section 1.3.

THEOREM 9.2 PROPERTIES OF LIMITS OF SEQUENCES

Let lim g, = Land lim b, = K.

1. lim (@, £ b) =L+ K 2. lim ca, = cL, cis any real number
n—roo n—3c0

3. lim (a,b,) = LK 4 lim 2== p #0andK +0
H—3 o H—po0 bﬂ K

EXAMPLE E Determining Convergence or Divergence

a. Because the sequence {a,} = {3 + (—1)"} has terms
2,4,2.4,. .., See Example (a). page 396,

that alternate between 2 and 4, the limit

lim a,
n— 3G

does not exist. So, the sequence diverges.

1 . . .
b. For {b,} = [I — 2”], divide the numerator and denominator by n to obtain
lim lim : I{t
1 = NS i See Example 1(b). page 596
noze | — N n—o (lfﬂ) o 2 2 e e

which implies that the sequence converges to —%,

EXAMPLE [ZH Using U'Hopital's Rule to Determine Convergence

2
n-

Show that the sequence whose nth term is a,, = o1

converges.

Solution Consider the function of a real variable

5

x-

) = 57

Applying L'Hépital’s Rule twice produces

- = lim 2 = lim -
(ll'l 2)2‘ X% {ln 2)22"‘

r—zo

Iim = 0.

xX=yoo 2" e ]
Because f(n) = a, for every positive integer, you can apply Theorem 9.1 to conclude
that

o

n-

Jim = 0.

See Example 1c). pace 5396
H—FC'C?."_I i \CJ. pat

So, the sequence converges to 0. [

. ooa 5 5 - A . § i =
The icon ', indicates that you will find a CAS Investigation on the book's website. The CAS
Investigation is a collaborative exploration of this example using the compuier algebra svstems
Maple and Mathematica.

100



1.0
1
o
0.5 b Pl
>,
f’ﬁ‘q"‘o-
; — \\.L;?SE'EM- I
y ;"WAA
-0.5 .
1 1
{ Tan
=10+ e =
(=1)"
5 n!
_l.J__

Forn = 4, (—1)"/n!is squeezed between
—1/2"and 1/2~.
Figure 9.2

Example 5 suggests something
about the rate at which n! increases as
n— oo, As Figure 9.2 suggests, both
1/2" and 1/n! approach 0 as n—s co.
Yet 1/n! approaches 0 so much faster
than 1/2" does that

n
I—’E = lim £ = 0.

1 ]
n—ze Jpl

lim =

b = 1,/2"
In fact, it can be shown that for any fixed
number k.

i

Iim — = 0.

n—oo H!
This means that the factorial funcrion
grows faster than any exponential
Sfunction.

9.1  Sequences 5389

The symbol n! (read “n factorial™) is used to simplify some of the formulas
developed in this chapter. Let n be a positive integer; then i factorial is defined as

k=1 =2 «Fovild s s )5 g,
As a special case, zero factorial is defined as 0! = 1. From this definition, you can
seethat 1! =1,21=1-2=2,31=1.2.3 = 6, and so on. Factorials follow the

same conventions for order of operations as exponents. That is, just as 2x> and (2x)3
imply different orders of operations, 2n! and (2n)! imply the following orders.
! =2m)=2(1-2:3:4---p)
and
@r)!=1-2:3-4--.n-(m+1) - -2n

Another useful limit theorem that can be rewritten for sequences is the Squeeze
Theorem from Section 1.3,

THEOREM 9.3 SQUEEZE THEOREM FOR SEQUENCES
If

lim a, = L= lim b,
n—ac n—c

and there exists an integer N such that a, < ¢, < b, forall n > N, then

lim ¢, = L.
EXAMPLE {5 Using the Squeeze Theorem

1 .
Show that the sequence {c,} = [(—- 1) ~—1} converges, and find its limit,
n!

Solution  To apply the Squeeze Theorem, you must find two convergent sequences
that can be related to the given sequence. Two possibilities are a, = —1/2" and
b, = 1/2", both of which converge to 0. By comparing the term n! with 27, you can
see that

i 1 22 w3 80§ wifn  sgprm B § ViGN ¥ g o= 4)
| S )
1= 4 Factors
and
2;12222223 +2=16-2.2 2 nzd

This implies that for n = 4, 2" < !, and you have

=]
an

< (__I)n_l =

= n=4
n!

A
2“ B
as shown in Figure 9.2. So, by the Squeeze Theorem it follows that

lim (— I)”—]— = 0. -]

i 1=l n!
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Chapter 9

Infinite Series

In Example 5, the sequence {c,} has both positive and negative terms. For this
sequence, it happens that the sequence of absolute values, { le,| 1, also converges to 0.
You can show this by the Squeeze Theorem using the inequality

1 1
—_— =

0= o n = 4.

In such cases, it is often convenient to consider the sequence of absolute values—and
then apply Theorem 9.4, which states that if the absolute value sequence converges to
0, the original signed sequence also converges to 0.

THEOREM 9.4 ABSOLUTE VALUE THEOREM

For the sequence {a,}, if

lim |a,| =0  then lim a, = 0.
n—oo n—s oo

(PROGF ) Consider the two sequences {]a,|} and {—|a,|}. Because both of these

sequences converge to 0 and
- |a”l E nh’ '(_- |ﬂ”|

vou can use the Squeeze Theorem to conclude that {a, } converges to 0. B

Pattern Recognition for Sequences

Sometimes the terms of a sequence are generated by some rule that does not
explicitly identify the nth term of the sequence. In such cases, you may be required to
discover a pattern in the sequence and to describe the nth term. Once the nth term has
been specified, you can investigate the convergence or divergence of the sequence.

EXAMPLE Finding the nth Term of a Sequence

Find a sequence {a,} whose first five terms are
16 32
14 guge sp gt
and then determine whether the particular sequence you have chosen converges or
diverges.

Solution  First, note that the numerators are successive powers of 2, and the denom-
inators form the sequence of positive odd integers. By comparing a, with n, you have
the following pattern.

2L 92 933 94 95 o
L= 5%

~ £

77977 T 2pn—1

n

Using L’Hépital’s Rule to evaluate the limit of f(x) = 2%/(2x — 1), you obtain

. g o 2N 2 . n
lim = lim -—(—-—] =oo [» lim = oo.
v—oo LY — Ao 2 n—oe 21“! - 1
So, the sequence diverges. =
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9.1  Sequences 601

Without a specific rule for generating the terms of a sequence or some knowledge
of the context in which the terms of the sequence are obtained, it is not possible to
determine the convergence or divergence of the sequence merely from its first several
terms. For instance, although the first three terms of the following four sequences are
identical, the first two sequences converge to 0, the third sequence converges to r’;f and
the fourth sequence diverges.

1111 &
{a,,}.2,4,8, 16 gm
Byl 111 6
Gl A 15“'"'(.lz-f-l)(nz—n-i-ﬁ)’“'
ol AL 57 n*—3n+3
ek o e B e
Jld}:l‘l,}_.o'_ :EE_T_])(i__A'}
T 4G 6(n% + 3n — 2)

The process of determining an nth term from the pattern observed in the first several
terms of a sequence is an example of inductive reasoning.

EXAMPLE

| Finding the nth Term of a Sequence

Determine an nth term for a sequence whose first five terms are

2 8 _26 80 24
27 6724 1200

and then decide whether the sequence converges or diverges.

Solution  Note that the numerators are 1 less than 3" So, you can reason that the
numerators are given by the rule 3" — 1. Factoring the denominators produces

i = ]
2 | a2

6= [ +2x 3
24=1-2-3-4
120=1-2-3-4:5...,

This suggests that the denominators are represented by n!. Finally, because the signs
alternate, you can write the nth term as

a, = (—I)"(Snl; ])_

From the discussion about the growth of 1!, it follows that

: o =]
lim |a,| = lim =0
1—320 =z gl

Applying Theorem 9.4, you can conclude that

lim a, = 0.
=0T
So, the sequence{a,} converges to 0. B

103



602 Chapter 9
ﬂl’l
i
| L
4;
| R
Iy
i— ;‘ \
vy
! \
L4 ‘}
(1‘] G_‘

Infinite Series

]
[}

(b} = (2]

1+n

e b

] o~ b, I 3 4
bl -

1 2 3 =

4 -
_'J'__
1'1‘1
e} = ]
- " m ]
—l— — g
- .f’ Ca C. 6 -
E, 2 3 2
1
e
| 2 3

(c) Not monotonic

Figure 9.3

Monotonic Sequences and Bounded Sequences

So far you have determined the convergence of a sequence by finding its limit. Even
if you cannot determine the limit of a particular sequence, it still may be useful to
know whether the sequence converges. Theorem 9.5 (on page 603) provides a test for
convergence of sequences without determining the limit. First, some preliminary
definitions are given.

DEFINITION OF MONOTONIC SEQUENCE

A sequence {a,} is monotonic if its terms are nondecreasing
a,sa,<a,<---s@a s -

fl]

or if its terms are nonincreasing

I

di 2 a; =@y =+ ¢ 2

n

EXAMPLE

Determining Whether a Sequence Is Monotonic

Determine whether each sequence having the given nth term is monotonic.

a; o =3+ (=1)' W

Solution

a. This sequence alternates between 2 and 4. So, it is not monotonic.

b. This sequence is monotonic because each successive term is larger than its
predecessor. To see this, compare the terms b, and b, , ,. [Note that, because n 1s
positive, you can multiply each side of the inequality by (I + n) and (2 + n)
without reversing the inequality sign.]

2n 7 2n+ 1)

by = T+n°1 + (n + 1)=b”"'
2n(2 + n) 2 (1 4+ nm(2n+2)
4n + 2n? 2 2 4+ 4n + 20
i 2

Starting with the final inequality, which is valid, you can reverse the steps to
conclude that the original inequality is also valid.

c

This sequence is not monotonic, because the second term is larger than the first
term, and larger than the third. (Note that if you drop the first term, the remaining
SeqUence C,, Cy, €y, . . . 1S Monotonic.)

Figure 9.3 graphically illustrates these three sequences. ]

In Example 8(b), another way to see that the sequence is monotonic is to argue that
the derivative of the corresponding differentiable function f(x) = 2x/(1 + x) is positive for all
x. This implies that fis increasing, which in turn implies that {a,} is increasing. [}
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@I All three sequences shown in
Figure 9.3 are bounded. To see this,

consider the following.

=

=

=

4

2
4
3

2=a,
125,
0=ce,
iy,
Al
34
T ada
-
1 - s
a
I
T
1

Every bounded nondecreasing sequence

converges.
Figure 9.4

9.1 Sequences 603

DEFINITION OF BOUNDED SEQUENCE

1. A sequence {a,} is bounded above if there is a real number M such that
a, = M for all n. The number M is called an upper bound of the sequence.

2. A sequence {a,} is bounded below if there is a real number N such that
N = a, for all n. The number N is called a lower bound of the sequence.

3. A sequence {a,} is bounded if it is bounded above and bounded below.

One important property of the real numbers is that they are complete.
Informally, this means that there are no holes or gaps on the real number line. (The set
of rational numbers does not have the completeness property.) The completeness
axiom for real numbers can be used to conclude that if a sequence has an upper bound,
it must have a least upper bound (an upper bound that is smaller than all other
upper bounds for the sequence). For example, the least upper bound of the sequence

fa,} = {n/(n + 1)},

& _n
ST T+ 17

w2
e RN

1
33
is 1. The completeness axiom is used in the proof of Theorem 9.5.

poF 1 Assume that the sequence is nondecreasing, as shown in Figure 9.4. For the
sake of simplicity, also assume that each term in the sequence is positive. Because the
sequence is bounded, there must exist an upper bound M such that

Gl P .

= =
ap =, = dy 5

From the completeness axiom, it follows that there is a least upper bound L such that

Apis iy S Gy & vene Sug, S s sl

For & > 0, it follows that L — & < L, and therefore L — & cannot be an upper
bound for the sequence. Consequently, at least one term of {a,} is greater than
L — & Thatis, L — & < a, for some positive integer N. Because the terms of {a,}
are nondecreasing, it follows that ay = a, for n > N. You now know that
L—&<aysa,sL<L+e, for every n > N. It follows that |a, — L| < &
for n > N, which by definition means that {a,} converges to L. The proof for a
nonincreasing sequence is similar (see Exercise 139). m

EXAMPLE

Bounded and Monotonic Sequences
a. The sequence {a,} = {1/n} is both bounded and monotonic and so, by Theorem
9.5, must converge.

b. The divergent sequence {h,} = {n*/(n + 1)} is monotonic, but not bounded. (It is
bounded below.)

¢. The divergent sequence {c,} = {(—1)"} is bounded, but not monotonic.
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LAE Exercises

In Exercises 1-10, write the first five terms of the sequence.

3?!
1 a, =3 o e
n!
3. a,=(=3) 4. a,= (-3
. nT 2n
5. a, = sin 2 6. a, = 3
— 1)l 1)2 2
7. a, = e i = 8. a,= {-"J)""(—)
n? n
9,
9.a”=5—-]-+-£; Iﬂ.a"=]0+-—-+—§:
non° n n

In Exercises 11-14, write the first five terms of the recursively
defined sequence.

i
1igy= Jpm =2a, — 1) 12 8)=4,a,,; = ( e ])a‘.
13..0; = 33,0, ;= 30, 14, a, =6,a,,, = %af.

In Exercises 15-18, match the sequence with its graph. [The
graphs are labeled (a), (b), (c), and (d).]

(a) (b)

eat®
«*®

{C) £ (d} i,

15: ¢ = 10 16. a, = 10
" n+ 1 e E ]
17. a,= (1) 18. a, = (=1)

In Exercises 19-22, match the sequence with the correct
expression for its nth term. [The nth terms are labeled (a), (b),
(c), and (d).]

2 4
(@ a, ==n (b)a,=2-—-
e n
2n
1 —-0.5 =1 = —
(©) a, = 16(—0.5) (=
19. —2,0,%1,. . . 20. 16, 8,4, -2, . . .
2.2 &0k 21423

See www.CalcChat.com for worked-out solutions to odd-numbered exercises.

In Exercises 23-28, write the next two apparent terms of the
sequence. Describe the pattern you used to find these terms.

2% 2.58,11,. .. 24. 2435, .,
25..5,10,20,40,. . . 26. 1, —%1 —4..

3 3 3 3-8 237
27, =S T & 285 Ly—aim

In Exercises 29-34, simplify the ratio of factorials.

1! 25!
35— 28t

§! Al 20!

(m+ 1) (n +2)!

e MEF ES

L n! S n!

(2n — 1)! (20 + 2)!
(2 + 1) U (2m

In Exercises 35-40, find the limit (if possible) of the sequence.

Sn* 1
35. a4, = e 36.a,=5—=
=2 i n
2n S5n
37 ai' AR sk s = 38. o = S T L e
| U+ 4
5 4] 2
39, a, = sin— 40, a, = cos =
n n

FrLJ In Exercises 41-44, use a graphing utility to graph the first 10

terms of the sequence. Use the graph to make an inference
about the convergence or divergence of the sequence. Verify
your inference analytically and, if the sequence converges, find
its limit.

T 4. a,=—
n 1572

- nir 1

43. a, = cos o M apes By

In Exercises 45-72, determine the convergence or divergence of
the sequence with the given nth term. If the sequence converges,
find its limit.

45, a, = (0.3} — 1 46. a, =4 — =
n
5 2
47. a, = o+ 3 48. a, = =
" .
49. a, = (—3)"( ] 50. 4, =1+ (—1)
n+1 ;
It —n+4 In
B grmdl o S Ag— L.
G 20 + 1 8 In+ 1
I -, T
53 4 :I 3.5 (2n — 1)
n (2!!)H
TS e (D —
S 4w 1-3:5 2n—1)
! n!
55. a, = 1= 56. a, = le)’
n n
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3 /1
57, 4 - In(n?) 58. a, = In n
2n n
- =i - M
59. a, = i 60. a, = (0.5)
+ 1) =
B gt U g, =22
* n! n!
n—1 n
63. a, = —— — nz?2
n ne— 1
n* n-
Gh o= +1 2n—1
o nr o1
65.a,=—, p>0 66. a, = nsin—
! e in
67. a, = 2'/" 68. a, = —37"
69. a, = (1 + i) 70. a, = (! + -]—q)
' n n-
W e sin n 72. q, = cos;m
n n’

In Exercises 73—86, write an expression for the nth term of the
sequence. (There is more than one correct answer.)

73. 1,4,7,10,. . . 74. 3,7,11,15,. . .
LA B R 76. 1.—4.5. -
23435 1 1.1
TH, 3055 B = 78,2~ 3. %%
79. 2,1+ 3,1 +51+4L 1+, ..
80. 1+31+31+4L1+E1+3
1 2 3 4 o O
¥ —— e B2 L5z ia5iqan,
33556 IR
1 I I
B L ety T35
el I
84. l,_\’.?, E a F .

85, 2, 24, 720, 40,320, 3.628.800, . . .
86. 1.6, 120, 5040, 362,880, . . .
In Exercises 87-98, determine whether the sequence with the

given nth term is monotonic and whether it is bounded. Use a
eraphing utility to confirm your results,

1
87. a, =4 — ; 88. a, = oy

89. a, = 90. a = peni?

" r);r+2 "

91.

H:)
I
25
|
-

%

P i Y
Sl
=]

E\J

=]

i
/"-I-"“-\-\.
[FERN
S—

" o BT nir

95. a, = Sin=g= 96. a, = cos =

cosn sin/n

97. a, = 98. a, = —
n n
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PIP' In Exercises 99-102, (a) use Theorem 9.5 to show that the

sequence with the given nth term converges and (b) use a

graphing utility to graph the first 10 terms of the sequence and
find its limit.

99.;:1'“=5+1 1(]0.(:”=4--é
" m

101. a

] 1 a3
. 3(1—3—”) 102 a,= 4+

103. Let {a,} be an increasing sequence such that 2 = a, = 4.
Explain why {a,} has a limit. What can you conclude about
the limit?

104. Let {a,} be a monotonic sequence such that a, < 1. Discuss
the convergence of {a,}. If {a,} converges, what can you
conclude about its limit?

105. Compound Interest Consider the sequence {A,} whose nth
term is given by

I "
A= P(] - E)

where P is the principal, A, is the account balance after
months, and r is the interest rate compounded annually.

(a) Is {A, } a convergent sequence? Explain.
(b) Find the first 10 terms of the sequence if P = $10,000 and
r = 0.055.

106. Compound Interest A deposit of $100 is made at the beginning
of each month in an account at an annual interest rate of 3%
compounded monthly. The balance in the account after n
months is A, = 100(401)(1.0025" — 1).

(a) Compute the first six terms of the sequence 14, 1.
(b) Find the balance in the account after 5 years by computing
the 60th term of the sequence.

(¢c) Find the balance in the account after 20 years by
computing the 240th term of the sequence.

NG ABOUT CON
107. Is it possible for a sequence to converge to two different
numbers? If so, give an example. If not, explain why not.

108. In your own words. define each of the following.
(a) Sequence (b) Convergence of a sequence
(c) Monaotonic sequence (d) Bounded sequence

109. The graphs of two sequences are shown in the figures.
Which graph represents the sequence with alternating
signs? Explain.

{!” “n
4
2-1- ° 1+ e
|
- I+ e
| L 2 | - .
i i s v o e Tw-+------a+!—+-—~ "
2 f 2 4 (3]
-1 L] -1

1
% -

B
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110. Give an example of a sequence satisfying the condition or

Chapter 8 Infinite Series

explain why no such sequence exists. (Examples are not
unique.)

(a) A monotonically increasing sequence that converges
to 10

(b) A monotonically increasing bounded sequence that
does not converge

(c) A sequence that converges lo%

(d) An unbounded sequence that converges to 100

111.

HV 113.

fﬂF 114.

Government Expenditures A government program that

currently costs taxpayers $4.5 billion per year is cut back by

20 percent per year.

(a) Write an expression for the amount budgeted for this
program after n years.

(b) Compute the budgets for the first 4 years.

(c) Determine the convergence or divergence of the sequence
of reduced budgets. If the sequence converges, find its
limit.

. Inflation 1f the rate of inflation is 4%% per year and the

average price of a car is currently $25,000, the average price
after n years is

P, = $25,000(1.045)".

Compute the average prices for the next § years.

Modeling Data  The federal debts a, (in billions of dollars) of
the United States from 2002 through 2006 are shown in the
table, where 12 represents the year, with n = 2 corresponding to
2002, (Source: U.S. Office of Management and Budget)

n 2 3 | 4 | s | 6

@, | 61984 | 67600

73547 79053 | 84514

(a) Use the regression capabilities of a graphing utility to find
a model of the form

a,=bn> +cn+d n=2734.56

for the data. Use the graphing utility to plot the points and
graph the model.
(b) Use the model to predict the amount of the federal debt in

the year 2012.

Modeling Data  The per capita personal incomes a, in the
United States from 1996 through 2006 are given below as
ordered pairs of the form (1. a,), where n represents the vear.
with 71 = 6 corresponding to 1996.  (Source: U.S. Bureau of
Economic Analysis)

(6.24.176), (7, 25.334), (8. 26.880), (9, 27,933),

(10, 29.855), (11, 30,572), (12, 30,805), (13, 31,469).

(14, 33,102). (15. 34,493), (16, 36,313)

(a) Use the regression capabilities of a graphing utility to find
a model of the form

115.

116.

117.

118.

True or False?

n=67%...,16

a, = bn + ¢,
for the data. Graphically compare the points and the
model.

(b) Use the model to predict per capita personal income in the
year 2012.

Comparing Exponential and Factorial Growth
the sequence a, = 10%/n!.

Consider

(a) Find two consecutive terms that are equal in magnitude.

(b) Are the terms following those found in part (a) increasing
or decreasing?

(c) In Section 8.7, Exercises 73-78, it was shown that for
“large™ values of the independent variable an exponential
function increases more rapidly than a polynomial function.
From the result in part (b), what inference can you make
about the rate of growth of an exponential function versus
a factorial function for “large” integer values of n?

Compute the first six terms of the sequence

=[1+9)

If the sequence converges, find its limit.

Compute the first six terms of the sequence {a,} = {{"/;}_ If
the sequence converges, find its imit.

Prove that if {s,} converges to L and L > 0, then there exists
a number N such that s, = Oforn = N.

In Exercises 119-124, determine whether the

statement is true or false. If it is false, explain why or give an
example that shows it is false.

119.

120.
121.
122.
123,
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. Fibonacci Sequence

If {a,} converges to 3 and {b,} converges 10 2, then {a, + b,

converges to 5.

If {a,} converges, then lim (a, — a,,,) = 0.
n—oo

a,

Ifn = 1, thenn! = n{n — 1)
If {a,} converges. then {a, /n} converges to 0.

If {a,} converges to O and {b,} is bounded, then {a,b,}
converges to (.

. If {a,} diverges and {b,} diverges, then {a, + b,} diverges.

In a study of the progeny of rabbits.
Fibonacci (ca. 1170-ca. 1240) encountered the sequence
now bearing his name. The sequence is defined recursively as
d,42=a, +a,., whereaq = landa, = 1,

(a) Write the first 12 terms of the sequence.
(b) Write the first 10 terms of the sequence defined by

n=1.

(c) Using the definition in part (b), show that
b, =1+ L
n=1

(d) The golden ratio p can be defined by lim b, = p. Show

that p = 1 + 1/p and solve this equation for p.



.F?JF’ 126.

127.

128.

129.

Conjecture  Let x, = 1 and consider the sequence x, given
by the formula

] +L_ =1 o

=1

X T Exu—l

Use a graphing utility to compute the first 10 terms of the
sequence and make a conjecture about the limit of the
sequence.

Consider the sequence
\/5. \32 F \»'5,\;2 4 \.-'2"‘ \/i‘. P

(a) Compute the first five terms of this sequence.
(b) Write a recursion formula for a, forn = 2.
(c) Find lim a,.

Cu:_msiderﬂtl_'l’f;c sequence

V6,6 + 6,6+ J6+ /6,. ..

(a) Compute the first five terms of this sequence.
(b) Write a recursion formula for a,, for n = 2.
(c) Find lim a,.
A=
Consider the sequence {a,} where a, = /%, By =K+ oy,
andk > 0,
(a) Show that {a,} is increasing and bounded.
(b) Prove that lim a, exists.

n—sor

(c) Find lim a,.

H—yo0

- Arithmetic-Geometric Mean  Leta, > b, > 0. Let a, be the

arithmetic mean of a, and by, and let b, be the geometric mean

of a, and b,

ap + by . .
gy == Arithmetic mean
by = Jayb, Geometric mean

Now define the sequences {a,} and {5} as follows.

Ay 2B
= = : = brr = arr—lbn =1
(a) Let a; = 10 and b, = 3. Write out the first five terms of
{a,} and {b,}. Compare the terms of {b,}. Compare a,
and b,. What do you notice?

(b) Use induction to show that @, > a,,, > b,,, > b,. for
ay > by > 0.

(c) Explain why {a,} and {b,} are both convergent.
(d) Show that lim a, = lim b,.
n—poc

n—o

. (a) Let fl{x) =sinx and a, =nsinl/n. Show that

lim a, = f(0) = 1.
—ros
(b) Let f(x) be differentiable on the interval [0,1] and

f(0) = 0. Consider the sequence {a,). where
a, = n f{1/n). Show that lim a, = f10).

. Consider the sequence {a,} = {nr"}. Decide whether {a,}

converges Tor each value of r.

(@) r=13 b)) r=1 (c) =

(d) For what values of r does the sequence {n/} converge?

P
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133. (a) Show that [} Inx dx < In(n!) forn = 2.

¥

L5
y=lnx
20
lif=
1.0+
0.5+
o T T x
"l 2.3 4 o

"5‘_.
Pl

Draw a graph similar to the one above that shows
In(n!) < 7" In x d.

(c) Use the results of parts (a) and (b) to show that

” = ] LR
% <nl < (”—c“)——.forn i
(d) Use the Squeeze Theorem for Sequences and the result of

part (c} to show that lim {W/n) = l/e.
[ B 2 ]
(e) Test the result of part (d) for n = 20, 50, and 100.

: 1 & 1
134. Consider the i ey
Consider the sequence {a, } {” ;21 T U‘/"J

(a) Write the first five terms of {a,}.

(b) Show that lim a, = In 2 by interpreting a, as a Riemann
H oc

H—s

sum of a definite integral.

135. Prove. using the definition of the limit of a sequence. that

lim l =0
n=os 1717

136. Prove. using the definition of the limit of a sequence, that
lim r" =0for—1 < r < 1.

n—oc
137. Find a divergent sequence {a, } such that {a,,} converges.
138. Show that the converse of Theorem 9.1 is not true, [Hint:
Find a function f(x) such that f(n) = a, converzes but
lim f{x} does not exist.]
X=300

139. Prove Theorem 9.5 for a nonincreasing sequence.

140. Let {x,}, n = 0, be a sequence of nonzero real numbers
such that x7 —x, _ x ., =1 for n=1,2.3,.. ..

Prove that there exists a real number a such that
Xyyy = ax;—x,_ . foralln = 1,

141, Let 7, = 2,7, = 3, T, = 6, and, for n = 3,
T,=W+ 4T, —4nT,_, + (4n — 8T, _s.

"

The first 10 terms of the sequence are
2,3, 6, 14, 40, 152, 784, 5168, 40,576, 363,392,
Find, with proof, a formula for T of the form

T,=A,+ B, where {4} and {B ) are well-known
sequences.

These problems were composed by the Commitiee on the Putnam Prize
Competition. © The Mathematical Association of America. All rights reserved.
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INFINITE SERIES

The study of infinite series was considered a
novelty in the fourteenth century. Logician
Richard Suiseth, whose nickname was
Calculator, solved this problem.

If throughout the first hall of a given
time interval a variation continues at a
certain intensity, throughout the next quarter
of the interval af double the intensity,
throughout the following eighth at iriple
the intensity and so ad infinitum; then the
average intensity for the whole interval will
be the intensity of the variation during the
second subinterval (or double the intensity).
This is the same as saying that the sum of
the infinite series

?

3 n
.{_+_ _i_+_+‘.
4 3

1
2 Pz

is 2

{ As you study this chapter,
you will see that there are two basic
questions involving infinite series. Does
a series converge or does it diverge? If a
series converges, what is its sum? These
questions are not always easy to answer,
especially the second one.

P2 Series and Convergence

# Use properties of infinite geometric series.
= Use the nth-Term Test for Divergence of an infinite series.

Infinite Series

One important application of infinite sequences is in representing “infinite
summations.” Informally, if {a,} is an infinite sequence, then

i
E O layshnt ok s b Infinite series

i
n=1

is an infinite series (or simply a series). The numbers a,, a,, a;, are the terms of the
series. For some series it is convenient to begin the index at n = 0 (or some other
integer). As a typesetting convention, it is common to represent an infinite series as
simply 2 a,. In such cases, the starting value for the index must be taken from the
context of the statement.

To find the sum of an infinite series, consider the following sequence of partial
sums.

Sp=a

S, =a, + a;

S3=a,+a, + a;
S,y=ay + a; Byt o o gy

If this sequence of partial sums converges, the series is said to converge and has the
sum indicated in the following definition.

]

o0
For the infinite series E a,. the nth partial sum is given by
n=1

S, =a, ta, +--+a

n < nt

o0
If the sequence of partial sums {5, } converges to S, then the series E a,
1=

=

converges. The limit § is called the sum of the series.

n

S=g ot gt s R e 5':-5“((‘,__

If {S,} diverges, then the series diverges.

 EXPLORATION

Finding the Sum of an Infinite Series  Find the sum of each infinite series.

Explain your reasoning.

a. 0.1 + 0.01 + 0.001 + 0.0001 + - - = b. 15+ 705 + 7000 + 70905 + * - -
1 | 1 | 15 15 5
€ Lk gk g dugahag B o d. 756 + T0.000 * Toooow T 7

110



Figure 9.5 shows
the first 15 partial sums of the infinite
series in Example 1(a). Notice how
the values appear to approach the line
y=1.

1.25

....... ¢S 6900 8 ¢ 005 -

0

Figure 9.5

NI You can geometrically
determine the partial sums of the series
in Example 1(a) using Figure 9.6.

=

=

o
i3]

[

Bl—

Figure 9.6

I FOR FURTHER INFORMATION To
learn more about the partial sums of
infinite series, see the article “Six Ways
to Sum a Series” by Dan Kalman in The
College Mathematics Journal. To view
this article, go to the website
www.anatharticles.com.

9.2  Series and Convergence 609
EXAMPLE [EE Convergent and Divergent Series
a. The series
= | 1
— =t —t—t—
,2‘1 T2 4 8 16
has the following partial sums.
]
8 = 5
L. 1.3
.= = + - ==
5 2 4 4
L. 6.7
S;=c+=—+-==
7248 8
T S | 2= 1
S ==~ = + —=
‘Sn 2 + 8 i 21: 2”
Because
e
rr]ll..g: o =1
it follows that the series converges and its sum is 1.
b. The nth partial sum of the series
3 (1 1 ]) 1 I) (1 !)
- — =ll—-=|+{z—<]+(z==]+- -
“"-_S_-_:] (11 n + I) (I 2, (2 3 3 4
is given by
1
Sp=1m——
I ’I + 1
Because the limit of S, is 1, the series converges and its sum is 1.
c. The series
bS8 = T T
n=1
diverges because S, = 1 and the sequence of partial sums diverges. 5
The series in Example 1(b) is a telescoping series of the form
(b1 = b2) i (b}_‘ T b3) =+ UJE T b‘;) =5 (b4 T bS} s TL"|.L'.~.UO|"i:1g series

Note that b, is canceled by the second term, b, is canceled by the third term, and so

on. Because the nth partial sum of this series is

S.=b —=b

n+1

it follows that a telescoping series will converge if and only if b, approaches a finite

number as 1 — co. Moreover, if the series converges, its sum is

§=b — limb,.,.

N30
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Infinite Series

In “Proof Without Words,” by
Benjamin G. Klein and Irl C.
Bivens, the authors present the
following diagram. Explain why
the final statement below the
diagram is valid. How is this
result related to Theorem 9.67

P 1 b

APQR = ATSP

I"'?'—:“I':+I'3+‘ P

I
Exercise taken from “Proof Without
Words™ by Benjamin G. Klein and
Irl C. Bivens, Mathemarics
Magazine, 61, No. 4, October 1988,
p. 219, by permission of the
authors.

EXAMPLE B2 Writing a Series in Telescoping Form

2

Find the sum of the series > R
| e

n=1
Solution
Using partial fractions, you can write

. 2 e
GTHEST an=NmT D Zm—1 mFl

From this telescoping form, you can see that the nth partial sum is

S0 PU SN P S ST P
WA 3 5 n—1 2n+1)" n+1

So, the series converges and its sum is 1. That is,

< 2 _ _ i %
E an? — 1 ulglslc S _n]l»n—l(] 2n + I) e "

n=1

Geometric Series

The series given in Example 1(a) is a geometric series. In general, the series given by

e el R S i ) Geomelric series

o
E ar=a+ar+ar*+ - .
n=0

is a geometric series with ratio r.

THEOREM 9.6 CONVERGENCE OF A GEOMETRIC SERIES

A geometric series with ratio r diverges if || = 1.1f0 < |r| < I, then the
series converges to the sum

2 ar’ = T 0 < Irl Cag

{ProoF ) It is easy to see that the series diverges if r = 1. If r # +1, then S, =

a+ar+art+- -+ arm, Multiplication by r yields

S, =ar+ar*+ar*+ -+ ar,
Subtracting the second equation from the first produces S, — 1S, = a — as”. Therefore,

5,1 = r) = a(l — "), and the nth partial sum is

a
S, =——{1— v
" 1_."(] ’)

If0 < |r| < 1, it follows that 7" — 0 as n— oo, and you obtain

n—soo n—roo — — ¥ | n—oa L=y

lim §, = lim [-LJ(I — r"]'] - }L [ lim (1 — r")} =1

which means that the series converges and its sum is a/(1 — »). Tt is left to you to
show that the series diverges if || > 1. [ ]
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P Tryusinga graphing ~ EXAMPLE |
utility or writing a computer program

Convergent and Divergent Geometric Series

to compute the sum of the first 20 a. The geometric series
terms of the sequence in Example

- 3 + o0 3 e 1w
3(a). You should obtain a sum of 2 s 2 3(_)
about 5.999994. 02" o \2

=3(1) + 1(%) + 3(%)2 + e

. I . . .
has a ratio of r = 5 with @ = 3. Because 0 < |r| < I, the series converges and its

sum is
a 3
= = =0
S e E=r)
b. The geometric series
=3y 3. 8 27
Sl =1+ o+ =4

,20 (2) 2 4 8

has a ratio of »» = % Because || = 1, the series diverges. ]

The formula for the sum of a geometric series can be used to write a repeating
decimal as the ratio of two integers, as demonstrated in the next example.

'\w_‘j EXAMPLE £

A Geometric Series for a Repeating Decimal

Use a geometric series to write 0.08 as the ratio of two integers.
Solution  For the repeating decimal 0.08, you can write

8 8§ 8 8§

el e

L= — .
10> 7 10* 100 108

- 5,65

For this series, you have a = §/10 and r = 1/102. So.

0.080808 . .

a 8/10° 8
0.080808 . . . = = =—,
1=+ 1-=1(1/10%) 99
Try dividing 8 by 99 on a calculator to see that it produces 0.08. =

The convergence of a series is not affected by removal of a finite number of terms
from the beginning of the series. For instance, the geometric series

SGf w50

both converge. Furthermore, because the sum of the second series is a/(1 — r) = 2.
you can conclude that the sum of the first series is

S CRCRCR

|
=2 3 <

113
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Lo tis 0 As you study this chapter.
it is important to distinguish between an
infinite series and a sequence. A
sequence is an ordered collection of
numbers

(S0 £ R - R

whereas a series is an infinite sum of
terms from a sequence

gy Ty s g e .

o

wiii3y Be sure you see that the
converse of Theorem 9.8 is generally
not true. That is, if the sequence {a,}
converges to 0, then the series X a, may
either converge or diverge,

The following properties are direct consequences of the corresponding properties
of limits of sequences.

THEOREM 9.7 PROPERTIES OF INFINITE SERIES

Let 2 a, and Z b, be convergent series, and let A, B, and ¢ be real numbers. If
Za,= Aand ¥ b, = B, then the following series converge to the indicated
sums.

1. i ca, = cA

n=1

2. ¥ (@, +b)=A+B

n=]

3. i (a,—b)=A—B

n=1

nth-Term Test for Divergence

The following theorem states that if a series converges, the limit of its nth term must
be 0.

= n—sze
n=]

|
F T

|| If Ean converges, then lim a, = 0.
i

Then, because S, = §,_, + a, and

n—1

Im §, = lim §,_, =L

H—»oo n—¥os

it follows that

L= lim §, = lim (S“_‘l +a,)

n—oc n=roo
= lim §,_, + lim a,
n—oo n—oC
=L+ lim a,
H=320
which implies that{a,} converges to 0. =

The contrapositive of Theorem 9.8 provides a useful test for divergence. This
nth-Term Test for Divergence states that if the limit of the nth term of a series does
not converge to 0, the series must diverge.

THEOREM 9.9 #TH-TERM TEST FOR DIVERGENCE

k==l
If lim a, # 0, then E}a“ diverges.
n=
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4 ~ The series in Example
3(c) will play an important role in this
chapter.

== 1 1 |
Y, o= lho e d =
= 2 3 4

You will see that this series diverces
even though the nth term approaches
() as » approaches oo,

0
T =
6+ e
5+
.\
R L
L
3+ i
¥ It
: )
2- EOh Ny o o
Ly P
it [ ' 3 (E
1 % L -:‘ [ § 14y .
i Y b g i
¢ & . & 5 e & i
- i - 1 k4
1 2 3 4 3 M 7

The height of each bounce is three-fourths
the height of the preceding bounce.
Figure 9.7
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EXAMPLE [ Using the nth-Term Test for Divergence

=
a. For the series E 2", you have

n—oe

n=0

2" = oo,

S0, the limit of the nth term is not 0, and the series diverges.

b. For the series 2 2——
Fl

lim

n=—»oo

n!
T you have

n=1

n! 1

Gl +1 2

So, the limit of the nth term is not 0, and the series diverges.

&1
c. For the series E —, you have

n=1

lim —= 0.

> 1

Because the limit of the nth term is 0, the nth-Term Test for Divergence does not
apply and you can draw no conclusions about convergence or divergence. (In the
next section, you will see that this particular series diverges.)

EXAMPLE

Bouncing Ball Problem

A ball is dropped from a height of 6 feet and begins bouncing, as shown in Figure 9.7.
The height of each bounce is three-fourths the height of the previous bounce. Find the
total vertical distance traveled by the ball,

Selution  When the ball hits the ground for the first time, it has traveled a distance of

D, = 6 feet. For subsequent bounces, let D, be the distance traveled up and down. For
example, D, and D are as follows.

&
I

6(3) + 6(3) = 12(3)
\"\f—’ bt
Up Down

G + 6QE) = 126

e p—

]3

Up Down

By continuing this process, it can be determined that the total vertical distance is

D=6+ 12(3) + 126) + 1203)° +

=6+ 12 E( il

n=10

=6+ 12 3 G

n=0

o+ o)
1=

6 + 9(4)
42 feet.
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Exercises

In Exercises 1-6, find the sequence of partial sums S, S,, S5, S,
and S..

L l+i+g+ye+a+

1 2 3 4 5
Do ——— b f L

2-3 34 4-5 56 67
3.3-24+4 8,28
atedebededads

=) 3 7_( lJFr+l
B o 6 > 2

In Exercises 7 and 8, determine whether {g,} and Ya, are
convergent.

+ 1 4\"
7. a, =~ 8. a, = 3(—)

n 4

n

In Exercises 9-18, verify that the infinite series diverges.

E] Th e 11V
9‘ .112[](6) 10‘ ngll S(EJ

11. 1000(1.055)" 12; z 2(—=1.03)
e n=0
- n = n

13. TR 14.
”5-:1 n+ 1 HZJ 2n+3

- = I & n

5 - 16. =
a=1 11" I n2=‘] e+
& 2"+ ] = !

17. G 18. b4
sy 2 i

In Exercises 19-24, match the series with the graph of its

sequence of partial sums. [The graphs are labeled (a), (b), (c),
(d), (e), and (f).] Use the graph to estimate the sum of the series.
Confirm your answer analytically.

(a) SFI (l)} sfl
ol o
.
_gJJ:....ll..l 3T .....n
.
2 a4 @
_l i
I~ I 2
‘ e s s ——— b
|]2'34i(|?8‘? 1234567879
(c) S () S,
e {“..
5 - L]
i, e 0 e 008 0ee apls ® . .
2t 3+
2 P L
1 .
I
f } f b ——t——t—t—t——t-n
1:2:3:4:56 789 123456 789

See www.CalcChat.com for worked-out solutions to odd-numbered exercises.

(e) Sn (f) S
2.0+ 6
sk oeceesoe oo o
e * e®eteoce
1.0 3+e
'2__

[N
[
B
Lh ==
(=
Y
oo
=

o6 9 lfl e 2JI
19. ,,Z;;E (Z) 20. 2 (5)
S 15 11 S 17( 8y
2 3303 2 5 5(5)
= 1’}‘ 1 n o 2 "
23, “20 ?(“E) 24. ”20 (g)

In Exercises 25-30, verily that the infinite series converges.
= [5¥ = 1%

25. = 26. Y2 (=
.lr2=‘0 (6) :EI ( 2)

27. 3 (09)" =1+ 09+ 081 +0729 + - - -

n=0

28, 2” (—0.6) =1—06+036— 0216+ - -

a2

i AR T
& ”_.__ln(n + ])

(Use partial fractions.)
= 1 ) . I
30. E i+ 2) (Use partial fractions.)

n=1

F%’ Numerical, Graphical, and Analytic Analysis In Exercises

31-36, (a) find the sum of the series, (b) use a graphing utility
to find the indicated partial sum S, and complete the table, (¢)
use a graphing utility to graph the first 10 terms of the sequence
of partial sums and a horizontal line representing the sum, and
(d) explain the relationship between the magnitudes of the
terms of the series and the rate at which the sequence of partial
sums approaches the sum of the series.

m | 5|10 20/ 50/ 100

5‘1.‘ i
%6
31, T
,Z’J n(n + 3)

33 3 slpgy=

n=]

. 3 100025

L
n

= 4

. Y‘ I S
Aonln + 4)

. S 30850
=1

39\ 1 n—1
: ,,éf(‘?)

In Exercises 37-52, find the sum of the convergent series.

n=0

116

38,

& [4Y
:;06(3)



- 1 o 6\
». 3 (3 w0. $3(-8)

= & 4
L | 4% "2;1 nln + 2)

A, B 4, Ny —
4 2 (n + Din + 2) 2 (20 + 1)(2n + 3)
45. 14+ 0.1 + 001 +0.001 + - - -

46. 8 + 6+ 3+ +
47.3-1+5-§+- 48, 4—2+1-1
& J I N Ul o
.3 (2-4) 0. 3 (07 + 097]
> on 1
51 (sin 1)* 52

Y O+ 3p —2

n=1 "

In Exercises 53-58, (a) write the repeating decimal as

geometric series and (b) write its sum as the ratio of two integer

53. 04 54. 0.9
55. 08T 56. 0.01
57. 0.075 58. 0.215

a
S.

In Exercises 59-76, defermine the convergence or divergence of

the series.

1]

b

o0

59, ;:0 (1.075) 60. ”Z}J T
N = dn + 1
61. 2 H 62. —_1] %
o 'EI (% o ']" 2) 64 ,E'[ (n -3— 1 i 2)
o § m1 w$T
S 23
69; ,.2‘0% o 3
71. iF”J 72. 2 In;]:
T3 é—:l (I + %)“ 74. “j e
75: i arctan n 76. a]l (Er—:—l)
W=l =

77.
78.

State the definitions of convergent and divergent series.

Describe the difference between lim a, = 5 and

L R =
=
2_ a_ = 5.
=
79. Define a geomelric series, state when it converges, and give

the formula for the sum of a convergent geometric series.

80. State the nth-Term Test for Divergence.

T4

8.2
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81. Lkp](un any differences among the following series.

(a) 2 a, (h) 2} a, (c) ZI a
n=1 Ee= e

82. (a) You delete a finite number of terms from a divergent
series. Will the new series still diverge? Explain your
reasoning.

(b) You add a finite number of terms to a convergent series.
Will the new series still converge? Explain your reasoning.

In Exercises 83-90, find all values of x for which the series
converges. For these values of x, write the sum of the series as a
function of x.

8

T

83, S L 84, f} 3y
n=| n=

85. S (x— 1y 8. S 4(‘ - )
n=1 a=0 4

@ § i 5. S 1re
n=0

5 S (1) & (2 Y

59 (.2411 (".J’ 9{]- H2=‘] (":: - 4)

In Exercises 91 and 92, find the value of ¢ for which the series
equals the indicated sum.

91. S (1 + o) =2 02, $ o =5
n=2 n=

93. Think About It Consider the formula
T—{——l+\+1=—\'+---
Given x = —1 and x = 2, can you conclude that either of the

following statements is true? Explain your reasoning.

I =1+1=1+"-:-

1
(a) 5=

=] F dorprdet 8 44

94. Think About It Are the following statements true? Why
or why not?

1
(a) Because — approaches 0 as i approaches oo,
b

= 1

] ==
(b) Because lim —= = 0, the series 2’ converges.

n—ac "'T

o

iNT" In Exercises 95 and 96, (a) find the common ratio of the

geometric series, (b) write the function that gives the sum of the
series, and (c) use a graphing utility to graph the funetion and
the partial sums S, and S.. What do you notice?

g

- -2 -3
95, 1+ x4+ x4+ x4 - - bg: 7 e o E
2 g ¢ X X b 1 5 1 3
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FP' In Exercises 97 and 98, use a graphing utility to graph the

function. Identify the horizontal asymptote of the graph and
determine its relationship to the sum of the series.

Function Series
1 — (0.5)" =
97. flx) = 3[—1'_—(0-%)—] E 3(5)
Es ]

- n=0

H’" Writing  In Exercises 99 and 100, use a graphing utility to

determine the first term that is less than 0.0001 in each of the
convergent series. Note that the answers are very different.
Explain how this will affect the rate at which the series
CoOnverges.

1

o o ]\ L= |
. :ZT nin +1)° ,_-21 (-8“) 1. ,Z’] 2

101. Marketing An electronic games manufacturer producing
a new product estimates the annual sales to be 8000 units.
Each year 5% of the units that have been sold will become
inoperative. So, 8000 units will be in use after 1 vyear,
[8000 + 0.95(8000)] units will be in use after 2 years, and so
on. How many units will be in use after # years?

i (0.01)"

w=1

102. Depreciation A company buys a machine for $475,000 that
depreciates at a rate of 30% per year. Find a formula for the
value of the machine after n years. What is its value after
5 years?

103. Multiplier Effect The total annual spending by tourists in a
resort city is $200 million. Approximately 75% of that
revenue 1s again spent in the resort city. and of that amount
approximately 75% is again spent in the same city, and so on.

Write the geometric series that gives the total amount of

spending generated by the $200 million and find the sum of
the series.

104, Mulaiplier Effect  Repeat Exercise 103 if the percent of the
revenue that is spent again in the city decreases to 60%.

105. Distance A ball is dropped from a height of 16 feet. Each
time it drops /i feet, it rebounds 0.81/ feet. Find the total
distance traveled by the ball.

106. Time The ball in Exercise 105 takes the following times for

each fall.

§ = —1617 + 16, s, =0ifr=1

s, = —161 + 16(0.81), 5, = 0ifr =09

s; = =16 + 16(0.81)7, sy = 0ifr = (0.9
s, = — 1612 + 16(0.81)3, s, = 0ifr = (0.9)°
5, = —161* + 16(0.81)" 1, s, = 0ifr = (0.9)!

Beginning with 5., the ball takes the same amount of time to

bounce up as it does to fall, and so the total time elapsed
o

before 1t comes to rest 1 given by 1 = 1 + 22 (0.9)". Find

n=1

this total time.

Probability In Exercises 107 and 108, the random variable n
represents the number of units of a product sold per day in a
store. The probability distribution of # is given by P(n). Find the
probability that two units are sold in a given day [P(2)] and
show that P(0) + P(1) + P(2) + P(3) + - - - = 1.

¢ /1Y ; 1{2Y
107. P(n) = 5(‘5) 108. P(n) = E(g)

109. Prebability A fair coin is tossed repeatedly. The probability
that the first head occurs on the nth toss 15 given by
P(n) = (%)“. where n = 1.

= 1 n
(a) Show that 2(5) = 1.

n=1
(b) The expected number of tosses required until the first
o n
head occurs in the experiment is given by z n(;) s

n=1

this series geometric?
c) Use a computer algebra system to find the sum in part (b).

110. Probability In an experiment, three people toss a fair coin
one at a time until one of them tosses a head. Determine, for
each person, the probability that he or she tosses the first head.
Verify that the sum of the three probabilities is 1.

111. Area The sides of a square are 16 inches in length. A new
square is formed by connecting the midpoints of the sides of
the original square, and two of the triangles outside the second
square are shaded (see figure). Determine the area of the
shaded regions (a) if this process is continued five more times
and (b) if this pattern of shading is continued infinitely.

[ :
16 in. z
[ Yo

Figure for 111 Figure for 112

112, Length  Aright triangle XYZ is shown above where [X¥]| = 2
and Z£X = 6. Line segments are continually drawn to be
perpendicular to the triangle. as shown in the figure.

(a) Find the total length of the perpendicular line segments
|¥v,] + Jxy| + |xps| + ¢ ¢ - interms of z and 6.

(b) Ifz = I and 8 = 7/6, find the total length of the perpendi-
cular line segments.

In Exercises 113-116, use the formula for the nth partial sum of
a geometric series

n=—1 — et

E arl = M

i=0 =7

113. Present Value The winner of a $2.000,000 sweepstakes will
be paid $100,000 per year for 20 years. The money earns 6%
interest per year. The present value of the winnings is

'_Q 1 "
2‘ 100’000[1_(')-6) - Compute the present value and interpret

n=1

its meaning.
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114. Sphereflake The sphereflake shown below is a computer-
generated fractal that was created by Eric Haines. The radius
of the large sphere is 1. To the large sphere, nine spheres of
radius § are attached. To each of these, nine spheres of radius
% are attached. This process is continued infinitely. Prove that
the sphereflake has an infinite surface area.

115. Salary You go to work at a company that pays $0.01 for the
first day, $0.02 for the second day, $0.04 for the third day, and
so on. If the daily wage keeps doubling. what would your total
income be for working (a) 29 days, (b) 30 days, and (c) 31
days?

116. Annuities When an employee receives a paycheck at the
end of each month. P dollars is invested in a retirement
account. These deposits are made each month for 1 vears and
the account earns interest at the annual percentage rate r. If the
interest is compounded monthly, the amount A in the account
at the end of 1 years is

T R T

A2 -a ]

If the interest is compounded continuously. the amount A in
the account after 1 years is

A =P+ Per12 4 pe2/12 1+ pplizi—1)r/12

o Pl — 1)

{,r,.r'll —if *
Venify the formulas for the sums given above,

Annuities  In Exercises 117-120, consider making monthly
deposits of P dollars in a savings account at an annual interest
rate r. Use the results of Exercise 116 to find the balance A
after ¢ years if the interest is compounded (a) monthly and
(b) continuously.

117. P = $45, r = 3%, = 20 years

118. P = §75. r=55%, 1= 25 years

119. P = S100, r= 4%, = 35years

120. P =830, r = 6%, 1= 50 years

119
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121. Salary You accept a job that pays a salary of $50,000 for the
first year. During the next 39 years you receive a 4% raise
each year. What would be your total compensation over the
40-year period?

122. Salary Repeat Exercise 121 if the raise vou receive each
year is 4.5%. Compare the results.

True or False? 1In Exercises 123-128, determine whether the
statement is true or false. If it is false, explain why or give an
example that shows it is false.

==
123, If lim a, = 0, then E a, converges.

n—c ]

124. If Ea” =L,then > a, =L + a,

n=1 n=10

o

)

125. If |r] < 1, then Ear”
n=]
- "

. The seri REE
126 e series ”EI 100001 + 1)
127. 0.75 = 0.749999 . . .
128. Every decimal with a repeating pattern of digits is a rational

number.

diverges.

o0
129. Show that the series 2 a, can be written in the telescoping
n=1

form

Sle=S8_)~(c-5)]

n=1
where §, = 0 and S, is the nth partial sum.

130. Let X a, be a convergent series, and let
Ry=ay.; *ay,,+ - -

be the remainder of the series after the first N terms. Prove that

lim R, = 0.
N—zo

131. Find two divergent series = @, and = b, such that 3(a, + b))
converges.

132. Given two infinite series S, and T b, such that Za,
converges and X b, diverges, prove that X(a, + b,) diverges.

133. Suppose that = a, diverges and ¢ is a nonzero constant. Prove
that X ca, diverges.

- A ; = 1
134. 1t E a, converges where a, is nonzero, show that E =
n=1 &

diverges,

-y

135. The Fibonacci sequence is defined recursively by

Ay =4a,+a,,.,.wherea, = landa, = 1.
1 1 1
(a) Show that = e,
a1 sz By Gyyn Q.50 4
== 1
{b) Show that z —_— =1

n=1 an+] (3”_,__;
136. Find the values of x for which the infinite series
L+ 2+ 22+ 28 + x4 + 25 + 36 + - - .

converges. What is the sum when the series converges?

137. Provethat: + L 4 Lp. a1
roor r—1

for |r] > 1.
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= i

138. Find the sum of the series E m

n=1
Hint: Find the constants A, B, and C such that
1 A . B (_.'

==+ + .

nn+1)n+2) n n+l n+2
139. (a) The integrand of each definite integral is a difference of
two functions. Sketch the graph of each function and
shade the region whose area is represented by the integral.

f{: (1 — x)dx f[: (x — x%) dx _l]; (x* = xM) dx

(b) Find the area of each region in part (a).

==
(¢) Leta, = [y (3! — x) dx. Evaluate a, and E a,. What
n=1

do vou observe?

140. Writing The figure below represents an informal way of

= : > 5 .
showing that E — < 2. Explain how the figure implies this
amg

conclusion.

'Al—
i

ol

=

w3l

1

1
42

1
g
4

B =

# FOR FURTHER INFORMATION For more on this exercise, see
the article “Convergence with Pictures™ by P.J. Rippon in American
Mathemarical Momthly.

141. Writing Read the article “The Exponential-Decay Law
Applied to Medical Dosages” by Gerald M. Armstrong and
Calvin P. Midgley in Mathematics Teacher. (To view this
article, go to the website www.matharticles.com.) Then write a
paragraph on how a geometric sequence can be used to find the
total amount of a drug that remains in a patient’s system after n
equal doses have been administered (at equal time intervals).

==
142. Write 2 0 as a rational number,
=1

1 2&—])(3}; - 21)

143. Let f(n) be the sum of the first 1 terms of the sequence 0,
1,1,2,2,3,3,4 .. where the nth term 1s given by

B n/2,
= o - 1)/2,

Show that if x and y are positive integers and x > y then
xy = flx + y) —f(x e \)

These problems were composed by the Committee on the Putnam Prize
Competition. @ The Mathematical Association of America. All rights reserved.

if niseven
if nisodd

Cantor’s Disappearing Table

The following procedure shows how to make a table disappear by
removing only half of the table!

(a) Original table has a length of L.

L

e /[/('

H ) !_é

(b) Remove i of the table centered at the midpoint. Each
remaining piece has a length that is less than %L.

2

G

Remove é of the table by taking sections of length %L from the
centers of each of the two remaining pieces. Now, you have
removed f + ﬁ of the table. Each remaining piece has a length
that 18 less than lL

(d} Remove % of the table by taking sections of length J@L from the
centers of each of the four remaining pieces. Now, you have
removed % + é + ‘]‘]g of the table. Each remaining piece has a
length that is less than %L_

Will continuing this process canse the table to disappear, even
though you have only removed half of the table? Why?

i FOR FURTHER INFORMATION Read the article “Cantor’s
Disappearing Table” by Larry E. Knop in The College
Maihematics Journal. To view this article, go to the website
www.matharticles.com.
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Inscribed rectangles:

> fliy=area
a, =f(2)
a,=f(3)
a, =f(4)

Circumscribed rectangles:

"—

\ ¥ fli) = area
i=1
a, =f(1})

a,=f(2)
— a,=f(3)

a,_q =fin=1)

1 2 3 4 n—1 =n

Figure 9.8
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The Integral Test and p-Series

W Use the Integral Test to determine whether an infinite series converges or diverges.
E Use properties of p-series and harmonic series.

The Integral Test

In this and the following section, you will study several convergence tests that apply
to series with positive terms.

THEOREM 9.10 THE INTEGRAL TEST

If fis positive, continuous, and decreasing for x = 1 and a, = f(n), then

E a, and flx) dx

n=] 1

either both converge or both diverge.

+ Begin by partitioning the interval [1. n] into n — 1 unit intervals, as shown
in Flguw 9.8. The total areas of the inscribed rectangles and the circumscribed
rectangles are as follows.

J =

(.. = f{?_) I f(:ﬂ T8 ek f(h‘:} nseribed aren

Lt

n=1

S £ = £Q) + ) + -

(e |

At fln—1)

Cireumscribed area

The exact area under the graph of f from x = 1 to x = n lies between the inscribed
and circumscribed areas.

Using the nth partial sum, S, = f(1) + £(2) + - - - + f(n), vou can write this
inequality as

_f(] J ﬂ:l = ;,—]

Now, assuming that [{* f(x) dx converges to L, it follows that for n = 1
S,—F) L &= 8 =L+ (1)

Comcquenl]v {5, } is bounded and monotonic, and by Theorem 9.5 it converges. So,
2 a, converges. For the other direction of the proof, assume that the i improper integral
diver ges. Then [] f(x) dx approaches infinity as n—soco. and the inequality

S,—1 = Ji f(x) dx implies that {S,} diverges. So, £ a, diverges. ©

@IED Remember that the convergence or divergence of I a, is not affected by deleting the
first N terms. Similarly, if the conditions for the Integral Test are satisfied forall x = N > 1.

you can simply use the integral [° f(x) dx to test for convergence or divergence. (This is
Mustrated in Example 4.) B
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EXAMPLE |

Using the Integral Test

n

itk 17

Apply the Integral Test to the series E

Solution The function f(x) = x/(x* + 1) is positive and continuous for x = 1. To
determine whether fis decreasing, find the derivative.
(x2 + 1)(1) — x(22) _ =3

@+iE @ T

So, f(x) < 0 for x > 1 and it follows that f satisfies the conditions for the Integral
Test. You can integrate to obtain

= A L [* 9%
ﬁ;-3+1dx_2j, Pt1T

)=

b
1 .. 2%

T2 :}LB—}.L Bl
] = b

:-?jhl—\rl: In(x* + IJ]I
]_

=5 Jim [In(p2 + 1) — In2]

o] EXAMPLE 71 Using the Integral Test
i L
Apply the Integral Test to the series E] R

n=

Solution Because f(x) = 1/(x* + 1) satisfies the conditions for the Integral Test
(check this), you can integrate to obtain

= ] b 1
= dx = lim = dx
j = +1 h--éa‘:J: E i ol

&
= lim [arcmn J;—’

b—oo | K

i T f x

} } — i3 . I
T = Jim (arctan » — arctan 1)

: - T T T
Because the improper integral converges, the == - 2=

infinite series also converges. Z &
Figure 9.9 So, the series converges (see Figure 9.9), ]

In Example 2, the fact that the improper integral converges to 7/4
docs not imply that the infinite series converges to /4. To approximate the sum of
the series, you can use the 1nequahty

3 21 ® ]
_Z 3—‘- ‘Z];:1+1+J‘, 1"

y N

N

u—]JI

(See Exercise 68.) The larger the value of N, the better the approximation. For
instance, using N = 200 produces 1.072 = 21/(n> + 1) = 1.077.
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HARMONIC SERIES

Pythagoras and his students paid close

attention to the development of music as an

| abstract science. This led to the discovery of
the relationship between the tone and the
length of the vibrating string. It was observed

* that the most beautiful musical harmonies
corresponded to the simplest ratios of whole
numbers. Later mathematicians developed
this idea into the harmonic series, where the
terms in the harmonic series correspond to

- the nodes an a vibrating string that produce

~ multiples of the fundamental frequency. For

: examplc,% is twice the fundamental frequency,
1 is three times the fundamental frequency,
and so on.

TE{3S The sum of the series in

Example 3(b) can be shown to be 7%/6.

(This was proved by Leonhard Euler,
but the proof is too difficult to present
here.) Be sure you see that the Integral
Test does not tell you that the sum of
the series is equal to the value of the
integral. For instance, the sum of the
series in Example 3(b) is

= ] ,n.f
% 3= Leds
n=

but the value of the corresponding
improper integral is

9.3 The Integral Test and p-Series 621

p-Series and Harmonic Series

In the remainder of this section, you will investigate a second type of series that has a
simple arithmetic test for convergence or divergence. A series of the form

1
=— 4 — = —_— . .. F-senes

1s a p-series, where p is a positive constant. For p = 1, the series

1
> 2t

1
e Harmonic series

3

is the harmonic series. A general harmonic series is of the form 21/(an + b). In
music, strings of the same material, diameter, and tension, whose lengths form a
harmonic series, produce harmonic tones.

The Integral Test is convenient for establishing the convergence or divergence of
p-series. This is shown in the proof of Theorem 9.11.

THEOREM .11 CONVERGENCE OF p-SERIES _l

The p-series

1. convergesifp > 1, and

2. divergesif0 < p = 1. '

{FROOF ) The proof follows from the Integral Test and from Theorem 8.5, which states

that
=
L ;d).
converges if p > 1 and diverges if 0 < p = 1. w
EXAMPLE <% Convergent and Divergent p-Series

Discuss the convergence or divergence of (a) the harmonic series and (b) the p-series
with p = 2.

Solution

a. From Theorem 9.11, it follows that the harmonic series
+-. p=1

diverges.

b. From Theorem 9.11, it follows that the p-series

converges. [
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EXAMPLE Testing a Series for Convergence
Determine whether the following series converges or diverges.
= 4
Shnlnn

Solution  This series is similar to the divergent harmonic series. If its terms were
larger than those of the harmonic series, you would expect it to diverge. However,
because its terms are smaller, you are not sure what to expect. The function
f(x) = 1/(xInx) is positive and continuous for x = 2. To determine whether f is
decreasing, first rewrite fas f(x) = (xInx)~" and then find its derivative.

Iblnx
x*(In )2

Fx) = (=1)xInx)"2(1 + Inx) = —

So, f(x) < 0 for x > 2 and it follows that f satisfies the conditions for the Integral

Test.
o I o -
dx - &dx
> xInx > Inx
: i
= lim In(In X}J
= F1im [In(ln &) — In(In 2)] = oo
The series diverges. o

QLlkia) The infinite series in Example 4 diverges very slowly. For instance, the sum of the first
10 terms is approximately 1.6878196, whereas the sum of the first 100 terms is just slightly
larger: 2.3250871. In fact, the sum of the first 10,000 terms is approximately 3.015021704.You
can see that although the infinite series “adds up to infinity.” it does so very slowly. B

Exercises s

CalcChat.cam for work

In Exercises 1-24, confirm that the Integral Test can be applied 1 1 F ] 1
to the series. Then use the Integral Test to determine the . N/T{ ST !) ﬁ(\fﬁ i3 ]) s V@(\/g = ])
convergence or divergence of the series. 1
+ - bow e -+
1 == 1 2 E 2 \f;[ \/; i]
P 3 ] Btk 12 1,2, 3 Hoematle
e _2 Gl S R n?+3
3 2% 4. N\ 3-n
9 = | = Inn
n=1 n=1 13. FRRLI . T 14.
5 B ! N T FZ! g ”21 ”1
5 r|>=lI( 6. ,,21 ne < i Inn g < i
. 1 1 A 1 1 ; 1 3 ’ n=1 1 ’ = nInn
B e e e e
2 5 10 17 26 & arctan n Ee. 1
17 18. ———
1 1 1 1 1 ,Z| n? o+ ,,2‘3 nnnInln n)
e e - et
8 38573 ""9" N 19 i 1 20 i n+2
o 12 I3 nd S, 6, =i @n + 3 Sl
"2 T3 4 5 6 5 & _dn , & _n
'22113+I 2"'2 441
In2 In3 In4 In5 In6 n=1 a=1 M
10.—2"—?4——44’ /g'r‘ "?1 - - . 5
\ . L ~ 0 R
23 s g
Ek (4n + 5)3/* 24
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In Exercises 25 and 26, use the Integral Test to determine the (c)
convergence or divergence of the series, where & is a positive
integer.

& !
%9 2 n*+c

n=]

26. >_, e "

In Exercises 27-30, explain why the Integral Test does not apply
to the series.

= (—1) o (e)
E 28. E e" cosn
=1
2 + sinn 30 = (sinn)2
2 A
In Exercises 31-34, use the Integral Test to determine the
convergence or divergence of the p-series.
3, 3 = 253 =
i n=1 ”-‘ ’ n=1 “”3 43
3. 5 - S =
= n'f o 45
In Exercises 35-42, use Theorem 9.11 to determine the conver-
gence or divergence of the p-series. 47-
= ] = 3
3. = 36 - o 4
rr-zl I el ‘dp 9
1
B Fiollomtathsosbics e fh
JZ 3 S
1 1 1 1
3, 1 Fod = g i
B] 4 16 25
39, gt L g Lo 1 g
oI — B —i — T
22 33 44 5.5
P U TR ST
YA Y1e s
x 1
4Ly — ;
1.4
n=1 n ;‘%3? 50
& |
2 3 —
n

n=1

In Exercises 43-48, match the series with the graph of its
sequence of partial sums, [The graphs are labeled (a), (b), (c),
(d), (e), and (f).] Determine the convergence or divergence of
the series,

(a) [ (b) s,
i }
12 . 4+ e
10+ o” 1_| ev®®
g .I 3 J &

125
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-
1 1 L.l 1. ]. 1 1

(%)

S
)

] S N ]
&

2

v

. Numerical and Graphical Analysis

(d) s,
5
4+ -...ol
3T
2.
1+
e
2 4 6 8 10
() s,
{‘__ .I
L ..'.
4+ .'
I+ ®
210
1+
.-.-.A-_._...z_ 3 ,7._3.,._ "
2 4 6 8 10
s 2
44, N =
2‘! n
24

46. 2
n=1
48. E
ne=|

l

Use a graphing utility to

find the indicated partial sum S, and complete the table. Then
use a graphing utility to graph the first 10 terms of the sequence
of partial sums. For each series, compare the rate at which the
sequence of partial sums approaches the sum of the series.

T
(a) 3(—) = —
23 =5

- Numerical Reasoning  Because the harmonic series diverges,
it follows that for any positive real number M there exists a
positive integer N such that the partial sum

N

(b} As the real number M increases in equal increments, does
the number N increase in equal increments? Explain,
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51
52.

53,

54.

Chapter 9  Infinite Series

State the Integral Test and give an example of its use.
Define a p-series and state the requirements for its
COnvergence.

A friend in your calculus class tells you that the following
series converges because the terms are very small and
approach 0 rapidly. Is your friend correct? Explain.

1 ] 1 1 T
10,000 * 10,001 ' 10,002 '

In Exercises 43—48, lim a, = 0 for each series, but they do

=y
not all converge. Is this a contradiction of Theorem 9.9?

Why do you think some converge and others diverge?
Explain.

. Let f'be a positive, continuous, and decreasing function for
x = 1, such thata, = f(n). Use a graph to rank the follow-
ing quantities in decreasing order. Explain your reasoning.

91
c) > a,

n=1

7

@ » a,

H=2

E
(b) J’ flx) dx
1

CAPSTONE

56.

Use a graph to show that the inequality is true. What can
you conclude about the convergence or divergence of the
series? Explain,

(@) 2

n=1

In Exercises 57-62, find the positive values of p for

which the

series conve rges.

un
o

61.

G 1 e B0

“_2‘ n{In n)” 58, e

= n = -
e i 1+ w2y

20+ ,,2:1 nl n?)

e b ,23 1o afIn(ln 1)]7

In Exercises 63—66, use the result of Exercise 57 to determine
the convergence or divergence of the series.

45 ,23 inlinn = Z f(ln n):
5. -
¢ ,Z_ n(In nj? o Z 1 In(n?)
67. Let f be a positive, continuous, and decreasing function for

x = 1, such that a, = f(n). Prove that if the series

68.

=1

converges to S, then the remainder R, = § — §, is bounded by

éJ’ S(x) dx.

Show that the result of Exercise 67 can be wrilten as

i a, < i a, = i a, +J’ Sl dx.
n=1 N

n=1]

In Exercises 6974, use the result of Exercise 67 to approximate
the sum of the convergent series using the indicated number of
terms. Include an estimate of the maximum error for your
approximation.

6. >
70.
7.
7.
73,
74.

In Exercises 75

n?
1

<, four terms
"

, §IX lerms

1

nt+1

ten terms

I

m ten terms

et uMs il O I %

ne™ ", four terms

R

e, four terms

=80, use the result of Exercise 67 to find N such

that R, = 0.001 for the convergent series.
% L 7% B
h n= ] ”4 ) n=1 ”3!2
7. 3 e 78. Y o2
n=1 =]
79 S : 80 > ’
."2;!.4:3+ 1 'Hz;l n+ 5
81. Show tl 1 verges.
(a) Show that Z - converges anc Zﬂi = diverges

& s2.
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n=al n=

(b) Compare the first five terms of each series in part (a).

(¢) Find n = 3 such that

1 1

o
5

nlnn’

Ten terms are used to approximate a convergent p-series.
Therefore, the remainder is a function of p and is

0= Rylp) = J

10

|

sy dx, p= 1.

(a) Perform the integration in the inequality.

(b) Use a graphing utility to represent the inequality graphically.

(c) Identify any asymptotes of the error function and interpret
their meaning.



83. Euler’s Constanf Let
Sn = 2
=1

(a) Show thatln(n + 1) = §, < 1 + Inn.
(b} Show that the sequence {a,} = {S, — Inn} is bounded.

y gl
n

=1+

| =

I

(¢) Show that the sequence {a,} is decreasing.

(d) Show that a, converges to a limit -y (called Euler's
constant).

(e) Approximate y using a,,.
" = 1
84. Find the sum of the series 2 ln(] - ——)
W=z LLg

85. Consider the series

o

«An
E PRUES
=

(a) Determine the convergence or divergence of the series for

x=1
(b) Determine the convergence or diveraence of the series for
x=1/e.

(c) Find the positive values of x for which the series converges,

8.3 The Integral Test and p-Series 625

86. The Riemann zeta function for real numbers is defined for all
x for which the series

0= § i

n=1

converges. Find the domain of the funetion.

Review In Exercises 87-98, determine the convergence or
divergence of the series.

87. 88 —_—
,Z 3n—2 ;Zz nvnt =1
g w _l S
89. ¥ — 90. 3y P
= ndn W=
91. \ (% 92. N (1.042)
=] =0
& n o] 1
93. —— 4, e
,,21 it 4l g ,,Z, (HJ n3)
~ == I " =
95 “ZI (1 + ;) 96 2 Inn
A 1 = Inn
7. ”2:/1 n(ln np 98. ”21 i

The Harmoenic Series

The harmonic series

= 1 I A 1 |
—=ldctot—t o d—t. ..

VN 2 3 4 1

n=
is one of the most important series in this chapter. Even though its
terms tend to zero as i increases.

—

lim — =0
=k I
the harmonic series diverges. In other words, even though the terms
are getting smaller and smaller, the sum “adds up to infinity.”

(a) One way to show that the harmonic series diverges is attributed

to Jakob Bernoulli. He grouped the terms of the harmonic serjes
as follows:

1 1 1 1 1 1
L e S SRR e +—+
23 4 5 8 16
— . e A ks A
gk ¥
.I_+ .+L.L
17 32
\-\—,..._“,—I

Write a short paragraph explaining how you can use this grouping
to show that the harmonic series diverges.

(b) Use the proof of the Integral Test, Thearem 9.10. to show that
1 | 1 1
I+ 1) sl+-c+—4=-t-. - +=<]+hu
2 3 4 "
(c) Use part (b) to determine how many terms M vou would need
so that
Mo
z = ey
n=1 n
(d) Show that the sum of the first million terms of the harmonic
series 18 less than 15,
(e) Show that the following inequalities are valid.
21 1 i 2
In‘l—]sm—:ﬁ b "!'ﬁi‘]!]%
N = 1w + o7 + "t ag < Inyg
(f) Use the inequalities in part (e) to find the limit
e
lim =
=3ca thl n
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Comparisons of Series

& Use the Direct Comparison Test to deterimine whether a series converges or
diverges.

i Use the Limit Comparison Test to determine whether a series converges or
diverges.

Direct Comparison Test

For the convergence tests developed so far, the terms of the series have to be fairly
simple and the series must have special characteristics in order for the convergence
tests to be applied. A slight deviation from these special characteristics can make a test
nonapplicable. For example, in the following pairs, the second series cannot be tested
by the same convergence test as the first series even though it is similar to the first.

o 1., . 20T

1 — is geometric, but Z — 15 not:
2” b 2“

n=0 n=0

&1 . & .
2s — Is a p-series, but Z 3 1s not.

n=1 n n=1 i 1

,

3 " is easily integrated, but b T is not
3. a, = =5 is casily integrated, bu = e i A

T2+ 3)2 " (n? 4+ 3)?

In this section you will study two additional tests for positive-term series. These two
tests greatly expand the variety of series you are able to test for convergence or
divergence. They allow you to compare a series having complicated terms with a
simpler series whose convergence or divergence is known.

Let 0 < @, < b, forall n.

Lol ==l
-l
L. If ' b, converges, then >, a, converges.

n=1 n=1

2. 1f 2 a, diverges, then E b, diverges.

n=1 n=]

5 To prove the first property, let L = Z b, and let

n=1

S

n

=gyt v g,

Because 0 < a, = b,, the sequence §,, S,, S;,. . . is nondecreasing and bounded
above by L; so, it must converge. Because

=)
Iim §, = Ea,,
n=3%0

n=1

it follows that £ a_converges. The second property is logically equivalent to the first.
=]

CulEEay As stated, the Direct Comparison Test requires that 0 < a, = b, for all n. Because the
convergence of a series is not dependent on its first several terms, you could modify the test to
require only that 0 < a, = b, for all n greater than some integer V. B
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wii3 To verify the last inequality
in Example 2, try showing that
2 + /i = nwhenever n = 4,

9.4 Comparisons of Series 627

EXAMPLE Using the Direct Comparison Test
Determine the convergence or divergence of

& ]

n= 2+ 3”b

Selution  This series resembles

g

1~

. Convergent geometric series

(¥}

Term-by-term comparison yields

1
= —_ = = 1.
=g e S e B

a

S0, by the Direct Comparison Test, the series converges.

M; EXAMPLE B3 Using the Direct Comparison Test

Determine the convergence or divergence of
& !

—_—
n=1 2+ N

Selution  This series resembles

bt

1 - .
ey Diversent peseries

| s

"
Term-by-term comparison yields

1 1
T—ee— i ]
24 Jn n

which does not meet the requirements for divergence. (Remember that if term-by-term
comparison reveals a series that is smaller than a divergent series, the Direct
Comparison Test tells you nothing.) Still expecting the series to diverge, you can
compare the given series with

==

E = Divergent harmonic serias
p=11

In this case, term-by-term comparison yields

1 1
g. = — 8 ——zi= .. =i
n n 2 + \.”,r“r n
and, by the Direct Comparison Test, the given series diverges. ]

Remember that both parts of the Direct Comparison Test require that 0 < g, < b
Informally, the test says the following about the two series with nonnegative terms.

"

1. If the “larger” series converges, the “smaller” series must also converge.

2. If the “smaller” series diverges, the “larger” series must also diverge.
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628 Chapter 9 Infinite Series

@313 As with the Direct Comparison
Test, the Limit Comparison Test could
be modified to require only that a,, and
b, be positive for all n greater than some
integer N,

Limit Comparison Test

Often a given series closely resembles a p-series or a geometric series, yet you cannot
establish the term-by-term comparison necessary to apply the Direct Comparison
Test. Under these circumstances you may be able to apply a second comparison test,
called the Limit Comparison Test.

THEOREM 9.13 LIMIT COMPARISON TEST

Suppose that a, > 0, b, > 0, and

. fly _
i (b,,) L

where L is finite and positive. Then the two series 2 a, and X b, either both
converge or both diverge.

there exists N = 0 such that

0(%‘<L+I, forn = N.
’

This implies that
0<a, <(L+ 1)b,

So, by the Direct Comparison Test, the convergence of 2 b, implies the convergence
of X a,. Similarly, the fact that

lim bay
n—szo {?" L
can be used to show that the convergence of = a,, implies the convergence of T b,
E

EXAMPLE [EY Using the Limit Comparison Test

Show that the following general harmonic series diverges.

o 1
E L a=0, b>=0
oan + b

Solution By comparison with
& ]
E - Divergent harmonic series
n=1 n

you have
. 1/{an + b) ; n 1
lim = lim =-,
n—yas ]xﬂ n=o R + b [

Because this limit is greater than 0, vou can conclude from the Limit Comparison Test
that the given series diverges. B
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8.4 Comparisons of Series 629

The Limit Comparison Test works well for comparing a “messy” algebraic series
with a p-series. In choosing an appropriate p-series, you must choose one with an nth
term of the same magnitude as the nth term of the given series.

Given Series Comparison Series Conclusion
A 1 o o
e = Both series converge.
32 —4n+ 5 =t S
i ] .1 Both series di
—— = oth series diverge.
n=1~3n— 2 A=l N1
2 r—10 o e =y ;
T = 3 e Both series converge.
2= 4 + o0 o= 5 il 15

In other words, when choosing a series for comparison, you can disregard all but the
highest powers of n in both the numerator and the denominator.

EXAMPLE

Using the Limit Comparison Test

Determine the convergence or divergence of

s i
En:-i-l'

n=1

Selution  Disregarding all but the highest powers of 1 in the numerator and the
denominator, you can compare the series with

s Vn & 1 ‘ _
E ‘_1 = T C anvergent p-series
= =
Because

. a, ) Jn \(n¥?

lim = = lim = ——
n—¥os }” n—c \N- + ] ]

n?

= ] =1

2
n—=ze - + 1

you can conclude by the Limit Comparison Test that the given series converges.

EXAMPLE Using the Limit Comparison Test

Determine the convergence or divergence of
= o

=1

Solution A reasonable comparison would be with the series

=} 2?!

S

Note that this series diverges by the nth-Term Test. From the limit

lim 22 = lim (—-——!12“ )(ﬁ)

P 1% b, ui)'x, 4n3 + 1/\2»
BB gy

Jor L TREE (1/n3) 4

you can conclude that the given series diverges. ]
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Infinite Series

1. Graphical Analysis The figures show the graphs of the first

10 terms, and the graphs of the first 10 terms of the sequence of
partial sums, of each series.

=0 6 =

6
rlzl ”37 HEL ”3}.’2 + 3, ol Z 1/ ”“ + 0

(a) Identify the series in each figure.

(b) Which series is a p-series? Does it converge or diverge?

(c) For the series that are not p-series, how do the magnitudes of
the terms compare with the magnitudes of the terms of the
p-series? What conclusion can you draw about the
convergence or divergence of the series?

(d) Explain the relationship between the magnitudes of the
terms of the series and the magnitudes of the terms of the
partial sums.

a2, Sy
6r¢ TE
Al = ST
o - L
4Lt ”{—- s
- _1 Tl b:w I“-."'-.-..".
T n 6 €, -
24w T e
‘9‘ 4 -
U i g %
-------- e, = = ey
2 4 6 B W0 2 4 6 & 10

Graphs of terms Graphs of partial sums

. Graphical Analysis The figures show the graphs of the first
10 terms, and the graphs of the first 10 terms of the sequence of
partial sums, of each series.

(a) Identify the series in each figure.

=t
A=asn 0.5

==
-l

and

~1[“

2
/n— 05

=]

(b) Which series is a p-series? Does it converge or diverge?

(c) For the series that are not p-series. how do the magnitudes of
the terms compare with the magnitudes of the terms of the
p-series? What conclusion can you draw about the
convergence or divergence of the series?

(d) Explain the relationship between the magnitudes of the

terms of the series and the magnitudes of the terms of the
partial sums.

ay S
04
L ] ._[?“ 5
| 5
b ] 16+ L g
3T 4 ".r.‘"'
° 12 - -
2—_“\. - ‘_’-". -
e g4 » «®
G
'L'. g L 1 ’ ¥
- -
1 "'L.._t“a 4__*‘,-
554
k] B L e R L [ I | e
R B i s o [l G
2 4 6 & 10 Tt f g i

Graphs of terms Graphs of partial sums

EXE ICl Ses See www.CaleChat.com for worked-out solutions to add-numbered exarcises.

In Exercises 3

—14, use the Direct Comparison Test to determine

the convergence or divergence of the series.

=
% 3
r;l n- i ]
= 1
5.
RZ'J 2n — 1
75—
’ J’J'—04” ‘I 1
Z Inn
% “hn+ ]
i L
n= !
13N e
=1

= 1
E = Int+ 2
6- RPIINES. .. S,
:122 \/; - ]
==} 4”
8. =, 5;1 + 3
10 S —1
’ ,,21 Jim+ 1
12. N ]
V43— 1
oo '%}l
14. _J”'_ |

In Exercises 15-28, use the Limit Comparison Test to determine
the convergence or divergence of the series.

g e, B
' n=1 ”:+ 1
=
17. —
nEU ~ n* + 1
= 2nt =1
19. ————
A3t 2n 0
21 = in+3
T A i+ 4)
23. 3 ‘%
=ionygnt+ 1
& k=l
25 3 F— k>2
k4]

"

= .. 1
27, §in —
HZI sin

Lo )
16. Y ————
n=1 4” + ]
18 Sz I
' " 15” 56 I
& 1.5
20, N ———
,_2=’] w—=2n+3
o 1
22 —
= le n(n + 3)
5 n
240N —————
L T
26. S . R
a= 1 + ”2 + 4
28. 2 T.dl']"

In Exercises 29-36, test for convergence or divergence, using
each test at least once. Identify which test was used.

(a) nth-Term Test

(¢) p-Series Test

(e) Integral Test

(g) Limit Comparison Test

-
n

2
ad

n

s
-

=
u

Ay iMH

gh
g

)
o

[#9]
Ln
it

’“I
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(b) Geometric Series Test
(d) Telescoping Series Test
(f') Direct Comparison Test

= 1 1
H: 21 (n +1 n+ 2)

36.




37. Use the Limit Comparison Test with the harmonic series to
show that the series = a, (where 0 < a, < a,_,) diverges if
lim na, is finite and nonzero.

Prove that, if P(n) and Q(n) are polynomials of degree j and k,
respectively, then the series
i—‘: Pln)

0(n)

n=]

38

converges if j < k — 1 and divergesifj = k — 1.

In Exercises 39—42, use the polynomial test given in Exercise 38
to determine whether the series converges or diverges.

| 2 3 4 5
39.§+§ Tl R e A
i 1 !
40.3+g+i5+a tapte
O a2 3 2
¥ A ta 1

In Exercises 43 and 44, use the divergence test given in Exercise
37 to show that the series diverges.
ot n?

- 2, 50 + 3

In Exercises 45-48, determine the convergence or divergence of
the series.

45'&% +am tamt Q% +
4("ﬁ+2:0+ﬁ+:;u e
47, 57 + 35 + 5 5 + -
48, 57 + 35 + 337 + 3 +

Review the results of Exercises 45-48. Explain why careful
analysis 1s required to determine the convergence or diver-
gence of a series and why only considering the magnitudes
of the terms of a series could be misleading.

49,

50. State the Direct Comparison Test and give an example of its

use.
51. State the Limit Comparison Test and give an example of its
use.

52. The figure shows the first 20 terms of the corwﬂncm series

E a, and the first 20 terms of the series 2 a?. Identify

=] n=]

the two series and explain your reasoning in making the
selection.

9.4 Comparisons of Series 631

_
(2n = 1)¥

(a) Verify that the series converges.

ldF’ 53. Consider the series E

n=1

(b) Use a graphing utility to complete the table.

10 f 20 H 50

(¢) The sum of the series is 77°/8. Find the sum of the series

(d) Use a graphing utility to find the sum of the series

2:7 2n— 17

= 1

n%[] (2n — 1)¥

‘CAPSTONE

54. It appears that the terms of the series

1 I 1 1
1000+ Too1 T Too3

+ Jogg. Feow

are less than the
series

corresponding terms of the convergent

L N +q
I

If the statement above is correct, the first series converges.
Is this correct? Why or why not? Make a statement about
how the divergence or convergence of a series is affected by
inclusion or exclusion of the first finite number of terms.

True or False? In Exercises 55-60, determine whether the
statement is true or false. If it is false, explain why or give an
example that shows it is false.

== oc
55. If0 < a, = b, and 2 a, converges, then E b, diverges.

n=] n=1

56. If0 < a,.,, = b, and 2 b, converges, then 2 a, converges,
n=1
57. If a, + b, = ¢, and E ¢, converges, then the series 24 a,
n=1 n=1
and 2 b, both converge. (Assume that the terms of all three
n=1

series are positive.)

n
o

Ifa, = b, + ¢, and 2 a, diverges, then the series 2 b, and

n=1 n=1

E c, both diverge. (Assume that the terms of all three series
n=]

are positive,)

o oo
If0 <a, = b, and 2 a, diverges, then E b, diverges.
W=l A=l

[==] oo
If0 < a, = b,and ) b, diverges, then > a, diverges.

n=1 =1
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61. Prove that if the nonnegative series

os

i a, and 2 b,
A=l

converge, then so does the seres
e

Z a,b,.

n=1

62. Use the result of Exercise 61 to prove that if the nonnegative

o0 o
series 2 a, converges, then so does the series 2 a2

n=1 n=]
63. Find two series that demonstrate the result of Exercise 61.
64. Find two series that demonstrate the result of Exercise 62.

65. Suppose that Z a, and X b, are series with positive terms. Prove

.
that if lim }-ﬂ = 0 and X b, converges, = a, also converges.

H—yoo Jn
66. Suppose that ¥ a, and 2 b, are series with positive terms. Prove

o i Ll . - .
that if lim b—” = co and X b, diverges, X a, also diverges.

N30
el

67

Use the result of Exercise 65 to show that each series converges.

5 1 :
(a) ”21 m (b)

20

n=1 \-'J}ETJ'”

68. Use the result of Exercise 66 to show that each series diverges.
= Inn B ]

@ Y (b)

n=]

~ Inn

69. Suppose that £ a, is a series with positive terms. Prove that if
= a, converges, then Z sin a,, also converges.
1
F4 v wbop

==}
70. Prove that the series CONVErges.
Z, 1 +2+ =

71. Show that E L converges by comparison with E :

n=1"M \/; n=1 ﬁ
AM EXAM CHALLENGE

72. Is the infinite series

& 1

E (n+1)/n
R !

convergent” Prove your statement.

o0
73. Prove that if 2 a, is a convergent series of positive real

n=1

numbers, then so 1s
[==}
.H_l'l|." + t]
2 (a /.
A=l

These problems were composed by the Committee on the Putnam Prize
Competition. @ The Mathematical Association of America, All rights reserved.

Solera Method

Most wines are produced entirely from grapes grown in a single
vear. Sherry, however, is a complex mixture of older wines with new
wines. This 1s done with a sequence of barrels (called a solera)
stacked on top of each other, as shown in the photo.

The oldest wine is in the bottom tier of barrels. and the newest is in
the top tier. Each vear, half of each barrel in the bottom tier is
bottled as sherry. The bottom barrels are then refilled with the wine
from the barrels above. This process is repeated throughout the
solera. with new wine being added to the top barrels. A mathematical

model for the amount of n-year-old wine that is removed from a
solera (with & tiers) each year is

[l k) = (: : ]]) (%)M], b o

(a) Consider a solera that has five tiers, numbered k& = 1, 2, 3. 4,
and 5. In 1990 (1 = 0), half of each barrel in the top tier (tier 1)
was refilled with new wine. How much of this wine was
removed from the solera in 19917 In 19927 In 19937 . . _In
20057 During which year(s) was the greatest amount of the
1990 wine removed from the solera?

(b) In part (a), let a, be the amount of 1990 wine that is removed
from the solera in year n. Evaluate
o
G
n=10

i FOR FURTHER INFORMATION See the article “Finding
Vintage Concentrations in a Sherry Solera™ by Rhodes Peele and
John T. MacQueen in the UMAP Modules.
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9.5 Alternating Series 633

Y Alternating Series

B Use the Alternating Series Test to determine whether an infinite series converges.

B Use the Alternating Series Remainder to approximate the sum of an alternating
series.

& Classify a convergent series as absolutely or conditionally convergent.

E Rearrange an infinite series to obtain a different sum.

Alternating Series

So far, most series you have dealt with have had positive terms. In this section and the
following section, you will study series that contain both positive and negative terms.
The simplest such series is an alternating series, whose terms alternate in sign. For
example, the geometric series

1
16
is an alternating geometric series with r = —3. Alternating series occur in two ways:
either the odd terms are negative or the even terms are negative,

z THEOREM 9.14 ALTERNATING SERIES TEST

. Leta, > 0. The alternating series

i (=1)"a, and i (=Dr=lg
n=1

n=|

converge if the following two conditions are met.

1. lim e, =0 2. a,,, =a,foralln

n=3oo

(where 2n 1s even)

Sy, =lay—a) +(a;~a) +(as —a) + - - -+ (e — 4
has all nonnegative terms, and therefore {5, } is a nondecreasing sequence. But you
can also write

Slar i (ﬂz - '{{3.] - (G-‘l - (}5) T (ngn—l - ﬂ]n—[) Ty,

which implies that S,, = a, for every integer n. So, {S,,} is a bounded, nondecreasing
sequence that converges to some value L. Because S — a5, = S,, and a,, — 0,
you have

lim = Ilim &, 4+ U
Jim S, = lim S, + lim a,,
=L+ lim a, =L
n—o0

Because both S, and S,,_; converge to the same limit L, it follows that {S,} also
converges to L. Consequently, the given alternating series converges. B

@IEP The second condition in the Alternating Series Test can be modified to require only
that0 < a, | = a, for all n greater than some integer N. H
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@THi3 The series in Example 1 is called
the alternating harmonic series. More 18
said about this series in Example 7.

In Example 3(a). remember
that whenever a series does not pass the
first condition of the Alternating Series
Test, you can use the nth-Term Test for
Divergence to conclude that the series
diverges.

EXAMPLE |

= 1
Determine the convergence or divergence of 2 (—1)pit—,

Using the Alternating Series Test

o] 1

. : 1 . .
Solution Note that lrrg a, = lm;:'— = (. So, the first condition of Theorem 9.14 is
n— n—=»

n

satisfied. Also note that the second condition of Theorem 9.14 is satisfied because

1 {l
a e =
tritl n+ 1 n %

for all n. So, applying the Alternating Series Test, you can conclude that the series
converges.

EXAMPLE |

=]
Determine the convergence or divergence of E

Using the Alternating Series Test

n
(2=

n=1

Solution  To apply the Alternating Series Test, note that, forn = 1,

So,a

I n
=%
2
=1 i
= <
2" n+1
(4 1)2n—1 < 2t
il n
s: —_—
o = 1"
o1 = (n+ 1)/27 = nf27~1 = g_for all n. Furthermore, by L'Hépital’s Rule,
! r.oon _ ; . noo_
AL T M my C 0 R T

Therefore, by the Alternating Series Test, the series converges.

EXAMPLE

a.

b.

When the Alternating Series Test Does Not Apply

The alternating series

B (=1 il 2. 3

NN 22,
n 1 2

passes the second condition of the Alternating Series Test because a, , , = a, for

all n. You cannot apply the Alternating Series Test, however, because the series
does not pass the first condition. In fact, the series diverges.

-+

NN
W oy

B jLn

The alternating series

passes the first condition because a,, approaches 0 as n — oo. You cannot apply the
Alternating Series Test, however, because the series does not pass the second
condition. To conclude that the series diverges, you can argue that ., equals the
Nth partial sum of the divergent harmonic series. This implies that the sequence of
partial sums diverges. So, the series diverges. B
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9.5 Alternating Series 635

Alternating Series Remainder

For a convergent alternating series, the partial sum Sy, can be a useful approximation
for the sum S of the series. The error involved in using § = S, is the remainder
Ry=S8— 38,

THEOREM 9.15 ALTERNATING SERIES REMAINDER

If a convergent alternating series satisfies the condition a, ., < a,, then the
absolute value of the remainder Ry involved in approximating the sum S by S,
is less than (or equal to) the first neglected term. That is,

S = Syl = [Ry| = ap..

the conditions of the Alternating Series Test and has a sum of R,,.

Ry=S— Sy = i (=11, = S (~1p1a,

"= n=]|

=(=1Way,, + (=1)"*lg, , + (—1W+2q gt s
N+ 1 N+ N+3

= (=T Wl 1 B gy » i)
|Ry| = aysr — ayin + Anea ~ayeg tay,s —
= ayiy = (Gyiz = Gyas) = @Guos — Ouas) =+ * < ay,,
Consequently. |S — S| = [Ry| = a,..,, which establishes the theorem. B

W EXAMPLE Approximating the Sum of an Alternating Series

Approximate the sum of the following series by its first six terms.

N n+ .]__L__...I__ ]_L } ] .
2 (=1 l(n!)_l! N Tty Tt

n=1

Solution  The series converges by the Alternating Series Test because

1 | 1
=

i (H = l)‘ B n! and u]ibn'lv ;1- =

NO ater, in Section _
9.10, you will be able to show that The sum of the first six terms is
the series in Example 4 converges to < | 1 { 1 1 , | 1 1 AT

g = =t =2 e — = T e (AT
g1 0.63212. 2 6 24 120 720 144

¢ and, by the Alternating Series Remainder, you have
For now. try using a computer to
obtain an approximation of the sum IS - Sﬁl = |R6! < a; = —— = (.0002.
of the series. How many terms do you 5040
need to obtain an approximation that So, the sum § lies between 0.63194 — 0.0002 and 0.63194 + 0.0002, and you have
15 within 0.00001 unit of the actual
sum? 0.63174 = § = 0.63214, ]
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Absolute and Conditional Convergence

Occasionally, a series may have both positive and negative terms and not be an
alternating series. For instance, the series

&o sin2 = sin3
Es:m.-r sml 1 g

E 9

has both positive and negative terms, yet it is not an alternating series. One way to
obtain some information about the convergence of this series is to investigate the
convergence of the series

==

2

n=1

sin 1

n?
By direct comparison, you have |sin n| = 1 for all n, so

sin n

=—.. hZl

= 2
ne e

sin

_,

Therefore, by the Direct Comparison Test, the series Z converges. The next

theorem tells you that the original series also converges.

THEOREM 9.10 ABSOLUTE CONVERGENCE

If the series =|a, | converges, then the series = a,, also converges.

{PROOF ) Because 0 < a, + |a,| < 2|a,| for all n, the series

=
2‘ (aﬂ + |aﬂl)

converges by comparison with the convergent series

2 2la, .

Furthermore, because a, = (a, + |a,|) — |a,|, you can write
L=
D a,= 2 (it o,y E ||
n=1 H= n=1
where both series on the right converge. So, it follows that £ a, converges. m

The converse of Theorem 9.16 is not true. For instance, the alternating
harmonic series

= | 1 1 1
o g

converges by the Alternating Series Test. Yet the harmonic series diverges. This type
of convergence is called conditional.

S B

|

DEFINITIONS OF ABSOLUTE AND CONDITIONAL CONVERGENCE

1. X a, is absolutely convergent if = |a, | converges.

2. X a, is conditionally convergent if = a, converges but X |a,| diverges.
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9.5 Alternating Series 637

EXAMPLE fE Absolute and Conditional Convergence

Determine whether cach of the series is convergent or divergent. Classify any
convergent series as absolutely or conditionally convergent,

= —1~ny_0! 21 3
Z _F_zl 2 2T
i.;;ﬂ L SO SR S T
~ n JT 2 B %

Solution

a. By the nth-Term Test for Divergence, you can conclude that this series diverges.

b. The given series can be shown to be convergent by the Alternating Series Test.
Moreover, because the p-series

1

\HI

L, e

f_ff\/‘

diverges, the given series is conditionally convergent.

n=1

EXAMPLE

Absolute and Conditional Convergence

Determine whether each of the series is convergent or divergent. Classify any convergent
series as absolutely or conditionally convergent.

= —1M~UP Lo
R L
“,2; 5 9°327 " gl
o (—1}” | 1 I |
b. A SN - SV 1 SO SN . WIRNL AP SO
= In(n + 1) n2 M3 Ind In5
Selution

a. This is nor an alternating series. However, because

=] ==

(_ ])nrru F1)/2 1
n=1 3"

an

-

n=1

is a convergent geometric series, you can apply Theorem 9.16 to conclude that the
given series is absolutely convergent (and therefore convergent).

b. In this case, the Alternating Series Test indicates that the given series converges.
However, the series

(=1 i
In(n + 1) ~

n=1

diverges by direct comparison with the terms of the harmonic series. Therefore, the
given series is conditionally convergent, |

ReanangementofSenes

A finite sum such as (1 + 3 — 2 4+ 5 — 4) can be rearranged without changing the
value of the sum. This is not ncccssdu]y true of an infinite series—it depends on
whether the series is absolutely convergent (every rearrangement has the same sum)
or conditionally convergent.
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EXAMPLE

ra 1)
Ly )

© FOR FURTHER INFORMATI
Georg Friedrich Bernhard Riemann

Rearrangement of a Series

The alternating harmonic series converges to In 2. That is,

(1826-1866) proved that if 2 a,, is ﬁ (- 1)"* 11 = 1 — -]— + -1- — l + A (See Exercise 39, Section 9.10.)
conditionally convergent and S is any =1 n 1 2 3 4
resl aumicy, The lermp o hewens ooy Rearrange the series to produce a different sum.
be rearranged to converge to 5. For more =
on this topic, see the article “Riemann’s Solution  Consider the following rearrangement.
Rearrangement Theorem” by Stewart
Galanor in Mathematics Teacher. To T .1. e .1_ 1 .1_ - l - l i 1 - 1 — ,_I_. l — i —
view this article, go to the website 2 4 3 6 8 5 10 12 7 14
wwwi.matharticles.com. 1 1 1 I 1 1 1 1 I 1
R N
2 4 36 8 5 10 12 7 14
| 1 1 | 1 1 ]
Simiis srrp e s
2 46 8 10 12 14
] 1 1 | 1 1 1 1
=—l-=4=-—-=-4+=——=4+=-—=...]==(In2
2( 273 45 ¢ ) 702

By rearranging the terms, you obtain a sum that is half the original sum.

Exercises

{1

See www.CalcChat.com for

In Exercises 1-6, match the series with the graph of its sequence
of partial sums. [The graphs are labeled (a), (b), (¢), (d), (e), and
(f).]

(a) s, by s,
* f
6+ o
5..!. NIRRT 3|.
4+ L4 2= ®*soesescoe
3-J:o + 4
1
i
1+ I e 8 s e R
S B R "2 4 6 8 10
i 24 6 8 10 p
(.C} 'gl'l (d) S‘H
i i
fgosotew
24
e — it
4 6 8 10 b2 4 6 8 10
(e) f s
[
M EEREE XN Si .......'.
4
3
2T
]
-ttt 1 B o
46 8 10 |24 6 8 10
= £ _1.!1—16
].. E_—. 2. ﬂ( )j
i=11" = n-
= 3 =) _]ﬂ—|3
5 Q4 g S0
n—]”'l n=1 n!

out solutions to odd-num

o 0

$

=1

10

% (=1)y='10
’ n=] n2"

0.
. n2"

'df': Numerical and Graphical Analysis In Exercises 7-10, explore

the Alternating Series Remainder.

(a) Use a graphing utility to find the indicated partial sum S,
and complete the table.

(b) Use a graphing utility fo graph the first 10 terms of the
sequence of partial sums and a horizontal line representing
the sum.

(c) What pattern exists between the plot of the successive points
in part (b) relative to the horizontal line representing the
sum of the series? Do the distances between the successive
points and the horizontal line increase or decrease?

(d) Discuss the relationship between the answers in part (¢) and
the Alternating Series Remainder as given in Theorem 9.15.

. e (_])n"l =E
= T R
o (_]}rr—| 1
8 Y ——==
Zim=1 e
g & =1kt
=T 12
S
10. 2= sin |
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In Exercises 11-36, determine the convergence or divergence of
the series.

= (—]}"4' o ___I)n+l
H. o i B T | B. ‘Z n+2
o — Ul e _] n
13. E —( ,%j} 4. % ( ’J)
=l n=] F
z (—1)(5n — 1) =z (—1)n
. A M 16. —_—
. n=1 an + 1 ,Z| ]n(h‘ i I}
oF el U =, fesI)e
i izh 3n+2 B ,21 In{n + 1)
Zl= 1t = e
19: "Z'] 245 20. H;’ 3
= (=1 2 (=) 2
21, 2 22, ———
n=1 \/’_j n=1 T+ 4
2 o 1yu+l + = [ rr+J ( + 1
n $ ! lz}n{:inn . 2, § L b2 1) 7 J]rn]” !
u=1 f n=1
=3 ¥ e — o —
25, 2 G (2n — 1w 2. B ] M 1)ﬂ
n=1 2 n—l
27. rg“l cos n 28. u: ~cos nmr
= (_I]u o [_ ”ﬂ
¢ S 30. —_
2 En ! 4 A (2n + 1)
E S RYTE S | ,f'_ Pl PR R YT | \/_
31 z( ”+’)‘~” 32, E( ]},.— I
n=1 n oy g
S (=1)71p!
33. - .
“21]'3'5‘ ~ o 2n—1)
3 ‘ 1-3-5---(2n—1)
34. MERTES| .
. ,.-=;( I T (30— 2)
s ofo | -
3. ”E. ]}(,_,, = N (=1)*teschn
nml € T E H=1
= H—1)rtl ES
36. >, :,,{,__'_U__T = (=1)"*sechn
o

In Exercises 37-40, approximate the sum of the series by using
the first six terms. (See Example 4.)

—,;(_”nz = (._._”H*Iq
" % 3 ——
¥ “21) n! 38 “in(n + 1)

f—l}""l" (—1)ytlp

40, E —

n=1

1)2‘

A
T In Exercises 41-46, (a) use Theorem 9.15 to determine the

number of terms required to approximate the sum of the
convergent series with an error of less than 0.001, and (b) use a
graphing utility to approximate the sum of the series with an
error of less than 0.001.

e B 1 = (—1) 1
4. Y ———=-= a2 Ny et
! i=n 1! e =k N 7
& (c1p & (=i
% e 2 g 44, = cos 1
4 ,,20 @+t P I A ”Z_“ mr
S (_])’H ! - R l)rifl . 5
e n2'| i i 0 ,,2, ndn in4
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In Exercises 47-50, use Theorem 9.15 to defermine the
number of terms required to approximate the sum of the series
with an error of less than 0.001.

_!)nl-l = {_1)»:4—1

47 :.2=‘ 48. ,,2’, n’
e iy 1)n+ 1

o )
49, E s 50. E

In Exercises 51-70, determine whether the series converges
conditionally or absolutely, or diverges.

__lrr-i[

oo L'__I).u i {r___ ])”‘]
51. %,
3o >
. (‘_])" =] (_]}rrl—l ,.f’;
5 B Y,
= n=1 n! 34. !ZJ ”3
A = 1T == o mt ]
55, & U % S D
n=1 {” + 3}_ = 4+ 3
= (_])F-“i i E {_ I)ur]
57 — 58 —_—
HEI \f i ,.Z; I \.r"';
N ———{_ )t S (=1)"1(2n + 3)
59. : o, S =17 (2n +3)
iy D ]
61. S =) 62. 3 (—1pr e
Shalnn .
e (_ 1)”” - {_ ])JJ—-1
63 1 i
] w2 =5 w =1 143
5, § & _(—1y
65. _ 6. A=
) Eu (2n + 1) e Vi s
& COsnT oo .
At — n+1 =
L it 68. ,2,] (=1)"*1 aretan n
& cos nm & sin[(2n — 1)7/2]
0. 2 = I e

o=

71. Define an alternating series.

72. State the Alternating Series Test.

73. Give the remainder after N terms of a convergent alternating
series.

74. In your own words, state the difference between absolute
and conditional convergence of an alternating series.
75. The graphs of the sequences of partial sums of two series

are shown in the figures. Which graph represents the partial |
sums of an alternating series? Explain.

(El) (b) Slr

b e
Pl
o
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CAPSTONE
76. Do you agree with the following statements? Why or why
not?
(@) If both Ta, and = (—a,) converge, then 2 |a,|
converges.

(b) If T a, diverges, then = |a,| diverges.

True or False? In Exercises 77 and 78, determine whether the
statement is true or false. If it is false, explain why or give an
example that shows it is false.

1)

=) (_
77. For the alternating series E -*-!—) the partial sum S, 1s an

T
overestimate of the sum of the series.

LR

78. If ¥ a, and = b, both converge, then Z a,b, converges.

Ut}

In Exercises 79 and 80, find the values of p for which the series
converges.

9§ L)

81. Prove that if = |a,| converges, then T a} converges. Is the
converse true? If not, give an example that shows it is false.

m.f{~mtim)

ne=| S o

82. Use the result of Exercise 79 to give an example of an alternating
p-series that converges, but whose corresponding p-series
diverges.

83. Give an example of a series that demonstrates the statement you
proved in Exercise 81.

84. Find all values of x for which the series = (x"/n) (a) converges
absolutely and (b) converges conditionally.

85. Consider the following series.

1 .,
_+llv+——v——|—-.‘

Lol
9" 8 27 2 3"

e | —

b=
L

(a) Does the series meet the conditions of Theorem 9.147
Explain why or why not.
(b) Daoes the series converge? If so, what is the sum?

86. Consider the following series.

5 e if n1s odd
E (=1 la a, ="
ne " J y )
=il -, if i is even

"

(a) Does the series meet the conditions of Theorem 9.147
Explain why or why not.

(b) Does the series converge? If so, what is the sum?

Review 1In Exercises 87-96, test for convergence or divergence
and identify the test used.

& 10 & 3
i JEI ;;E B8, n=1 "3 +5

5 8

ne=

3

=4
| ]
4

e T\" o 3!1:"
= Eos(g) ) )‘ 20t + 1

n= n=1

o =) {_ l)u
=nf2
93. RZ! 100e 94. 20 ey
I ) & Inn
- E Ant—:1 M E n

[l
LX)

n=1

97. The following argument, that 0 = 1. is incorrect. Describe the
error.

0=0+0+0+"--

R e U R e D
=1+(=1+D+(=1+D+---
=1+0+0+---

=i

98. The following argument, 2 = 1, is incorrect. Describe the error.
Multiply each side of the alternating harmonic series

101 1,1 11 111
T I N R N
$=17373747576777879 710
by 2 to get /_\
2 2 3
u=2—1+;—%+§—1—:—£+§—é+-
L b ]
ko

Now callect terms with like denominators (as indicated by the
arrows) to get
+

25=1- +o

th | —

™
4

L | =

1
2

The resulting series is the same one that you started with. So,
28 = S and divide each side by Sto get 2 = 1.

7 FOR FURTHER INFORMATION For more on this exercise, see
the article “Riemann’s Rearrangement Theorem™ by Stewart
Galanor in Mathematics Teacher. To view this article, go to the
wehsite www.matharticles.com.

99. Assume as known the (true) fact that the alternating

harmonic series
O O, O O
M 1-3+5-3+*5-gti—g+ -
is convergent, and denote its sum by 5. Rearrange the series
(1) as follows:
JORN (O O, N (O (00 O

@ +y=rtsty—gtatu—gv-"
Assume as known the (true) fact that the series (2) is also
convergent, and denote its sum by §. Denote by s,. S, the
kth partial sum of the series (1) and (2), respectively. Prove
each statement,

() Sy = Syu + 352 (D) SE s

This problem was composed by the Committee on the Putnam Prize Competition.
© The Mathematical Association of America. All rights reserved.
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9.6 The Ratio and Root Tests 641

| 9..5__ The Ratio and Root Tests

B Use the Ratio Test to determine whether a series converges or diverges.
& Use the Root Test to determine whether a series converges or diverges.
E Review the tests for convergence and divergence of an infinite series.

The Ratio Test

This section begins with a test for absolute convergence—the Ratio Test.

THEOREM 9.17 RATIO TEST |

Let T a, be a series with nonzero terms.

4
i el PR
a

n

1. ¥ a, converges absolutely if lim
n—oc

i, . 1

a

n

ay4)

> 1or lim

=20

2. X a, diverges if lim

n—soo

n

au+|

a,

3. The Ratio Test is inconclusive if lim
n— 2

{PROOF 3 To prove Property 1, assume that

lim

=0

a,

aJ.-
: l‘Zr{l

and choose R such that 0 = r < R < 1. By the definition of the limit of a sequence,
there exists some N > 0 such that |a, , ,/a,| < R for all n > N. Therefore, you can
write the following inequalities.

layil < laylR

laysa| < |ay. |R < |ay|R?

a3l < lay.aR < |ay.,|R? < |ay|R?

The  geometric  series X [ay|R" = [ay|R + |ay|R* + - - - + |ap|R" + - - -
converges. and so, by the Direct Comparison Test, the series

e
E ln,'\-'in! = I(I.n'\"-i !| *h [{INTJ

=

+oeet |a.’\'+u| TR R

also converges. This in turn implies that the series S |a,| converges. because
discarding a finite number of terms (n=N-—1) does not affect CONVergence.
Consequently, by Theorem 9.16, the series = a, converges absolutely. The proof of
Property 2 is similar and is left as an exercise (see Exercise 99), B

@I The fact that the Ratio Test is inconclusive when |a,, ,/a,| — 1 can be seen by
comparing the two series = (1/n) and £ (1/n%). The first series diverges and the second one
converges, but in both cases

Ay

a,

lim

H—ron
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642 Chapter 9  Infinite Series

A step frequently used in
applications of the Ratio Test involves
simplifying quotients of factorials. In
Example 1, for instance, notice that

n! n! _ 1
(n+ 1) o

(n+ 1)n!

Although the Ratio Test is not a cure for all ills related to testing for convergence,
it is particularly useful for series that converge rapidly. Series involving factorials or
exponentials are frequently of this type.

EXAMPLE Using the Ratio Test

Determine the convergence or divergence of

(==} 2“
n={ ”’1‘
Solution Because a, = 2"/n!, you can write the following.
a. . T 2:r—| 2
lim [~ = [im l"— H —}
== | oa, n=ze | (n+ 1)1 n!

= ]: o=l E
nl)r[jc (H’ + ])' L

lm ——
n—=n + 1

=0<1

This series converges because the limit of |a, . ,/a,| is less than 1.

EXAMPLE Using the Ratio Test

Determine whether each series converges or diverges.
2 pEdir =z n!
a=0 3 ' n=] n!

Solution

a. This series converges because the limit of |a, , /a,| is less than 1.

. . i 1+ ) 3n
HILn;_- {(” # l}_(B"" ‘)(::32“ [)J

o 2n+ 1)
= lim ———
N == 3??_

2

='§<1

o

nt+l

a

"

Il

lim

n—oo

b. This series diverges because the limit of |a,, ,/a, | is greater than 1.
i + n+1 147
lim [—-———(” 1). (1”
n—o (}'1 + 1)! n"
— i [(n i) Ll (__J_)J
o (n+1) \n"

+ n
=iy S LE

n—zc H"

= lim (I + l)
n—roc n

=e>1 B

a4
a

il

lim
n—2C
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WLEE=s The Ratio Test 1s also inconclu-
sive for any p-series.

9.6 The Ratio and Root Tests 643

,EXAMPLE [EE A Failure of the Ratio Test

Jn

&
Determine the convergence or divergence of 2 (=1) e
n

n=1

Solution  The limit of |a, . ,/a,| is equal to 1.

= I vt 1\fn+1
n—]-{];]lc n-+ 2 Jn
. { n+ 1 (n - ]ﬂ
= lim e
n—ro0 n n ¥

=/ T{1)
=1

Ayt

GH

lim

n—oo

So, the Ratio Test is inconclusive. To determine whether the series converges, vou
need to try a different test. In this case, you can apply the Alternating Series Test. To
show thata, , = a,, let

\/,; .

x ]

n?

flx) =

Then the derivative is
" —x + 1
e
) 25 (x + 1)

Because the derivative is negative for x > 1, you know that fis a decreasing function.
Also, by L'Hépital’s Rule,

S 1/2/R)
lim = lim ===
y—oe X+ 1 o 13
=
= 0.
Therefore, by the Alternating Series Test, the series converges. =

The series in Example 3 is condirionally convergent. This follows from the fact
that the series

o
E |H:rf

n=1
diverges (by the Limit Comparison Test with 2 1,/\/;), but the series

[==]

n
n=1

converges.

' A computer or programmable calculator can reinforce the conclusion
that the series in Example 3 converges conditionally. By adding the first 100 terms
of the series, you obtain a sum of about —0.2. (The sum of the first 100 terms of the
series X |a, | is about 17.)
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644 Chapter 9 Infinite Series

I FOR FURTHER INFORMATION For
more information on the usefulness of
the Root Test, see the article “N! and
the Root Test” by Charles C. Mumma 11
in The American Mathematical Monthiy.
To view this article, go to the website
wwwmatharticles.com.

The Rooct Test

The next test for convergence or divergence of series works especially well for series
involving nth powers. The proof of this theorem is similar to the proof given for the
Ratio Test, and is left as an exercise (see Exercise 100).

THEOREM 9.18 ROOT TEST

Let £ a, be a series.

1. = a, converges absolutely if lim &/|a,| < 1.
=0
2. 3 a, diverges if lim ¥/|a,| > 1 or lim ¥/|a,| = cc.
n—oo n—oc

3. The Root Test is inconclusive if lim {/|a,| = 1.
n—oo

Ukt3d The Root Test is always inconclusive for any p-series. ]

EXAMPLE

| Using the Root Test

Determine the convergence or divergence of

oo 2n

et
P N

n=

Solution  You can apply the Root Test as follows.

a
E_“

lim "

lim ¢/|a,| = n-ze Vo'

n=szo

e?n,.-’n

= lim ——

Ne—sze pn
el
lim —
n—os A1

=0<1

I

Because this limit is less than 1, you can conclude that the series converges absolutely
(and therefore converges).

To see the usefulness of the Root Test for the series in Example 4, try applying
the Ratio Test to that series. When you do this, you obtain the following.

; e:(n%—]l . eln
nose | (n+ 1)PFL T g

n

a4+

a

n

lim

H=32C

I
(=

4 1

2 (n+ 1)1

|
=]
=]
o

=0

Note that this limit is not as easily evaluated as the limit obtained by the Root Test in
Example 4.
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9.6 The Ratio and Root Tests 645

Strategies for Testing Series

You have now studied 10 tests for determining the convergence or divergence of an
infinite series. (See the summary in the table on page 646.) Skill in choosing and
applying the various tests will come only with practice. Below is a set of guidelines
for choosing an appropriate test.

GUIDELINES FOR TESTING A SERIES FOR CONVERGENCE OR DIVERGENCE

1. Does the nth term approach 0? If not, the series diverges.

2. Is the series one of the special types—geometric, p-series, telescoping, or
alternating?

3. Can the Integral Test, the Root Test, or the Ratio Test be applied?
4. Can the series be compared favorably to one of the special types?

In some instances, more than one test is applicable. However, your objective should
be to learn to choose the most efficient test,

EXAMPLE

Applying the Strategies for Testing Series

Determine the convergence or divergence of each series.

= 54+ 1 == i\ =] —
At n=1 3n + 1 b' n=| (6) « r.'El e
‘ Z, 3+ | - dn + 1 A 10

Solution

. : i . 1

a. For this series, the limit of the nth term is not 0 (ﬂ‘”—)‘\{ as n— o). So, by the
nth-Term Test, the series diverges.

b. This series is geometric. Moreover, because the ratio r = 7/6 of the terms is less
than 1 in absolute value, you can conclude that the series converges.

¢. Because the function f(x) = xe=*is easily integrated, you can use the Integral Test
to conclude that the series converges.

d. The nth term of this series can be compared to the nth term of the harmonic series.
After using the Limit Comparison Test, you can conclude that the series diverges.

e. This is an alternating series whose nth term approaches 0. Because a =a

el =

can use the Alternating Series Test to conclude that the series converges.

m you

f. The nth term of this series involves a factorial, which indicates that the Ratio Test
may work well. After applying the Ratio Test, you can conclude that the series
diverges.

2. The nth term of this series involves a variable that is raised to the nth power, which
indicates that the Root Test may work well, After applying the Root Test, you can
conclude that the series converges. =
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Infinite Series

SUMMARY OF TESTS FOR SERIES

Test Series Condition(s) Condition(s) Comment
of Convergence of Divergence
At TEdR i a, lima %0 This test cannot be used
n=1

decreasing)

] to show convergence.
& a
Geometric Series E ar” || <1 [f] = 1 Sum: § = I
n=0 -1
[~}
Telescoping Series E (b, = b,.\) lim b, = L Sum: S = b, — L
n=1 Zemis
. =]
p-Series St p =1 OD<p=1
n=1 ne
o I Remainder:
Alternating Series —1)""1g i " '
= o= (=1) u and lim a, =0 |Ry| = ay_,
n—oo
Integral is R ind
2 Z = o emainder:
1S continuous, Ay, :
f)imsitive = ,ZJ J F(x) dx converges J’ f(x) dx diverges ok e
o 1 £ Ry < ;) dx
a, = f‘(”) = 0 l i N f{)') d‘

Test is inconclusive if

o
and 2 b, converges

n=1

= =]
and E b, diverges

n=1

oc /—
Root a lim &/ |a | < 1 lim ¢ /
m al > 1or :
2 L e Y | ”I s Y I "| lim & |a I = 1.
n=1 n—oC =
= o0
" 5 Test is inconclusive if
x . 1 . 3
Ratio > a, lim |- < 1 lim | = 1or o Ee
Pt n—ee | oa, n—== | a, Iim = 1.
' n=zo | q
=— m. n
. . = O<a,=b O<b, =a
Direct Comparison a v E
e )
(a,.b, >0) A=l

Limit Comparison
(an? bn > 0)

- Gr.l
lim —*=1Lz>0
=300 bn
oc
and E b, converges
n=1

. a,
lim-2=L>0

—_— T
n= 2

(==
and 2 b, diverges

n=1
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In Exercises 1-4, verify the formula.

1. H ={n+ D —1)
2k — 21 1
(2k)! (26)(2k — 1)
2k)!
314345 --(2&--—1}'*-(273[*
. 1 _ 22k - 3)(2k — 1) P—_—
"1+3+5---(2k—5) (2k)! ’ :

In Exercises 5-10, match the series with the graph of its
sequence of partial sums. [The graphs are labeled (a), (b), (c},
(d), (e), and (f).]

(@) s, (b) s,
L i
iy " ‘ o
- L T eessessese

L Al

4 . 2

3~ ® 14

3‘!‘ Il ;

| =]

= e e T e s T S
I 2 4 6 8 10

(© s, (d)y s,

tn
Nty
—_—
)
cconihlise

-
i
e T

b

w
B
||MH
—_
— l
ot fame
= 5
~

e

DAr b
—
o
TlE
<

10.

L}
(=
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4 9-6 EXEI‘CISES Sea www.CalcChat.com for worked-out slutions 1o odd-numbered exercises.

HC’ Numerical, Graphical, and Analytic Analysis In Exercises 11

and 12, (a) verify that the series converges. (b) Use a graphing
utility to find the indicated partial sum S, and complete the
table. (c) Use a graphing utility to graph the first 10 terms of the
sequence of partial sums. (d) Use the table to estimate the sum of
the series. (e) Explain the relationship between the magnitudes
of the terms of the series and the rate at which the sequence of
partial sums approaches the sum of the series.

In Exercises 13-34, use the Ratio Test to determine the conver-
gence or divergence of the series.

b rZJ E " n=] ”_‘
. & nl S am
= e 16 ;Zn n!
- 6 " o IO I
17. rr(t) 18. n(-—)
rZI 2 rrEl 9
9. S 2 2,
. n=1 4“ - J!=] 4“
&= 4 Z (=1 (n + 2)
21. = 22, —_—
: “2] n? z "El n(n + 1)
e (__. 1');, on = f_ |)rr—l(3/2]n
23. — 24. —
rrztl 1! A aZ} n
& n! Z (2n)!
25 2 L 2.
,2‘] n3" 6 "2=‘| n®
== (,[I‘
27; P
n=0 Tt
f==3 )
28. Y =
a=1M
== 6“
29, e
"Zn (” + )2
30 2 (H!):
. n=10 (3”)I
o Sﬂ
3N
n=0 2"+ 1
[ (_I}nz-ln
3 —_—
2 n=2u (2n + 1)
= (=1}
33,
,,201'3'5' c o (2n + 1)
3 S (=1)(2-4-6---(21)]
A 20548 -(Gn—1)



648 Chapter 8  Infinite Series

In Exercises 35-50, use the Root Test to determine the conver-
gence or divergence of the series.

35. i‘_ji 36. :%

o . 2 (i i
S ;21 (2” ”i I) i ,‘EJ (n -:T ]

& (20 + 1) & (4n + 3)
o ,22 ( ,:—F; ) 4. ,,Zq (2: J—r I
@ 3 o 2 5 (53

bAs
s
3

=1

}
=

43. 4. Y e~
n=1 n=0
n S (0 \"
45, e 46. RZ:I (ﬁ)

(SNt

(1 14 = {Inn\"
: YR 48. T
47 = Lu H‘) s ,?=|( n )
2t & ()
(s Pl il
~, (In n)" =, (n")"
- 2, 02 ey

In Exercises 51-68, determine the convergence or divergence of
the series using any appropriate test from this chapter. Identify
the test used.

=] (_ 1); A |5 o ]00

Sk = 52. =
:lEi B :Z:J n

53 9T 54. =2
n=1 NAn uz=’l =

55 53 Sn 56 oo i

”,Z’I 2n— 1 T A ]

o [__ 1 )a.—3.u - = 10

5% —_— 58. —_—

7 n§=:| 2 ,,ZJ 3 h":

59 ,2| % L :’2] 4;:32”— 1
61 2 o 62. EE;_TP;
63 2% 64. lei—”
e ,i‘ﬂ 3:5- (_""?"(2” + 1)

18
5]
Lh

e (2n+ 1)
187(2n — 1)n!

68. >

n=|

In Exercises 69-72, identify the two series that are the same.

= ns g
69. (a) S = 70. (a) ”(Z)
et ol P
20 IJ“_—:” i 3 5
_ns" L fd
0 ,Zn (n + 1)! (b) .,§=:n (n I)(4)

= (n+ 1}5’_‘_:_1
= 1

[t

(c) (c)

”(é)n—]
Lo\4

"

G, EEC
T (g nz[, (2n + 1) 72 "23 (n— 1)2r"1
& (—1)p-! & (=1
®) "21 (2n — 1) ®) =
& (=1 & =yt
© ,Z':l 2n + 1)! © (o + 1)27

In Exercises 73 and 74, write an equivalent series with the index
of summation beginning at n = (.

se ==} Qn

n

73. = 74. e

Y2 2.

FF In Exercises 75 and 76, (a) determine the number of terms
required to approximate the sum of the series with an error less
than 0.0001, and (b) use a graphing utility to approximate the
sum of the series with an error less than 0.0001.

{=3)
2!

=]
o

(=3)
p1-3+5 (2% + 1)

D3 T

~1
2l

-
I

[==]
In Exercises 77-82, the terms of a series E a, are defined
n=1
recursively. Determine the convergence or divergence of the
series. Explain your reasoning.

1 an — 1
M. ay =<8, == a,
2 In+ 2
Zn+ 1
78. g, =28 ., = a
| n+1 S — 4 n
sinn 4|
9. a,=lLa,,,=——a,
1
1 cosn + 1
80. @y =5y =——4,

1 ( 1

8L a, = 3 lue1 = (1 + _)”-.-
. 1
82. a, = Z,a =g

In Exercises §3-86, use the Ratio Test or the Root Test to deter-
mine the convergence or divergence of the series.

1- 1+ 243 1% 2 =Fwd
3. e + +
i J 1-3 1+3-5 3 =]
2.3 4.5 6
84‘]_'—3 t 31+33 ' ‘J 35+
1 1 1 1
] -+ - + +
85 (In3)  (In4)* (In5P (]n6)“+
J= 3 135
-+ -
6. Lt T 53 ¥ T 25 45
1-3-5:7
+ ke
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9.6 The Ratio and Root Tests 649

In Exercises 87-92, find the values of x for which the series 99. Prove Property 2 of Theorem 9.17.
converges.
100. Prove Theorem 9.18. (Hint for Property 1: 1f the limit equals
S L x\" o [x 1Y < 1. choose a real number R such that » < R < 1. By the
87. 2= 88. e o ;
= A3 i=o\ 4 definitions of the limit. there exists some N > 0 such that
Yla,| < Rforn = N)

$ G+ 1y

89, 90. 3 2(x — 1)
el . =y In Exercises 101-104, verify that the Ratio Test is inconclusive
== \ " . . 5
91. n!('—) for the p-series.
HEU 2 . 1 ” I
= (x+ 1) 101 Y — 102. Y —
% Z‘n n! rrzl il n21 s
103. S 1 04, 3L
B =t o o=l i

105. Show that the Root Test is inconclusive for the p-series

94. State the Root Test.

&1
95. You are told that the terms of a positive series appear to e
approach zero rapidly as # approaches infinity. In fact, =l
a; = 0.0001. Given no other information, does this imply 106. Show that the Ratio Test and the Root Test are both inconclusive
that the series converges? Support your conclusion with for the logarithmic p-series
examples.
& 1

96. The graph shows the first 10 terms of the sequence of

. ; = n(In n)r
partial sums of the convergent series w=2

a5 o A\ 107. Determine the convergence or divergence of the series
;ZI(?'” + 2) I = (n)?
Find a series such that the terms of its sequence of partial !
sums are less than the corresponding terms of the sequence when (a) v = L(b)x =2, (c)x = 3. and (d) v is a positive
in the figure, but such that the series diverges. Explain your integer.
reasoning. o)

s 108. Show that if Y a, is absolutely convergent, then

i "
i

= -Ea la,|.

109. Writing Read the article “A Differentiation Test for
Absolute Convergence™ by Yaser S. Abu-Mostafa in
Mathematics Magazine. Then write a paragraph that describes
the test. Include examples of series that converge and examples
of series that diverge.

o
S a,

n=]

97. Using the Ratio Test, it is determined that an alternating
series converges. Does the series converge conditionally or
absolutely? Explain.

110. Is the following series convergent or divergent?

_ 119, 2110\ 31119Y0  dif1oy¢
‘CAPSTONE bdg- 5 3:(7) +43(7) ' 54(?) N

98. What can you conclude about the convergence or diver-
gence of X a, for each of the following conditions? Explain

111. Show that if the series

your reasoning. agtatay+--ta, +---
; Bavy| _ . Q| -
(a) lim =—| =0 (b) lim || = | converges, then the series
Lo e} n—ot "
a, | as a,
@, 3 ) . ﬂl_;.._—_i_._?.+...+_f.+,..
(¢) lim [ = (d) lim {fr|a”[ =72 2 3 n
n—oc r_’]‘” 2 n—oc
converges also.
(e) lim & Ia,r| =] (f) lim & |a,,[ =e These problems were composed by the Commillee on the Putnam Prize
n—oo N=3as

Competition. @ The Mathematical Association of America. All rights reserved.

L
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650 Chapter 8 Infinite Series

Fic) = fic)
Pc)=f'(c)

Near (¢, f(¢)), the graph of P can be used to
approximate the graph of f.
Figure 9.10

; i 2
P, is the first-degree polynomial
approximation of f(x) = ¢
Figure 9.11

WE Taylor Polynomials and Approximations

# Find poiynomiai approximations of elementary functions and compare them with the
elementary functions.

= Find Taylor and Maclaurin polynomial approximations of elementary functions.

& Use the remainder of a Taylor polynomial.

Polynomial Approximations of Elementary Functions

The goal of this section is to show how polynomial functions can be used as
approximations for other elementary functions. To find a polynomial function P that
approximates another function £, begin by choosing a number ¢ in the domain of f at
which fand P have the same value. That is,

Plc) = f[c‘) Graphs of fand £ pass through ie, f e},

The approximating polynomial is said to be expanded about ¢ or centered at c.
Geometrically, the requirement that P(c) = f(¢) means that the graph of P passes
through the point (¢, f (c)). Of course, there are many polynomials whose graphs pass
through the point (¢, f(c)). Your task is to find a polynomial whose graph resembles
the graph of fnear this point. One way to do this is to impose the additional require-
ment that the slope of the polynomial function be the same as the slope of the graph
of £ at the point (c. f(c)).

P ’(C) = f’(c‘) Graphs of fand P have the same slope at fe. f{ci)

With these two requirements, you can obtain a simple linear approximation of f, as
shown in Figure 9.10.

EXAMPLE |

First-Degree Polynomial Approximation of f(x) = e*

For the function f(x) = ¢* find a first-degree polynomial function
PJ{.\') = ap + ax
whose value and slope agree with the value and slope of fat x = 0.
Solution Because f(x) = ¢* and f(x) = ¢, the value and the slope of f, at x = 0, are
eiven by
f0) = e =1
and
7)== 1.

Because P,(x) = a, + a)x, you can use the condition that P,(0) = f(0) to conclude
that @; = 1. Moreover, because P, '(x) = ay, you can use the condition that P,’(0) =

£10) to conclude that a, = 1. Therefore,

Px) =1+ x.

Figure 9.11 shows the graphs of P;(x) = 1 + xand f(x) = e~ ]

(LIRS Example | isn't the first time you have used a linear function to approximate another
function. The same procedure was used as the basis for Newton’s Method. m
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P, is the second-degree polynomial
approximation of f(x) = ¢,
Figure 9.12

-3 /__.'—r—"’ - 3

F A
P, is the third-degree polynomial

approximation of f(x) = ¢,
Figure 9.13

~13

8.7  Taylor Polynomials and Approximations 651

In Figure 9.12 you can see that, at points near (0, 1), the graph of

P(R)=1+x

Ist-degree approximation

is reasonably close to the graph of f(x) = ¢* However, as you move away from (0, 1),
the graphs move farther and farther from each other and the accuracy of the
approximation decreases. To improve the approximation, You can impose yet another
requirement— that the values of the second derivatives of P and f agree when x = (.
The polynomial, P,, of least de&ree that satisfies all three requirements P,(0) = £(0),
P,(0) = f(0), and P,“(0) = 77(0) can be shown to be
I

PE(X) =1+x+ "2"X'. 2nd-degree approximation

Moreover, in Figure 9.12, you can see that P, is a better approximation of fthan P,.

If you continue this pattern, requiring that the values of P (x) and its first n derivatives
match those of f(x) = e* at x = 0, you obtain the following.

ath-degree approximation

EXAMPLE

Third-Degree Polynomial Approximation of f(x) =

Construct a table comparing the values of the polynomial

3y = pla 1 s
Pix) =1+ x +ox%+ 3

& approximation
with f(x) = ¢* for several values of x near 0.

Solutien  Using a calculator or a computer, you can obtain the results shown in the
table. Note that for x = 0, the two functions have the same value, but that as x moves
farther away from 0, the accuracy of the approximating polynomial P5(x) decreases.

=0:2

0.3679 08]87_1

0904837 1| L10S171 | 122140 | 2718%'2

(03333 081867 0904833 | 1 1105167 | 122133 | 26667

A graphing utility can be used to compare the graph of the approx-
mmtmﬂr polynomial with the graph of the function /. For instance, in Figure 9.13,
the graph of

P3{A‘) =l %xl g él“ Jrd-degree approximation
is compared with the graph of f(x) = e". If you have access to a graphing utility, try
comparing the graphs of

1 1 g 5
Px)=1+x+ T > S S dith-degree approximation

PS().') i 2 e ;).“‘ + 31‘3 + 3—;4‘4 30 x* Sth-degree approximation

I 1 1 . X
P,,{x) =1+x+ EX‘ i E)‘3 + ‘:g).A =+ m,\" e ﬁxﬁ 6ith-degree approximation

with the graph of f. What do you notice?
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652 Chapter 9 Infinite Series

The Granger Collection

BROOK TAYLOR (1685-1731)

| Although Taylor was not the first to seek

~ polynomial approximations of transcendental

- functiens, his account published in 1715 was

- one of the first comprehensive works on the
subject.

CulEEZd Maclaurin polynomials are
special types of Taylor polynomials for
which ¢ = 0.

. FOR FURTHER INFORMATION To
see how 10 use series to obtain other
approximations to e, see the article
“Novel Senes-based Approximations to
¢ by John Knox and Harlan 1. Brothers
in The College Mathematics Journal.
To view this article, go to the website
www.matharticles.com.

Taylor and Maclaurin Polynomials

The polynomial approximation of f(x) = ¢* given in Example 2 is expanded about
¢ = 0. For expansions about an arbitrary value of ¢, it is convenient to write the
polynomial in the form

Px)=ag+aflx—c) +afx—cP+ax—cP+-- -+alx— o)
In this form, repeated differentiation produces
P/(x) = a; + 2a)(x — ¢) + 3as(x — )2+ + - - + na,(x — )"~}
P"(x) = 2a, + 2Ba)x — c) + - + -+ n(n — 1)a,(x — )"
P (x) = 2(3(;3) +- A nln = Din - 2Ja(x =) ?

PO(x)=n(n—1n—-2) - -(2)1)a,
Letting x = ¢, you then obtain

P(c)=ay, R()=a, P'c)=2a, ..., P¥c)=nla,
and because the values of fand its first n derivatives must agree with the values of P,
and its first n derivatives at x = ¢, it follows that

" n)
fle) =ay  fl) = a, fz—(f) =@y ... ! _{'C'} = g

1.

With these coefficients, you can obtain the following definition of Taylor polynomials,
named after the English mathematician Brook Taylor, and Maclaurin polynomials,
named after the English mathematician Colin Maclaurin (1698-1746).

DEFINITIONS OF #TH TAYLOR POLYNOMIAL AND #TH MACLAURIN
POLYNOMIAL

If fhas n derivatives at ¢, then the polynomial

PW =f0 +FOG = + L — o2+ 4

Fe

n!

) (x — o)

1s called the nth Taylor polynomial for fat ¢. If ¢ = 0, then

P,(x) = f(0) + f(O)x + @13 + f-;(rﬁ,\‘ o+ LEO)
il b .

Is also called the nth Maclaurin polynomial for f.

EXAMPLE [El A Maclaurin Polynomial for f(x) = e*

Find the nth Maclaurin polynomial for f(x) = e,

Solution  From the discussion on page 651, the nth Maclaurin polynomial for

1) = e
is given by
P(.X}:]—")(-}-—l‘)(g-f—i']-f—---+L'” B
n J 21 31l ”!,1 iz
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As n increases, the graph of P,
Figure 9.14

8.7 Taylor Polynomials and Approximations 653

EXAMPLE

Finding Taylor Polynomials for In x

Find the Taylor polynomials 7,, PPy, Py, and P, for f(x) = Inx centered at ¢ = 1.

Solution  Expanding about ¢ = 1 yields the following.

J(x) = Inx fM=m1=0
T — l & — l =
)= = ) = =% |
) = L =R
f) = —— (1) E 1
77 = % 1) = % -
3! 31

M@ =-5 )= -

Therefore, the Taylor polynomials are as follows.
() =f(1)=0
P =f) + D —1)=(&x-1)

%m=ﬂn+ﬂnu—n+%9u—n:
= (x — ]) == é(_x S ])2
Py(x) = £(1) + f()x— 1) + ’L;—('!l—}{x — 1)+ ——{—”(1 - 1)

= (= 1) = 3= 12+ S 1

P = 10) + = 1)+ D e LW,

FUNT) 7
-+ T(A - 1)
aCRD R (CEE LR O R A

Figure 9.14 compares the graphs of P, Py, P3, and P, with the graph of f(x) = In x.
Note that near x = | the graphs are nearly indistinguishable. For instance, 7,(0.9) =
—0.105358 and In(0.9) = —0.105361.

¥
i

becomes a hetter and better approximation of the graphof f(x) = Inxneary = 1,
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654 Chapter 9  Infinite Series

Near (0, 1), the graph of P, can be used to
approximate the graph of f(x) = cosx.
Figure 9.15

~
N

ra

flx)=sinx
!\ 14 ~
LY ——% x
=TxX n n 3 ?\
- 2

-2+ 5

Near (7/6, 1/2). the graph of P, can be used
to approximate the graph of f(x) = sinx.
Figure 9.16

JEXAMPLE

EXAMPLE [E Finding Maclaurin Polynomials for cos x

Find the Maclaurin polynomials Py, P,, P;, and P for f(x) = cosx. Use P,(x) to
approximate the value of cos(0.1).

Solution  Expanding about ¢ = 0 yields the following.

flx) = cosx f(0) = cos 0 = 1
&) = —sinx f(0)=—sin0=0
fx) = —cosx F0) = —cos 0 = —1

f7(x) = sinx F70)=sin0=0

Through repeated differentiation, you can see that the pattern 1, 0, — 1, 0 continues,
and you obtain the following Maclaurin polynomials.

1
P =1, P(x) =152
- 21
1 1 1 1 1
P(x)=1- 5):2 + Z-Exi P(x)=1-— ;Exz + Z—!x“ — a_rﬁ'

Using Fy(x), you obtain the approximation cos(0.1) = 0.995004165, which coincides
with the calculator value to nine decimal places. Figure 9.15 compares the graphs of
f(x) = cosxand P. =

Note in Example 5 that the Maclaurin polynomials for cos x have only even
powers of x. Similarly, the Maclaurin polynomials for sin x have only odd powers of
x (see Exercise 17). This is not generally true of the Taylor polynomials for sin x and
cos x expanded about ¢ # 0, as you can see in the next example.

Finding a Taylor Polynomial for sin x

Find the third Taylor polynomial for f(x) = sin x, expanded about ¢ = /6.

Solution  Expanding about ¢ = /6 yields the following.

f(x) = sinx f(%) =i %
F(x) = cosx f’(g) = cos(—f = 32——/'5'

f(x)= —sinx
f7(x) = —cosx

So, the third Taylor polynomial for f(x) = sin x, expanded about ¢ = /6, is

e,
Y= ATV ATV - T L N6/ m\e T N6/ ar\s
%{"}“-f(ﬁ)"‘f(e)(x 6)+ 2 (* 6) Y ((‘ 6)
1B - -
272 \" T T2e0\V T %) T2\t T )
Figure 9.16 compares the graphs of f(x) = sinx and P;. B
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8.7 Taylor Polynomials and Approximations 655

Taylor polynomials and Maclaurin polynomials can be used to approximate the
value of a function at a specific point. For instance, to approximate the value of
In(1.1), you can use Taylor polynomials for f(x) = Inx expanded about ¢ = 1, as
shown in Example 4, or you can use Maclaurin polynomials, as shown in Example 7.

EXAMPLE [ Approximation Using Maclaurin Polynomials

Use a fourth Maclaurin polynomial to approximate the value of In(1.1).

Solution  Because 1.1 is closer to | than to 0, you should consider Maclaurin
polynomials for the function g(x) = In(1 + ).

g(x) = (1 + x) g0)=m1+0) =0
g'lx)=(1+x"? g@=010+0"1=1
g"0) = —(1+x7 g’ 0) = —(1+0)2=—1
g"(x) =2(1 + x)-3 g”(0)=2(1+0)3=2
g0 = =6(1 + 9~ g(0) = —6(1 + 0)=* = —¢

Note that you obtain the same coefficients as in Example 4. Therefore, the fourth
Maclaurin polynomial for g(x) = In{1 + 1) is

0 870, 590

Py(x) = g(0) + g(0)x + £

21 R M
Loy Lo 1
= X T=aXxs s Co i o o
2 3 4

Consequently,
In(1.1) = In(1 + 0.1) = P,(0.1) = 0.0953083.

Check to see that the fourth Taylor polynomial (from Example 4), evaluated at
x = 1.1, yields the same result. - |

The table at the left illustrates the accuracy of the Taylor polynomial approxima-
tion of the calculator value of In(1.1). You can see that as n becomes larger, P, (0.1)
approaches the calculator value of 0.0953102.

On the other hand, the table below illustrates that as you move away from the
expansion point ¢ = 1, the accuracy of the approximation decreases.

Fourth Taylor Polynomial Approximation of In(1 + x)

__I o = J . 0.5_ ........ 0_75 ................ l_ 0 —

Il +x) | 0] 00953102 | 04054651 | 0.5596158 | 06931472 |

| 0 0.0953083 | 04010417 | 05302734 | 05833333

These two tables illustrate two very important points about the accuracy of Taylor
(or Maclaurin) polynomials for use in approximations.

1. The approximation is usually better at x-values close to ¢ than at x-values far
from c.

2. The approximation is usually better for higher-degree Taylor (or Maclaurin)
polynomials than for those of lower degree.
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Remainder of a Taylor Polynomial

An approximation technique is of little value without some idea of its accuracy. To
measure the accuracy of approximating a function value f(x} by the Taylor
polynomial P, (x), you can use the concept of a remainder R, (x), defined as follows.

fx) = P,(x) + R,(x)

. S

i h -
/ A\ s
f 1 | 1
- . H ‘ 1
Exact Approximate | Remainder |
.
value Value

So, R,(x) = f(x) — P,(x). The absolute value of R, (x) is called the error associated
with the approximation. That is,

Error = |R,(x)] = |fx) — P,(x)].

The next theorem gives a general procedure for estimating the remainder
associated with a Taylor polynomial. This important theorem is called Taylor’s
Theorem, and the remainder given in the theorem is called the Lagrange form of the
remainder. (The proof of the theorem is lengthy, and is given in Appendix A.)

THEOREM 9.19 TAYLOR’S THEOREM

If a function f is differentiable through order n + 1 in an interval [ containing
c, then, for each x in /, there exists z between x and ¢ such that
; [ 2 Ee) :
R =) +fldx—a + -+ -+ f”—,(x - "+ R,
where
f‘{rr-l 11(3}
R(N) =4— %50 1
i () (n + I)!(Jr 2
One useful consequence of Taylor’s Theorem is that
] bl (1)
[R,(x)] = i+ 1)1 max Fler i)
where max| /¥ 1{(z}| is the maximum value of f* (z) between x and c. B

For n = 0, Taylor’s Theorem states that if f is differentiable in an interval / containing
c, then, for each x in 7, there exists z between x and ¢ such that

_ 10 - 10

X—cC

& =fl)+f@Dx—¢c) o [l

Do you recognize this special case of Taylor's Theorem? (It is the Mean Value
Theorem.)

When applying Taylor’s Theorem, you should not expect to be able to find the
exact value of z. (If you could do this, an approximation would not be necessary.)
Rather, you try to find bounds for f*Y(z) from which you are able to tell how large
the remainder R (x) is.
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@I Try using a caleulator to verify

the results obtained in Examples 8 and 9.

For Example 8. you obtain
sin(0.1) = 0.0998334,

For Example 9, you obtain
Pi(1.2) = 0.1827

and

In{1.2) = 0.1823.

9.7 Taylor Polynomials and Approximations 657

EXAMPLE Determining the Accuracy of an Approximation
The third Maclaurin polynomial for sin x is given by
x."l.
Pi(x) =x— e

Use Taylor's Theorem to approximate sin(0.1) by P;(0.1) and determine the accuracy
of the approximation.

Solution  Using Taylor’s Theorem, you have
. B L
sinx = x — 3 + Ry(x) = x — N + —4{—1“

where 0 < z < 0.1. Therefore,

, (0.1)3
sin(0.1) = 0.1 — 3 = 0.1 = 0.000167 = 0.099833.

Because f4)(z) = sin z, it follows that the error |R,(0.1)] can be bounded as follows.

_ sinz oo\, _ 00001
0 < Ry(0.1) = 7= (0.1)* < == =~ 0.000004

This implies that
0.099833 < sin(0.1) = 0.099833 + R(x) < 0.099833 + 0.000004
0.099833 < sin(0.1) < 0.099837.

EXAMPLE

Approximating a Value to a Desired Accuracy
Determine the degree of the Taylor polynomial P, (x) expanded about ¢ = | that
should be used to approximate In(1.2) so that the error is less than 0.001.

Solution  Following the pattern of Example 4, you can see that the (n + 1)st
derivative of f{x) = In x is given by
n!

FU+(z) = (=1)n et

Using Taylor's Theorem, you know that the error |R,(1.2)] is given by

= f{”_”(:} [ | (R _E!____ _.._l "=
|R“(f.2)] = m[l.z = 1) ‘ - 2”_][(11 e ]}r](o.z) !
(0
T

where 1<z<12. In this interval, 0.2 Y[z *Y(n + 1)] is less than

(0.2)"*1/(n + 1). So, you are seeking a value of i such that
(0.2)7+1
< 0.00L =
(n+1) 90 e
By trial and error, you can determine that the smallest value of n that satisfies this
inequality is n = 3, So, you would need the third Taylor polynomial to achieve the
desired accuracy in approximating In(1.2). E

1000 < (n + 1)57+7,
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658 Chapter 9 Infinite Series

WE Exercises

In Exercises 1-4, match the Taylor polynomial approximation
of the function f(x) = ¢~*"2 with the corresponding graph. [The
graphs are labeled (a), (b), (¢), and (d).]

(a) (b) s
i
e 5
J ;ﬁ
A—— T x
-2/ L2
F _I —
/ T
(c) (d) ¥
i '3 P >3
r«—'—/' —P\\‘F§ x
_:']/,‘ 25 [_] 4 1 \.\i

[ ]

Cglx) = e (e + 1) + 1]
glx) = f’_lﬂ[’;‘(.\' — ) Fe— s ek ]]

=

de‘ In Exercises 5-8, find a first-degree polynomial function P,

whose value and slope agree with the value and slope of f at
x = c. Use a graphing utility to graph f and P,. What is P,
called?

6
c=4 ﬁ"f(X]:ﬁ' c=8

8. f(x) = tanx, c¢=

5 flx) =

7. flx) =secx, ¢= :_12

N E]

il
"% Graphical and Numerical Analysis In Exercises 9 and 10, use a

graphing utility to graph [ and its second-degree polynomial
approximation P, at x = ¢. Complete the table comparing the
values of fand P,.

9. f(x) = \iﬁ

Pyx) =4 = 2(x = 1) + 3(x — 1)

¢= ]

1| L1

See www.CalcChat.com for worked-out solutions fo odd-numbered exercises.

10. f(x) = secx, ¢= z"T
Pyx) = /3 + ﬁ(x _ ;z) 5 35(1 . %);
X - %— T 0 .985 o
flx) : :
IIIII i I’;(.u |

11. Conjecture Consider the function f(x) = cosx and its
Maclaurin polynomials 5. Py, and P, (see Example 5).

ﬁ?f(a) Use a graphing utility to graph f and the indicated
polynormal approximations.

(b) Evaluate and compare the values of f*(0) and P"(0) for
n=24 and6.

(c) Use the results in part (b) to make a conjecture about f1(0)
and P)(0).

12. Conjecture Consider the function f(x) = 2",
~ (a) Find the Maclaurin polynomials P, P, and P, for f.
7 (b) Use a graphing utility to graph f. P,. Py and P,.

(c) Evaluate and compare the values of /*(0) and P"(0) for
= 2,3, and 4.

(d) Use the results in part (c) to make a conjecture about f")(0)
and P(0).

In Exercises 13-24, find the Maclaurin polynomial of degree n
for the function.

13. fx) =™, n=4
15. f(x) = ¢™/2, n=4
17. fx) = sinx, n=35
19. f(x) = xe*, n=4

4 fix} =&, n=23
16. f(x) = e, n=4
18. f(x) = sinmx, n=23
20. f(x) = 2%, n=4

X

I =4
x + 1 "

23, f(x) = secx, n=2

21, flx) =——, n=35 22, f{x) = Ry

24, f(x) =tanx, n=73

In Exercises 25-30, find the nth Taylor polynomial centered
atc.

200 = n=3 o=

28. f(x) = ¥x, n=23

29. f(x) =Inx, n=4, c=

30. f(x) = x*cosx, n=2, c=1
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@5 In Exercises 31 and 32, use a computer algebra system to find

the indicated Taylor polynomials for the function f. Graph the
function and the Taylor polynomials.
32 flx)=1/(x*+ 1)
(@) n=4, c=10
1/4 (byn=4, c=1

31, f(x) = tan mx
(ay n=3, ¢=10
by n=3, ¢

33. Numerical and Graphical Approximations

(a) Use the Maclaurin polynomials P, (x), P;(x), and Ps(x) for
f{x) = sin x to complete the table.

lx |o] o025

0.6816 = 0.8415

sinx | 0 | 02474

il

va (b) Use a graphing utility to graph f(x) = sinx and the
Maclaurin polynomials in part (a).
(c) Describe the change in accuracy of a polynomial approxi-
mation as the distance from the point where the polynomial
is centered increases.

APSTD

34. Numerical and Graphical Approximations

(a) Use the Taylor polynomials P, (x), Po(x). and P,(x) for
[(x) = ¢ centered at ¢ = 1 to complete the table.

P_-‘ U} H

i _— ;
i (b) Use a graphing utility to graph f(x) = ¢" and the Taylor
polynomials in part (a).
(¢) Describe the change in accuracy of polynomial approx-
l_ imations as the degree increases.

Numerical and Graphical Approximations In Exercises 35 and
36, (a) find the Maclaurin polynomial Pi(x) for f(x), (b)
complete the table for f(x) and P;(x), and (c) sketch the graphs
of f(x) and P;(x) on the same set of coordinate axes.

T T 1
0.50 | 0.75 |
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35. f(x) = arcsinx 36. f(x) = arctan x

In Exercises 37-40, the graph of y = f(x) is shown with four of
its Maclaurin polynomials. Identify the Maclaurin polynomials
and use a graphing utility to confirm your results.

¥ =arctan x

/

w4

¥=dxet

In Exercises 41-44, approximate the function at the given value
of x, using the polynomial found in the indicated exercise.

41. f(x) = &, f3).
42. f(x) = %, (1),
43. f(x) = Inx, f(2.1). Exercise 29

Exercise 13

Exercise 20

44. f(x) = x?cos ., f(-%) Exercise 30

In Exercises 45-48, use Taylor’s Theorem to obtain an upper
bound for the error of the approximation. Then calculate the

exact value of the error.

45, cos(03) = | —

©3° |, (03)*

STRET
2. 1% 013, g7

46‘€~E'{'I+z+§-l‘z+5!

47, arcsin{0.4) = 0.4 + (04)°
73

).4)3

48. arctan(0.4) = 0.4 — %

In Exercises 49-52, determine the degree of the Maclaurin
polynomial required for the error in the approximation of the
function at the indicated value of x to be less than 0.001.

49. sin(0.3)

50. cos(0.1)

51. (,U.('\

52. In(1.25)
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{3 In Exercises 53-56, determine the degree of the Maclaurin

polynomial required for the error in the approximation of the
function at the indicated value of x to be less than 0.0001. Use a
computer algebra system to obtain and evaluate the required
derivative.

53. f(x) = In(x + 1), approximate f(0.5).

54. f(x) = cos( x?), approximate f(0.6).

55. f(x) = e~ ™, approximate f(1.3).

56. f(x) = e, approximate f(1).

In Exercises 57-60, determine the values of x for which the

function can be replaced by the Taylor polynomial if the error
cannot exceed 0.001.

2
57. fx) = e*=1+=x +;+ I ¥ < 0
3
58. f(x) = sinx=x — %
2 .4
59. flx) = cosx=1 — % + %

; .4
60. f(x) = e =1—2x+ 2x% — 3

WRITIN U

61. An elementary function is approximated by a polynomial.
In your own words, describe what is meant by saying that
the polynomial is expanded about ¢ or centered at c.

| 62. When an elementary function f is approximated by a
second-degree polynomial P, centered at ¢, what is known
about fand P, at ¢7 Explain your reasoning.

63. State the definition of an nth-degree Taylor polynomial of f
centered at ¢.

64. Describe the accuracy of the nth-degree Taylor polynomial
of fcentered at ¢ as the distance between ¢ and x increases.

65. In general, how does the accuracy of a Taylor polynomial
change as the degree of the polynomial increases? Explain
YOUr reasoning.

66. The graphs show first-, second-, and third-degree polyno-
mial approximations P, P,, and P; of a function f. Label
the graphs of P, P,, and P5. To print an enlarged copy of
the graph, go to the website www.mathgraphs.com.

67. Comparing Maclaurin Polynomials

(a) Compare the Maclaurin polynomials of degree 4 and
degree 5, respectively, for the functions f(x) = ¢* and
g(x) = xe*. What is the relationship between them?

(b) Use the result in part (a) and the Maclaurin polynomial of
degree 5 for f(x) = sin x to find a Maclaurin polynomial of
degree 6 for the function g(x) = x sin x.

(c) Use the result in part (a) and the Maclaurin polynomial of
degree 5 for f(x) = sin x to find a Maclaurin polynomial of
degree 4 for the function g{x) = (sin x)/x.

68. Differentiating Maclaurin Polynomials

(a) Differentiate the Maclaurin polynomial of degree 5 for
Sf(x) = sinx and compare the result with the Maclaurin
polynomial of degree 4 for g(x) = cos x.

(b) Differentiate the Maclaurin polynomial of degree 6 for
f(x) = cosx and compare the result with the Maclaurin
polynomial of degree 5 for g(x) = sin x.

(c) Differentiate the Maclaurin polynomial of degree 4 for
f{x) = ¢*. Describe the relationship between the two series,

69. Graphical Reasoning The figure shows the graphs of the
function f(x) = sin (mx/4) and the second-degree Taylor

polynomial P,(x) = 1 — (72/32)(x — 2)° centered at x = 2.

M

2+ 1)
FAH N
/ I P

(a) Use the symmetry of the graph of f to write the second-
degree Taylor polynomial 0,(x) for f centered at x = —2.

{b) Use a horizontal translation of the result in part (a) to find
the second-degree Taylor polynomial R,(x) for f centered at
x=6.

(c) Is it possible to use a horizontal translation of the result in
part (a) to write a second-degree Taylor polynomial for f
centered at x = 47 Explain.

70. Prove that if f is an odd function. then its nth Maclaurin

polynomial contains only terms with odd powers of x.

71. Prove that if f is an even function, then its nth Maclaurin
polynomial contains only terms with even powers of .

72. Let F,(x) be the nth Taylor polynomial for £ at ¢. Prove that
Fole) = fle) and PW{c) = () for 1 =k < n. (See
Exercises 9 and 10.)

73. Writing The proof in Exercise 72 guarantees that the Taylor
polynomial and its derivatives agree with the function and its
derivatives at x = ¢. Use the graphs and tables in Exercises
33-36 to discuss what happens to the accuracy of the Taylor
polynomial as you move away from x = ¢.
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93 Power Series

B Understand the definition of a power series.

B Find the radius and interval of convergence of a power series.
= Determine the endpoint convergence of a power series.

& Differentiate and integrate a power series.

Power Series

In Section 9.7, you were introduced to the concept of approximating functions by
Taylor polynomials. For instance, the function S(x) = e* can be approximated by its
Graphical Reasoning Use a Maclaurin polynomials as follows.

graphing utility to Approkimiate the el = Joden Ist-degree polynomial
graph of each power series near N
e 32
x = 0. (Use the first scv‘?ra] terms oF w1 = Sl Dol
of each series.) Each series 2!
represents a well-known function. 2 3
What is the function? | el e E o 51— Srd-degree polynomial
& (=1 32 ] e
3 X X
a. S —— X T TE M I i Ith-dearae OMmi:
h_zfo ! e I | T T + 41 th-degree polvnomial
= (.__ ”H_‘.:!u " < 4 :
B 3 2ttt | ooyt _ .
,,Z.“ (2n)! e=1+4x+ 5 o ? i ZT A ; Sth-degree polynomial
== (_ ])J!_‘.Zrl'i' 1
,Z“ (2n + 1)! In that section, you saw that the higher the degree of the approximating polynomial,
= (1Y 2041 the better the approximation becomes.
2 (= 1) | . : . .
d > 2+ 1 : In this and the next two sections, you will see that several important types of
ned o » - .
= functions, including
e. ——
.Za n! flx) = ¢

can be represented exactly by an infinite series called a power series. For example,
the power series representation for " is

i 3 it
X=X x
et =1+ B s ey s SO D I
21 3! !
For each real number x, it can be shown that the infinite series on the right converges
to the number e*. Before doing this, however, some preliminary results dealing with

power series will be discussed—beginning with the following definition,

DEFINITION OF POWER SERIES

If x is a variable, then an infinite series of the form

3

ax" =agtax+axt+apxd+-- o+ g+
0

"

is called a power series, More generally, an infinite series of the form

Dax—cr=a+ab-+ak—cr+ -+ = eFd s oo

LLULES To simplify the notation for power series, we agree that (x — ¢)° = 1, evenif x = ¢
R
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A single point

Pt
.
P

An interval

The real line

X

c
The domain of a power series has only three
basic forms: a single point, an interval
centered at ¢, or the entire real line.
Figure 9.17

EXAMPLE [E] Power Series

a. The following power series is centered at 0.

22yt x? )..3
=] o g pidpee—ndy s
=yl 2 3

b. The following power series is centered at — 1.

S 1D+ =1-G+D)+E+ 12— (G+1P+- -
[}

n=
c. The following power series is centered at 1.

i;l;(_r—1)”=(x—])+%(}‘—1)3+]§(x—])3+--- B

n=1

Radius and Interval of Convergence

A power series in x can be viewed as a function of x

=]

flx) = E afx — ¢y
n=0
where the domain of f is the set of all x for which the power series converges.
Determination of the domain of a power series is the primary concern in this section.
Of course, every power series converges at its center ¢ because

E a,le—¢)

n=10
=ayl)+0+0+ - +0+---

= ay.

Il

fle)

So, ¢ always lies in the domain of . The following important theorem states that the
domain of a power series can take three basic forms: a single point, an interval
centered at ¢, or the entire real line, as shown in Figure 9.17. A proof is given in
Appendix A.

THEOREM 9.20 CONVERGENCE OF A POWER SERIES

For a power series centered at ¢, precisely one of the following is true.

1. The series converges only al c.

2. There exists a real number R > 0 such that the series converges absolutely for
|x = ¢| < R, and diverges for |x — ¢| > R.

3. The series converges absolutely for all x.

The number R is the radius of convergence of the power series. If the series
converges only at ¢, the radius of convergence is R = 0, and if the series
converges for all x, the radius of convergence is R = co. The set of all values of
x for which the power series converges is the interval of convergence of the
power series.

164



CHTT T To determine the radius of
convergence of a power series, use the
Ratio Test, as demonstrated in Examples
2, 3, and 4.

9.8 Power Series 663

EXAMPLE B3 Finding the Radius of Convergence

=
Find the radius of convergence of E nlx®,
n=0

Solution  For x = 0, you obtain

[='=]

O =>n0r=1+0+0+-.-=1,

n=f
For any fixed value of x such that |x| > 0, let u, = n!x". Then

u

n+1

"

n

(n 4 1)1xn+!
nlx"
= |x| lim (n + 1)
n—oo

=i,

= lim
R=—3o0

lim
=3

Therefore, by the Ratio Test, the series diverges for [x] > 0and converges only at its
center, 0. So, the radius of convergence is R = 0.

EXEMPLE

Finding the Radius of Convergence

Find the radius of convergence of

i 3 — 2)".
=1

Solution Forx # 2, letu, = 3(x — 2)". Then
s [T : 3x — 2)7+1
lim [ = Jim
Jr—?,:c, I, ‘ n—soo 3(). — j)“
= lim |x — 2|
n—oc
= |x = 2[.

By the Ratio Test, the series converges if [x — 2| < 1 and diverges if lx—= 2| % 1.
Therefore, the radius of convergence of the series is F = 1.

EXAMPLE Finding the Radius of Convergence

Find the radius of convergence of

o) (._ ]}HIEJ'I“' 1
2y Ca+ 1)L

Solution Letu, = (— 1) ~1/(2n + 1)!. Then

{_l}u+]x3n1 3

T 2 (2n + 3)
lim =22 = | |—— 2L
n—soe u, n—szo (- ])“ ).'2" +1

(2n + 1)1
242

= ]. _—_———I
et (2n + 3)(2n + 2)

For any fixed value of x, this limit is 0. So, by the Ratio Test, the series converges for
all x. Therefore, the radius of convergence is R = ~c. ]
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Infinite Series

’}5’1.

et

Endpoint Convergence

Note that for a power series whose radius of convergence is a finite number R,
Theorem 9.20 says nothing about the convergence at the endpoints of the interval of
convergence. Each endpoint must be tested separately for convergence or divergence.
As a result, the interval of convergence of a power series can take any one of the six
forms shown in Figure 9.18.

Radius: 0 Radius: oo
& X - T
2
Radius: R
— - . 5
[
------ (Hu—h— x I x L \ x . k| x
o ¢ L 2 1 L o
(c—R.c+R) (c=R,c+R] le=R,c+R) [ce =R, c+R]

Intervals of convergence
Figure 9.18

EXAMPLE [& Finding the Interval of Convergence

- - p= A‘"
Find the interval of convergence of 2 =

n
1

h=

Selution  Letting wr, = x"/n produces
).J'f+[
: " n+1
lim [ = lin (—}
n—oo i, n—se ﬁ
n
% nx
= lIim ‘
n—soc n -+ ]
= |xf.

So, by the Ratio Test, the radius of convergence is ® = 1. Moreover, because the
series is centered at 0, it converges in the interval (—1,1). This interval,
however, is not necessarily the interval of convergence. To determine this, you must
test for convergence at each endpoint. When x = 1, you obtain the divergent harmonic
series

&1 1 . 1

So=2so4

=R A
When x = — 1, you obtain the convergent alternating harmonic series

L

1
i o _}_—_.
n 2

Diverges when v = |

L.,
3

1
i Converees when v = —
n=| 3 4

So, the interval of convergence for the series is [— 1, 1), as shown in Figure 9.19.

Interval: [-1, 1)

Radius: R =1
[ . \
l T } X
-1 c=0 1
Figure 9.19 |
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EXAMPLE [ Finding the Interval of Convergence

L] __I nly 4 ] "
Find the interval of convergence of 2 '(-—)(:;——)-
n=0

Solution  Letting u, = (—1)"(x + 1)7/27 produces

(_])i’l’"’l(x + I)r;+]
i “n"-l = 2ri+|
nl)n;:. u, - an:}: (— I)”(x -+ 1)“
:)'u
e+ )
= ”11’]13; 2a1+|
ek ]‘
B ¥

By the Ratio Test, the series converges if [(x +1)/2] < 1 or |x + 1| < 2. So, the
radius of convergence is R = 2. Because the series is centered at x = — 1, it will
converge in the interval (—3, 1). Furthermore, at the endpoints you have

= (._lu —2)n = ey

E )qf ) = E T B E 1 Diverses when x = —3

= = n=0 = =0

and
Interval: (=3, 1) i
Radius: R=2 z‘:: (— I)”(_Q}” _ i (_ ]]” . -
an g verges when v = |
{ - L _} g Y n=0 2 n=0
8w emel 0 : both of which diverge. So, the interval of convergence is (=3, 1), as shown in Figure

Figure 9.20 9.20.

EXAMPLE

Finding the Interval of Convergence

Find the interval of convergence of
= X“

-
=11

Solution  Letting u, = x"/n? produces

fim [t o g [P0/t 1
n—=oo H, n—roo ).'"fﬁ‘g
. “x
= lim [———| = %]
oo (H I ])‘

So, the radius of convergence is R = 1. Because the series is centered atx = (, it
converges in the interval (=1, 1). When x = 1, you obtain the convergent p-series

B 33 32 :1—2 f g Converges when v = 1

1 1 1
EE T Rg T Sae i, Converges when x = — |
n 1= "9 3 e - r

Therefore, the interval of convergence for the given series is [— 1, 1]. ]
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The Granger Collection

JAMES GREGORY (1638-1675)

One of the earliest mathematicians to work
with power series was a Scotsman, James
Gregory. He developed a power series method
for interpolating table values—a methad that
vas later used by Brook Taylor in the develop-
ment of Taylor polynomials and Taylor series.

Differentiation and Integration of Power Series

Power series representation of functions has played an important role in the develop-

ment of calculus. In fact, much of Newton’s work with differentiation and integration
was done in the context of power series—especially his work with complicated

algebraic functions and transcendental functions. Euler, Lagrange, Leibniz, and the
Bernoullis all used power series extensively in calculus.

Once you have defined a function with a power series, it is natural to wonder how
you can determine the characteristics of the function. Is it continuous? Differentiable?

Theorem 9.21, which is stated without proof, answers these questions.

THEOREM 9.21 PROPERTIES OF FUNCTIONS DEFINED BY POWER SERIES

If the function given by

3

=" afi=er

b
=aqtax—c+talx—cP+alx—cP+---

n

has a radius of convergence of R > 0, then, on the interval (¢ — R, ¢ + R),
fis differentiable (and therefore continuous). Moreover, the derivative and
antiderivative of fare as follows.

L fx) = E na (x — ¢)"!
n=1
=a, + 2a,(x — ¢) + 3ay(x — ) + - - -

:_,r"ﬁ (x_l,_\)u-ll
2 f,f().} dx = C ”>:U a, ——
SO~ . P '
=C+ao(_\'—c)+a]{" 7[') +a:()‘ qc) + i

The radius of convergence of the series obtained by di fferentiating or integrating
a power series is the same as that of the original power series. The interval of
convergence, however, may differ as a result of the behavior at the endpoints.

Theorem 9.21 states that, in many ways, a function defined by a power series
behaves like a polynomial. It is continuous in its interval of convergence, and both its
derivative and its antiderivative can be determined by differentiating and integrating

each term of the given power series. For instance, the derivative of the power series

:’:A-"
f(z\')=E;‘,
n=0 "
)..'.‘IS xd
:1_—)+'5‘T_I+IT
15
D=1+ @ s @B+ (@E
f().)—14(2)2+(3)3]+(4)4!+-~
XZ _1-3 J,'4
—|+_1+—§'+'3—!-rzr-+‘--

I

fx).

Notice that f’(x) = f(x). Do you recognize this function?
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9.8 Power Series 667

EXAMPLE

Intervals of Convergence for f(x), /(x), and Tf(x) dx

Consider the function given by
coo i )‘.2 _1'3
f{x]-—rz]';—x+-2—+—j-+- b ong
Find the interval of convergence for each of the following.
a. [ flx) dx b. /() ¢ fx)
Solution By Theorem 9.21, you have

Flal= 2 gn=l

n=1]

Slfr+saZ+28 fo 0 s

and

By the Ratio Test, you can show that each series has a radius of convergence of R = 1,
Considering the interval (— 1, 1), you have the following.

a. For [ f(x) dx, the series
=) )‘,Jr-} 1

Snln + 1)

Interval of conve

ce:[—1, 11

converges for x = =1, and its interval of convergence is [—1,1]. See Figure

9.21(a).
b. For f(x), the series

=
e Interval of comvergence: [—1. 1}
n=1 M
converges for x = —1 and diverges for x = 1. So, its interval of convergence is

[—1,1). See Figure 9.21(b).

c. For f/(x), the series

o0
Z 1.!1—1
n=1

Interval of convergence: t=1, 1)

diverges forx = =1, and its interval of convergence is (— 1, 1). See Figure 9.21(c).

Interval: [-1, 1]

Interval: [=1, 1)

Interval: (=1, 1)
Radius: R =1

X {

Radius: R =] Radius: R = 1
[ Jo [ .
[ - ] ! L
-1 =0 1 -1 c=0
(a) (b)
Figure 9.21

: \ %
] ! ! ’
-1 c¢=0 1
(c)
4

From Example 8, it appears that of the three series, the one for the derivative,
F(x), is the least likely to converge at the endpoints. In fact, it can be shown that if the
series for f(x) converges at the endpoints x = ¢ + R, the series for flx) will also

converge there.
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j 9-8 EXEI’CiSES See

In Exercises 14, state where the power series is centered.

= K (=11 - (2n — ])
1 N=U.ﬂu‘ 2. “Z] 2“”'

oo (_1- 2l 2)?? o (_‘])rr(x =5 71,)2”
3 N TS L S <L il

JJ>=’J ”.‘ n=0 (zn)l

In Exercises 5-10, find the radius of convergence of the power
series.

g % o N Sy

5. Zn(—ll e 6 ":0(4”

7. =] (4{}n p o) (_ 'I)JI i
n=1] n- n=0 5”
oo 1“1“ =0 2”) 1y2n
”EU (2n)! 10. “2:0 n!

In Exercises 11-34, find the interval of convergence of the
power series. (Be sure fo include a check for convergence at the
endpoints of the interval.)

~
e
[
——
| =
—
o
5
b8
—_——
~d | =
el

1
=1

13 j (— ],,}’ ¥ 14. ,,iu (= 1)+ 1(n + 1)
15. 2.% . “‘%” 8;)]1

7 ,,: (2n)! (%)’ 18. fiof?%%;:%z)
19. 2 = 'I,If' 3 20. 20{_!1”’;(;5)
21. ;w i3, r:(i‘—;f)%;—l

= :QUW 24 ’2 %
. 2% 26. 2}%

27. 121 (2 i io %

e : (%j:: ]n’_T 30. N (’;,:).

ra

s R e /e ) ¥
n!
[ 2+4+6---2n J""H
3-5-7- (2»+1; !

—1p+13.7. S(dn = 1)(x — 3

(Y]
=
bR

Mq ||[\/JH

4::

E]
I

nl(x + 1)
-2n-1)

Y]
ol
iy
Ll

www.CaleChat.com for worked-out solutions fo odd-numbered exercises.

In Exercises 35 and 36, find the radius of convergence of the
power series, where ¢ > 0 and k is a positive integer.

o (X o (‘)”_I

ol n§=:J et ’ !ZU (kn)!

In Exercises 37-40, find the interval of convergence of the
power series. (Be sure to include a check for convergence at the
endpoints of the interval.)

(=1 x — )

& (x\y o
7. 5 (3] k>0 Z

n=10

39.El(i+l)ﬂ+2) {k+n—1x Fis
n=1 n!
= nl(x — ¢)7

e ,,211 3w (20 —1)

In Exercises 41-44, write an equivalent series with the index of
summation beginning at n = 1.

a. 3 = 42. 3 (=110 + 1
! =
o et e {__. ]).‘r X:rr+l

43. e i e
(20 4+ 1) 4 ,2“ 2n + 1

In Exercises 4548, find the intervals of convergence of (a) f(x),
(b) f(x), (¢) fx), and (d) [ f(x)dx. Include a check for
convergence at the endpoints of the interval.

45. f(x) = ~; (1)

46. f(x) = 2 W
47. flx) = g U)HJ—L]—I);
48, f(x) = G (_])H#

Writing  In Exercises 49-52, match the graph of the first 10
terms of the sequence of partial sums of the series

with the indicated value of the function. [The graphs are labeled
(a), (b), (¢), and (d).] Explain how you made your choice.

(b) 5,

[ . )
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(d)

e® e E

[ EERT P () —
s S
L]
L]
.
. .
L]
L]
.-

+
:

(X}
.
o

r

49, ¢(1)
51. g(3.1)

50. g(2)
52. g(—2)

Writing  In Exercises 53—-56, match the graph of the first 10
terms of the sequence of partial sums of the series

glx) = E (2x)"

with the indicated value of the function. [The graphs are labeled
(a), (b), (c), and (d).] Explain how you made vour choice.

(a) s, (b) S
i
4 = 2.0+
I..'.
1+ o 145+
. sa®E B 80080
-
e 1.0
| & 0.5
S s s s e =t F—tt——t—t—tn
1234356789 -1 1234567809
(c) Sy d) s,
1.00 = 18-~ .
075—~e"c®ssees :j'__' .'
L]
0.50 g o
0.25 6 -
i+, "
- | |
1123456789 5 . 5 2 o e
ok 1123456789

57. Define a power series centered at c.

58. Describe the radius of convergence of a power series.
Describe the interval of convergence of a power series.

59. Deseribe the three basic forms of the domain of a power
series.

60. Describe how to differentiate and integrate a power series
with a radius of convergence R. Will the series resulting
from the operations of differentiation and integration have a
different radius of convergence? Explain.
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RITING ABOUT CONCEPTS (conti
61. Give examples that show that the convergence of a power

series at an endpoint of its interval of convergence may be
either conditional or absolute. Explain your reasoning.

‘CAPSTONE:

62. Write a power series that has the indicated interval of
convergence. Explain your reasoning,

@ (=22 ®) L1 © (1,0 (@ [-26)
(=1 a2 i S L
63. Let f(x) = igTEriii‘ and gla) = 53 (mw

(a) Find the intervals of convergence of fand g
(b) Show that f(x) = g(x).
(c) Show that g'{x) = —f(x).
(d) Identify the functions f and g.
64. Letf(x) = S 2
frera 1
(a) Find the interval of convergence of f.
(b) Show that f(x) = f(x).
(c) Show that f(0) =
(d) Identify the function f.

In Exercises 65-70, show that the function represented by the
power serics is a solution of the differential equation,

65. v = i ———(_]}” L [. W+ y=0
A (2n+ 1)
67. y = ;:u -(-2"?:?—]1)‘ Y'=y=0
68. v = Z é;)l "—y=0
69, y = ":] ;i:r y—xy'=y=0
70.y=1+ 2 T .(?—_11”]4:-“i =ty =D

71. Bessel Function The Bessel function of order 0 is
o _1 & vk

Sl = ¥ e Q"L(}u)“‘

k=0

(a) Show that the series converaes for all x.

(b) Show that the series is a solution of the differential
equation 7 J," + xJ,* + x2J, = 0.

(¢) Use a graphing utility to graph the polynomial composed of
the first four terms of J,,.

(d) Approximate f; J, dx accurate to two decimal places.
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72. Bessel Function The Bessel function of order 1 1s

L& (1pa
&) ﬁ};u 2EFT LIk + DI
(a) Show that the series converges for all x.
(b) Show that the series is a solution of the differential equation
Lo XER it = D) Jp=10,
ﬁF’ (c) Use a graphing utility to graph the polynomial composed of
the first four terms of J,.
(d) Show that J,"(x) = —J,(x).

€753 In Exercises 73-76, the series represents a well-known function.

Use a computer algebra system to graph the partial sum S, and
identify the function from the graph.

2 = 2t

73. flx) = ,So(_])“éf;iﬁ 4.0 = (-1

e 2n + 1)

750 = S (—1ype, —1<x<t

m=0
2n+ 1

76. f(x) = "2[]{—]}” ;r T

—1s x =]

%” 717. Investigation The interval of convergence of the geometric

series i (%)" is (—4, 4).

=]

(a) Find the sum of the series when x = % Use a graphing
utility to graph the first six terms of the sequence of partial
sums and the horizontal line representing the sum of the
series.

(b) Repeat part (a) forx = —%_

(c) Write a short paragraph comparing the rates of convergence

of the partial sums with the sums of the series in parts (a)

and (b). How do the plots of the partial sums differ as they

converge toward the sum of the series?

—

(d) Given any positive real number M, there exists a positive
integer & such that the partial sum

'}‘1 5)4:
=) s
Jr>=‘0 (4

Use a graphing utility to complete the table.

M| 10| 100 1000 | 10,000

N

fj,:f';'& Investigation The interval of convergence of the series

S Gris (-1.4).

n=0

(a) Find the sum of the series when x = % Use a graphing utility
to graph the first six terms of the sequence of partial sums
and the horizontal line representing the sum of the series.

(b) Repeat part (a) for x = —é.
(¢) Write a short paragraph comparing the rates of convergence
of the partial sums with the sums of the series in parts (a)

and (b). How do the plots of the partial sums differ as they
converge toward the sum of the series?

(d) Given any positive real number M, there exists a positive
integer N such that the partial sum

N o 2‘n
r2:{:(3- 3) > M.

Use a graphing utility to complete the table.

M |10 100 1000 | 10,000

H

True or False? In Exercises 79-82, determine whether the
statement is true or false. If it is false, explain why or give an
example that shows it is false.

o
79. If the power series E a,x" converges for x = 2, then it alsa

n=1
converges forx = —2.
80. It 1s possible to find a power series whose interval of conver-
gence is [0, eo).

81. If the interval of convergence for E a,x"is (=1, 1), then the
ne=g

-
interval of convergence for E afx — 1)"is (0, 2).
n=0

82. If flx) = E a,x" converges for |x| < 2, then

n=0

el

J f==
) dy = o
J:’rj(\}(1 ,Z(a Mk ]

83. Prove that the power series

& (n+p)
onl(n + g)!A
has a radius of convergence of R = co if p and g are positive
integers.

84. Let g() =1+ 2y + 22+ 28 + x* + - - -, where the
coefficients are ¢,, = l and ¢,,,, = 2 forn = (0.
(a) Find the interval of convergence of the series.
(b) Find an explicit formula for g(x).
85. Letflx) = i c,x", where ¢, = c,forn = 0.
W=0
(a) Find the interval of convergence of the series.
(b) Find an explicit formula for f{x).
o=
86. Prove that if the power series 2 ¢, x" has a radius of conver-
: W=0
gence of R. then i ¢, x™" has a radius of convergence of JR.
i

87. Forn = 0, let R > 0 and ¢, > 0. Prove that if the interval of

==

convergence of the series Y ¢,(x — x,)" is [x, = R.x, + R,
n=0

then the series converges conditionally at x, — R,
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JOSEPH FOURIER (1768-183

Some of the early work in representing func-
tions by pawer series was done by the French
mathematician Joseph Fourier, Fourier's work
is important in the histary of calculus, partly
because it forced eighteenth century mathe-
maticians to question the then-prevailing
narrow concept of a function. Bath Cauchy
and Dirichlet were motivated by Fourier's work
with series, and in 1837 Dirichlet published
the general definition of 2 function that is
used today.

9.9 Representation of Functions by Power Series 671

Representation of Functions by Power Series

i Find a geometric power series that represents a function.
B Construct a power series using series operations.

Geometric Power Series

In this section and the next, you will study several techniques for finding a power
series that represents a given function.

Consider the function given by f(x) = 1/(1 — x). The form of fclosely resembles
the sum of a geometric series

X a
E ar' =
= ] —ip

In other words, if you leta = 1 and r = X, & power series representation for 1/(1 — x),
centered at 0, is

I:’] i

] =)

L= x n=u{

= 1 ek bbbk v o, gl el
Of course, this series represents f(x) = 1/(1 — x) only on the interval (—1, 1),
whereas fis defined for all x # 1, as shown in Figure 9.22. To represent fin another
interval, you must develop a different series. For instance, to obtain the power series
centered at — 1, you could write

1 ] B 1/2 _ . a

l=x 2-(+1) 1-[x+1)/2] 1-r

which implies that ¢ = % and r = (x + 1)/2. So, for [x + 1] < 2, you have

At ol

1 x+1)  E+1)2  (x+ 1) p
=— 1 + S
{l y g F gt v x4+ 1«

(g%

e

o : ik |

fla) = i 2", Domain: -1 < x < |

m=0

fixy= ﬁ » Domain: allx = 1

Figure 9.22
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672 Chapter 9 Infinite Series

EXAMPLE Finding a Geometric Power Series Centered at 0

Find a power series for f(x) = , centered at 0.

4
xt 2

Solution  Writing f(x) in the form a/(1 — #) produces

4 2 _a
24+x 1—(=x/2) 1-r
which implies that @ = 2 and r = —x/2. So, the power series for f(x) is
4 o
xob 2 - :ZO “
:}_C.‘ J n
- —; 2 —_——
J;D ( 2
. ¥ )
- b np TR )
2(] 2 4 8

Long Division

This power series converges when

2= ko %1 =ttt
24x x
2+ x/)4 .
4+ 2
=2 s g on : ;
oy — 42 which implies that the interval of convergence is (— 2, 2). ]
.1'2
Ao L . . i i
£ 8k Another way to determine a power series for a rational function such as the one
1.9 2 < o a = e % 3
—ax in Example I is to use long division. For instance, by dividing 2 + x into 4, you obtain
— = 4 the result shown at the left.

EXAMPLE [ER Finding a Geometric Power Series Centered at 1

: 2 : 1
Find a power series for f(x) = > centered at 1.

Solution  Writing f(x) in the form a/(1 — r) produces

1 1 o a
x 1l=(=x+1) 1-r
which implies thatg = landr =1 — x = —(x — 1). So, the power series for f(x) is
1 &8
o — ar
A n=0

S-G-nr
i}
= S (= 1y — 1y

n=1
=l-G-D+E—-1P-(Gx—1B3+-:-
This power series converges when

|x~l|<]

which implies that the interval of convergence is (0, 2). [
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Operations with Paower Series

The versatility of geometric power series will be shown later in this section, following a
discussion of power series operations. These operations, used with differentiation and
integration, provide a means of developing power series for a variety of
elementary functions. (For simplicity, the following properties are stated for a series
centered at 0.)

OPERATIONS WITH POWER SERIES ‘
Let f(x) = £ a,x" and g(x) = = b x".

1. flkx) = i a,k"x"

n=0

The operations described above can change the interval of convergence for the
resulting series. For example, in the following addition, the interval of convergence for
the sum is the intersection of the intervals of convergence of the two original serjes.

=] oo "\- " 2= 1

-t g — ek =1
J.+E(,J —Z(]-ﬁ-z”,\f
n=1{ a=0 = n={}

AR SR T

e

=1 0Fim =200) e =l dy

EXAMPLE Adding Two Power Series
Find a power series, centered at 0, for flx) = 3% = II
pEres

Solution  Using partial fractions, you can write f(x) as
a1 2 1

= + .
221 x4l Ve

By adding the two geometric power series

2 2 )
— — M —J o
1l A= {=x) u-Zn =1y, [#l <1
and
1 = 3
x—1 1—-x -"an kA<

you obtain the following power series.

3x— 1 = N 2 n M — 5 -2 -3 4
= _,Z’o[ (1= 1]x" =1=3x+ 22— 33+ x4 —. . .
The interval of convergence for this power series is (—1, 1). -]
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EXAMPLE ¥ Finding a Power Series hy Integration
Find a power series for f(x) = In x, centered at 1.

Solution  From Example 2, you know that

1 oo
= z (— ])"(J( = 1)”. Interval of convergence: (0, 2)
n=(

Integrating this series produces

Inx = fldx-i- C
x

= (x = ])n—l
=L+ ] P
3 "2:‘9( ) n+ 1
By letting x = 1, you can conclude that C = 0. Therefore,
o — ”(x_ ])r;-i—l
]nA—-”E,u( 1 n+ 1
o {r=1) _ (x — ])1 + fx =71)2 _ (x — 1) B illllt‘l::':.ll:ﬂ.": "
1 2 3 4 convergence: (0, 2}

Note that the series converges at x = 2. This is consistent with the observation in the
preceding section that integration of a power series may alter the convergence at the
endpoints of the interval of convergence. |

n Section 9.7, the fourth-degree Taylor polynomial for the natural
logarithmic function
) Vs

I|1A'“¢(.1'—1}—(I;1) + 5 7

was used to approximate In(1.1).
1

1 (0.1)*

In(1.1) = 0.1) = 3(0.1)? + 2(0.1)* -

= 0.0953083

You now know from Example 4 that this polynomial represents the first four terms
of the power series for In x. Moreover, using the Alternating Series Remainder, you
can determine that the error in this approximation is less than

[R,| = |as]
1
5

0.000002.

(0.1*

During the seventeenth and eighteenth centuries, mathematical tables for logarithms
and values of other transcendental functions were computed in this manner. Such
numerical techniques are far from outdated, because it is precisely by such means
that many modern calculating devices are programmed to evaluate transcendental
functions.
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The Granger Collection

. SRINIVASA RAMANUJAN (1887-1920) |

Series that can be used to approximate =
have interested mathematicians for the past
300 years. An amazing series for approximating
1/ was discovered by the Indian mathe-
matician Srinivasa Ramanujan in 1914

(see Exercise 67). Each successive term of
Ramanujan’s series adds roughly eight mare
correct digits to the value of 1/ 7. For more
information about Ramanujan's work, see the
article "Ramanujan and Pi" by lonathan M.
Borwein and Peter B. Borwein in Scientific
American.
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JEXAMPLE ﬁ Finding a Power Series by Integration

Find a power series for g(x) = arctan x, centered at 0.
Solution  Because D, [arctan x] = 1/(1 + x2), you can use the series
‘! ==}
== § iy

n=0

tnterval of convergence: (— 1. 1)

Substituting x” for x produces

L= S (c1pan

5
Libas 28

)=

Finally, by integrating, you obtain

1
arctan x = ~dx + C
I x>
) ( ‘.Zu +1
= C‘ - —1 )Jr
kel 2n + 1
=] \Jn +1
= S }” Letw =0, then C = ()
HZ'U( 2n + 1
B x5 i ‘ .
ok TR E Ny Interval of comve
3 J i

It can be shown that the power series developed for arctan x in Example 5 also
converges (to arctan x) for x = #1. For instance, when x = 1, you can write

]

Lol d
arctan 1 l—§+—‘“+"‘

¥ 7

However, this series (developed by James Gregory in 1671) does not give us a practi-
cal way of approximating 7 because it converges so slowly that hundreds of terms
would have to be used to obtain reasonable accuracy. Example 6 shows how to use fwo
different arctangent series to obtain a very good approximation of 7 using only a few
terms. This approximation was developed by John Machin in 1706.

EXAMPLE Approximating = with a Series

Use the trigonometric identity

4 arctan ] arctan I
ar - —darctan —— =
5 CA53g

INH

to approximate the number 7 [see Exercise 50(b)].
Solution By using only five terms from each of the series for arctan(1/5) and
arctan(1/239), you obtain

1 1
s = . —_— = 4 2
4(4 arctan 5 arctan 239) 3.1415926

which agrees with the exact value of 7 with an error of Jess than 0.0000001.
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Exercises

See www.CalcChat.com for worked-out solutions {0 odd-numbered exercises

In Exercises 1-4, find a geometric power series for the function, HU Graphical and Numerical Analysis  In Exercises 27 and 28, let

centered at 0, (a) by the technique shown in Examples 1 and 2
and (b} by long division.

L) =

LS ]

30 = o 40 =5

-+

In Exercises 5-16, find a power series for the function, centered
at ¢, and determine the interval of convergence.

1 4
5 fla) = . = . flx) = , €= =3
RS S B CE
I i B
Tofla) = Teag 0 8. hix) = =5 &= 0
. 5 3
) = = —3 (x) = o
9. glx) g E 3 10. f(x) o1 ¢=2
- 2. f(x) 3
il =5 1g ¢=0 RS =gy o=8
4x
B3 g0l PAu—3 7 v
3x =8
We=gm 5 ¢
15. f(x) = —-Z-—ﬁ c=10
’ et
. 5
16. flx) = ——, c=0
54 2

In Exercises 17-26, use the power series

1 oo
=V (__ l)ﬂxn
14+x nz‘—'lf.l

to determine a power series, centered at 0, for the function.
Identify the interval of convergence.

=) 1 : 1
17. h(-\)—_‘.z_]_ 1+x 1-x
X ! .
18. h(x) = =1 20+3 20 -x
1 df 1
C ) = = e
19. f(x) (x + 1)2 d,:;[.\' + 1]

2 dE ]
20. flx) = (xr+ 17 T 2 [.\' i ]]

21 flx) = Infx + 1) = J'I o dx

I

- X

22, flx) = In(1 — x?) = j__L_ dx: f] dx

%

23. glx) = 24. f(x) = In(x*> + 1)

24

25, hix) = ,]

ST L ) e :
RO 26. f(x) = arctan 2x

Use a graphing utility to confirm the inequality graphically.
Then complete the table to confirm the inequality numerically.

| x 00 ] 02 04

27. 8, s Inlx+ 1) < 8,
28. 5, < In(x+ 1) < &,

A

In Exercises 29 and 30, (a) graph several partial sums of the
series, (b) find the sum of the series and its radius of conver-
gence, (c) use 50 terms of the series to approximate the sum
when x = 0.5, and (d) determine what the approximation
represents and how good the approximation is.

= (__]}rr%—l('r_ I}JJ
2 e AL SR o R
0.3 p

=, (_ ])uxzn-i-l
30. T e
= 20+ 1)
In Exercises 31-34, match the polynomial approximation of the
function f(x) = arctanx with the correct graph. [The graphs
are labeled (a), (b), (¢), and (d).]

(b)

(d)

3L g(x) = x 32, g(l,):J.—%
13 J_.S 3 J'.5 X7
B =x-—T+2 s Rl XS A
glx) = x Tt 34. g(x) =2 3 s
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In Exercises 35—38, use the series for f(x) = arctan x to approx-
imate the value, using R,, = 0.001.

ifa
1 4
35. arctan 1 36. J’ arctan x- dx
0

1/2 5
arctan x>
37 J ———gdx
0

1/2
38. x?arctan x dx
X 0

In Exercises 39-42, use the power series

o0
= 2 x" |x] < L
n=i

Find the series representation of the function and determine its
interval of convergence.

T S -
39. /0 = T3 W0 ==
o Tk d 3 X1 +x)
41. f(x) = T 42, f(x) = 1 o

43. Probability A fair coin is tossed repeatedly. The p: obability
that the first head occurs on the nth toss is P(n) = ( ) When
this game 1s repeated many times, the average number of tosses
required until the first head occurs is

E(n) = i nP(n).

n=1

(This value is called the expected value of n.) Use the results of
Exercises 39—42 to find E(n). Is the answer what you expected?
Why or why not?

44. Use the results of Exercises 39-42 to find the sum of each series.

1':.\ 2 n ] ag 9 "
(a) 2{ (g) (b) E ) ”(E)

n i n=1

Writing  In Exercises 45—48, explain how to use the geometric
series

g{x) = ] ix = i"'“!

n=10

|x] <1

to find the series for the function. Do not find the series.

46, f(0 = —

+ x 1 — a2
5

48. f(x) =

45. flx) = I

47, flx) = In(l — x)

bt

e A ,
49. Prove that arctanx + arctan y = arctan for av # 1
— Xy

provided the value of the left side of the equation is between
— /2 and /2.

50. Use the result of Exercise 49 to verify each identity.

(a) ta s a.rudn-—]— =
g 239 4

1 m
(b) 4 arctan 5 — arctan 20 7

[Hini: Use Exercise 49 twice to find 4 arctan % Then use part

(a).]

g )

9.9 Representation of Functions by Power Series 677

In Exercises 51 and 52, (a) verify the given equation and (b) use
the equation and the series for the arctangent to approximate 7
to two-decimal-place accuracy.

51. Zarctan% 2 arc:an% = g

52 arctﬂnl + arctan sl

) 2 3 4
In Exercises 53-58, find the sum of the convergent series by
using a well-known function. Identify the function and explain
how you obtained the sum.

= =, 1
53,0 T st S — 1yn+1
142=J:| ( ) 2"” o n=1 ( 1) 3"n
o 2” o
55 ) 36. — 1)
,;::] G- 5"n ”=0( 2n + 1
= [ ==} ]
57. =) e 58. i B4R
Z,( Voign sy B ,,Z] P e =

59. Use the results of Exercises 31-34 to make a geometric
argument for why the series approximations of
f(x) = arctan x have only odd powers of x.

60. Use the results of Exercises 31-34 to make a conjecture
about the degrees of series approximations of
f(x) = arctan x that have relative extrema.

G1. One of the series in Exercises 53-58 converges to its sum at

ﬁy a much lower rate than the other five series. Which is it?
Explain why this series converges so slowly. Use a graphing
utility to illustrate the rate of convergence,

62. The radius of convergence of the power series E a;xl

=i
is 3. What is the radius of convergence of the series
=y
> na,x"~'? Explain.

w=1

=
63. The power series > a,x" converges for [x + 1] < 4.
n=0
::_‘ hee +1
What can you conclude about the series }J a;—— I?
n=10 LS

Explain.

_CAPSTONE

64. I ‘ind the Error Describe why the statement is incorrect.

S TS )
n ;L-—- n=0 5 n=0 5/°

—

In Exercises 65 and 66, find the sum of the series.

_])n =
65. 2 T T 6. 3

n= [} 32”+](2” -+ I]]

(_ ‘1)!! .n.lr|+1

Fdl-a‘ 67. Rammug'mr and Pi  Use a graphing utility to show that

2 (4n)!(1103 + 26.,390n) 1
.%01 o (11)306% =
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Betmann/Corbis

The |:|E\re|0|3rn='n1 of power series to represent
functions is credited to the combined work of
many seventeenth and eighteenth century
mathematicians. Gregary, Newton, John and
James Bernoulli, Leibniz, Euler, Lagrange,
Wallis, and Fourier all contributed to this
work. However, the two names that are most
commanly associated with power series are

- Brook Taylor (1685-1731) and Celin
Maclaurin.

Be sure you understand
Theorem 9.22. The theorem says that
if a power series converges to f(x), the
series must be a Taylor series. The
theorem does not say that every series
formed with the Taylor coefficients

a, = f"(c)/n! will converge to f(x).

Taylor and Maclaurin Series

& Find a Taylor or Maclaurin series for a function.
® Find a hinomial series.
m Use a basic list of Taylor series to find other Taylor series.

Taylor Series and Maclaurin Series

In Section 9.9, you derived power series for several functions using geometric series
with term-by-term differentiation or integration. In this section you will study a
general procedure for deriving the power series for a function that has derivatives of
all orders. The following theorem gives the form that every convergent power series
must take.

THEQREM 9.22 THE FORM OF A CONVERGENT POWER SERIES

If £ is represented by a power series f(x) = X a,(x — ¢)" for all x in an open
interval / containing ¢, then a, = f"(¢)/n! and

L [P0 ‘"‘(f)

F0) = 1) + FA)x — ) + %(!C}(x — o+

7 Suppose the power series 2 a,(x = ¢)" has a radius of convergence R. Then,
by Thcmem 9.21, you know that the nth derivative of fexists for [,\ — (1 R, and by
successive differentiation you obtain the following.

O =g, +alx—c+a—c+ax—cf+alx—ct+---
FNz) = a; + 2a,(x — ¢) + 3a;(x — c) + daylx — ) +

) = 205 + Alajx—c) +4 ~Falx— )2+ -

Y = 3la; + dlax —¢c) + - -

%) = nla, + (n+ Dla,, (x—c) +- - -
Evaluating each of these derivatives at x = ¢ yields
F9%C) = 0la,
) = 1la,
f2(e) = 2la,
F¥c) = 3la,
and, in general, f""(c) = nla,. By solving for a,. you find that the coefficients of the

power series representation of f(x) are

_ %)
L "

Notice that the coefficients of the power series in Theorem 9.22 are precisely the
coefficients of the Taylor polynomials for f(x) at ¢ as defined in Section 9.7. For this
reason, the series is called the Taylor series for f(x) at c.
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9.10  Taylor and Maclaurin Series 679

E‘_ DEFINITION OF TAYLOR AND MACLAURIN SERIES

If a function f has derivatives of all orders at x = ¢, then the series
r i i)

=y — )" = flo) + ey =) + - -

. "‘[i’:'{[.]
=h al !

L»‘- i (-):r L
is called the Taylor series for f(x) at ¢. Moreover. if ¢ = 0. then the series i<
the Maclaurin series for f.

If you know the pattern for the coefficients of the Taylor polynomials for a
function. you can extend the pattern easily ta form the corresponding Taylor series.
For instance, in Example 4 in Section 9.7, you found the fourth Taylor polynomial for
In x, centered at 1, to be

Polx) = (x — 1) — %{.r =2 & %(,t — 1P - :L-l.r -1},

From this pattern, you can obtain the Taylor series for In v centered at ¢ = 1.

; t_,_]].'l"l
i T

(x— 1) — %(.1:-— e+ .- (x= 1+

EXAMPLE [{l§ Forming a Power Series
Use the function f{x}) = sinx to form the Maclaurin series

I A () . O L ) L o)
2 n! X = 0} + F{0)x + 5 1=+ T X+ Y x4 .-

=i
and determine the interval of convergence.

Solution  Successive differentiation of f(x) vields

fla) = sinx f0) = sin0 =0

JS(x) = cosx FI =cost = 1

() = —sinx FA0) = —sin0 = 0
FO) = —cos x F0) = —cos = ~1
SH(x) = sin x F0) = sin 0 =0
Fx) = cosx SEND) = cos 0 = 1

and so on. The pattern repeats after the third derivative. So. the power series is as
follows.

o plmi ey &7 {3} 141
5 F"(0) F10 s, f [rOl A

2 A= f0) + F0)x + TTH Y - T
2 (=) G oo (B e o 0 B oo 0
e — ok —x e o b 5 e P
2“ T T T T T
¥ = I)_x? + -
7!
S
S RETR Tt TR
By the Ratio Test, you can conclude that this series converges for all x. ]
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v
| .k('"i'
: T
=< & © -
fixy =4 sinx |\|_2
"
I “:-—5
)
i
|
| ........ 4 ; A
ko 1 T
: 2

Notice that in Example 1 you cannot conclude that the power series converges (o
sin.x for all x. You can simply conclude that the power series converges 1o some
function, but you are not sure what function it is. This is & subtle, but important, point
in dealing with Taylor or Maclaurin series. To persuade yourself that the series
f"{(} )

=+ ..+ —;-——(1 A

fle) + fledx — ¢) +

might converge to a function other than f. remember that the derivatives are being
evaluated at a single point. It can casily happen that another function will agree with
the values of f™(x) when x = ¢ and disagree at other x-values. For instance. if vou
formed the power series (centered at 0 for the function shown in Figure 9.23, you
would obtain the same series as in Example 1. You know that the series convi erges for
all x. and yet it obviously cannot converge to both £(x) and sin x for all x.

Let fhave derivatives of all orders in an open interval [ centered at ¢. The Taylor
series for fmay fail to converge for some x in £, Or. even if it is convergent, it may fail
to have fx) as its sum. Nevertheless, Theorem 9,19 tells us that for each n,

_ | ()
Flx) = fle) + fledix — ¢) + "{,)(: ) (x— )+ - .- f_”"l""“"{l =)t R (k)
where
e k1)
R = £ ')){‘ -

Note that in this remainder formula the particular value of z that makes the
remainder formula true depends on the values of x and n. If R, 0, then the following
theorem tells us that the Taylor series for £ acrus ly converges to f{x) for all xin /.

| IIII UIH MY 23 C()\\ ERGENCE ()F I"AH OR SERIES

If im R = 0forall xin the interval /. then the Li\lm series tnr; converges
W= T

| and equals f{x).
B o }r‘{n]((]
3 Fre

fo) = 2= o
124

n

P For a Taylor series, the nth partial sum coincides with the nth Taylor
pul\numr.ll That is. S,(x) = P (x). Moreover, because

Px) = flx) — R (x)
it follows that
,]i"—l S, (x) = Nl_i{l:lc P.(x)
. = Jim [F(x) = R (0]
:}(\] = ”Iip_}r R(x).

So, for a given x, the Taylor series (the sequence of partial sums) conv erges to f(x)
if and only if R (v) =0 as n— 20, u

WhE3Y Stated another way, Theorem 923 says that a power series formed with Tavlor
coefticients a, = f"(c)/n! converges to the function from which it was denved at precisely
those values for which the remainder approaches 0 as i - oo |
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9.10  Taylor and Maclaurin Series 681

In Example 1, you derived the power series from the sine function and you also
concluded that the series converges to some function on the entire real line. In
Example 2. you will see that the series actually converges (o sin x. The key observa-
tion is that although the value of z is not known, it is possible to obtain an upper bound

for | f&+D(z)|.

EXAMPLE [N A Convergent Maclaurin Series

Show that the Maclaurin series for f(x) = sin x converges to sin x for all x.

Solution  Using the result in Example 1, vou need to show that

5 N O ) (= 1) x2n0
SINX =X — == 4+ = — — 4 . . . 4 —
3t 57 {21 -+ 1)

1s true for all x. Because
fin i li(_\-_} e XY
or
FO0(y) = +cos x

you know that [/ *14z)| = 1 for every real number z. Therefore, for an y fixed v, you
can apply Taylor's Theorem (Theorem 919} to conclude that

fu,i nl-z*} . |_\.Iq

< Y n-+ ] e el
0= RO =G r =+

From the discussion in Section 9.1 regarding the relative rates of convergence of
exponential and factorial sequences, it follows that for a fized v
| ‘.|u +1

lim

- i'x U‘F + ! =10

Finally. by the Squeeze Theorem, it follows that for all x, R, {x) = 0 as n— 5c. So, by
Theorem 9.23, the Maclaurin series for sin v converges to sin x for all v.
]

Figure 9.24 visually illustrates the convergence of the Maclaurin series for sin x
by comparing the graphs of the Maclaurin polynomials £,(x), P (x). Po(x), and P,(x)
with the graph of the sine function. Notice that as the degree of the polynomial
increases, its graph more closely resembles that of the sine function.

¥ v v

4 § i
._: e i‘r H 5 i ‘= sinx
2+ V=S8N y :I :

b+ Iz 1

\ B PG WD ] v
. o R S

2+ %
—3+ . 3
-4 T l:-, i =41

1 s _1 5 T

Y ) = e s AT . T S
Pix)=x 3 Pix)=x 1’l+ 5 Pl=x ETRT R

As n increases, the graph of £, more closely resembles the sine function.
Figure 9.24
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The guidelines for finding a Tavlor series for f(x) at ¢ are summarized below.

GUIDELINES FOR FINDING A TAYLOR SERIES
L. Differentiate S(x) several times and evaluate each derivative at ¢.
SEL Fe), ) f e - - f™ (), - -
Try to recognize a pattern in these numbers,

2. Use the sequence developed in the first step to form the Taylor coefficients
a, = f"(c)/n!, and determine the interval of convergence for the resulting
power series

Se) + fle)x = o) + *’(';—(!Ej- X+ ok m(x - A

n!

3. Within this interval of convergence, determine whether the series converges

to f(x).

The direct determination of Taylor or Maclaurin coefficients using successive
differentiation can be difficult, and the next example illustrates a shorteut for 1 niding
the coefficients indirectly—using the coefficients of 2 known Taylor or Muclaurin
series.

EXAMPLE &N Maclaurin Series for a Composite Function
Find the Maclaurin series for fla) = sin a7,

Selution  To find the coefficients for this Maclaurin series directly, you must
calculate successive derivatives of f(x) = sin 12 By calculating just the first two,

J) = 2ccosx® and  fx) = ~437 sina® + 2 cos x=

you can see that this task would be quite cumbersone. Fortunately, there is an
alternative. First consider the Maclaurin series for sin x found in Example 1.

elx) = sinx

Now. because sin x? = g(x), you can substitute 7 for x in the series for sin x to obtain

sina? = pfy?)

T L i -
B TR T T

Be sure to understand the point illustrated in Example 3. Because direct
computation of Taylor or Maclaurin coefficients can be tedious, the most practical
way to find a Taylor or Maclaurin series is to develop power series for a basic list of
elementary functions. From this list, you can determine power series for other
functions by the operations of addition, subtraction. multiplication, division, differen-
tiation. integration, and composition with known power series.
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Binomial Series
Before presenting the basic list for elementary functions, you will develop one more

series—for a function of the form f(x) = (1 + x)* This produces the binomial series.

ExAMPLE ¥ Binomial Series

Find the Maclaurin series for f(x) = (I + x)* and determine its radius of convergence.
Assume that & is not a positive integer.

Selution By successive differentiation, you have

Flx) = (1 + x)* £y =1
F1) = K1 + 2t £10) =k
) = klk = 1D+ x)F2 £10) = k(k ~ 1)
F7) = Mek— D& = 2)(1 + 53 S70) = Ak = 1)k = 2)

.F"I.‘:I{:vl.) =k (k=4 D1+ g RO =kk— 1) k=~n+1)
which produces the series

k(k = i W S B o Il 8 ’
St s wep

2 n!

e

Because a, , /a,~ 1, you can apply the Ratio Test 1o conclude that the radius of
convergence is K = 1. So, the series converges to some function in the interval
(=1.1). =

Note that Example 4 shows that the Taylor series for (1 + x)* converzes to some
function in the interval (=1, 1). However, the example does not show that the series
actually converges to (1 + 2)% To do this, you could show that the remuinder R, (x]
converges 1o 0, as illustrated in Example 2.

ExAMPLE [E] Finding a Binomial Series
Find the power series for f(x) = ¥1 + x
Selution  Using the binomial series

ik — Dx= Kk — Dk - 2107
_ + +

(I+x)f=14k+

2! ' 3!
1 -
let & = 5 and wnite
’ Y I v Jpd ] d
) X X7 2+ Sx 2753 18X
: L . W=t e e il o+
(1 +x) W 3 3221 3331 3441
which converges for—1 = 1 = 1. &

QAR LIEIE S Use a graphing utility w confirm the result in Example 5. When
vou graph the functions
x5 10x°

N o= N - X i A
flxy = (1 + x) and Plx) =1 + 3 5 + 31 e

in the same viewing window, you should obtain the result shown in Figure 9.25.
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684 Chapter 9 Infinite Series

Deriving Taylor Series from a Basic List

The following list provides the power series for several elementary functions with the
corresponding intervals of convergence.

POWER SERIES FOR ELEMENTARY FUNCTIONS

Interval of
Funcrion

Converpence
1 )
P Rl R e | e e e L Ct | R O<x<2
I! =l—,\.‘+4\'3—J’3+A‘J‘“.‘l’5‘:“"‘f‘(_l_}“—‘"‘""‘ —1 < il
==k
'_ P 2 ."']3 x— 114 L0 n—1__ rl
In,r=(x—l)-—(r D 1‘—(‘ ]~-{‘ ) +--v+--—-—~—-{ G ) e ey D<x=2
2 3 4 n
2 .\""‘ 1.4 ".S i
= ol T Y o 1 e g LI U = P < D
e lF‘li_!+3[]4§—+SI+ 1HTT 00 <.k Kt
TRETETE el gt " Ca+ 1) =
...ml_ﬂi 52 o = ) ~00 < X < 00
COS: X = 2I+‘1U TH T 20! I - S < =
_‘,_\ A.i 1? 39 (,_. 1 )-a )
FETR1811] il ol (R e R S T N . i s, U =] =x=l
mrctan x X 3 5 ? T (} 2” i % ¥
X 1. 323 1-3+5 (2n)Ix2 41
arcsin x = x + e = S RPN s ot IO NI = =y ]
R A T 5- 45  ard 6 7 (2"!*2n + 1)
k(k = 1)x*  kk = Dk = 28 | &k — Dk — 2)(k — 3)x*
U g e ool jll)\ L Kk }q(f‘ W ke = 1Dk - [l A U .

* The convergence at x = x1 depends on the value of k.

WLAEZY The binomial series is valid for noninteger values of k. Moreover. if & happens to he
4 positive integer. the binomial series reduces 1o a simple binomial expansion. ]

EXAMPLE [ Deriving a Power Series from a Basic List
Find the power series for f(x) = cos/x.
Solution  Using the power series

B I L
COREE | ekt i

204 6 !
vou can replace x by /x 10 obtain the series

s v xS o
COSX = =t —

TR TR TR

This series converges for all x in the domain of cas/x—that is, for v = 0.
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Power series can be multiplied and divided like polynomials. After finding the
first few terms of the product (or quotient). vou may be able to recognize a pattern.

EXAMPLE Multiplication and Division of Power Series

Find the first three nonzero terms in each Maclaurin series.

a. ¢t arctan x b.

Salution

Lian x

a. Using the Maclaurin series for ¢ and arctan x in the table, you have
(3 P

etarclan x = (1

i X
+ =+

1t

_1._‘-” 2 _1.3 ‘.-l " \f . % B .1"
N t“ 375

Multiply these expressions and collect like terms as you would i multiplying

polynomials.
T S L4
Pt o+ mx b g 587 +
L3 Ll
x A il
: b g by
L G S e S o
1 .3 | R
E R
\ I
2 F,\“ T
s 4 maagnles Do i
x+ x4 px gt et
) yod
So,etarctany = x + a2 4 g +

e
— ma— .+. — —
sin v ! 51
tan x = = = =
S X X~ X
b e
20 4
Divide using long division.
| 2
i e L
3 15
1 | |
| = =x? 4 =yt — x ==yt ——g%
8 T g 6 120
I ; |
i it we
St 51"
Ly 1y,
3 30
| [ 1
-3 —y
3 6
2
15
L. 2
So,tanx = x + . Sl ey ol
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EXAMPLE [} A Power Series for sin? x
Find the power series for f(x) = sin? x.
Solution  Consider rewriting sin® x as follows.

Gty = | —cos2xy | cos 2y
O ) = 2

Now, use the series for cos x.

x7 . &Y % 48
ct)s_\'ﬂ]—ﬁ et
"! 94 6 gl
cos 2y =1 — 1—|\3 + -4—|,r‘1 - ‘E‘T\(‘ E‘-lq -
| P e 2 2 o
3 cos 2 = = + 55 H.t" 4 ;.')T'rh - g.r“ 4
R Ly I e Wi I 2 %) 2‘ -4 2* 5 = R
st x = E"“E’L(lb.—._l wE" ‘-_1— +-;.\~—E_1 J-E—I_.r —'S_Il k% b
2, 2 2 27
:ETV_E'H '(')—1 {—S—IU' 1
This series converges for —oo < ¥ < oo mw

As mentioned in the preceding section, power series can be used to obtain tables
of values of transcendental functions. They are also useful for estimating the values of
definite integrals for which antiderivatives cannot be found. The next example demon-
strates this use.

exampLE [E] Power Series Approximation of a Definite Integral

Use a power series 1o approximate

] 5
f e dx
4]

with an error of Tess than 0.01.

Solutien  Replacing x with =% in the series for ' produces the following.

-4 il -1
A2 T R L P L 4 j_ S
et ] — X%+ -
2t 31 4!
1 1 5 4
-y xt I X A /
AR 2 S et = + -
J 37852t 7.31 9-a 0

1 | I

I
=] =t
3710 427 216

Summing the first four terms. you have
|
j eV dy =074
i

which. by the Alternating Series Test, has an error of less than j = ().005.
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m Exercises ...

In Exercises 1-12, use the definition of Taylor series to find the
Taylor series (centered at ¢) for the function.

L f(x) = e, ¢=0 2. fl0) = e c=0

3 =cosx, o= ;—T 4. flx) =sinx. ¢ = L

-

n

6. f(x) =

1
flx) == e=1 c=2
B!

1 =
T. ) =lnx, ¢=1

8 fl)=et o= 1

9. flx) =sindy, ¢ =10

. fix) = Inlx>+ 1), =0

IL flx) =secy. ¢=0 (first three nonzero terms)

12, fix) = an v, ¢ = O (first three nonzero terms)

In Exercises 13-16, prove that the Maclaurin series for the
function converges to the function for all x.

3. flx) = cosa 14, fla) = ¢~

16. fix) = coshx

5. /() = simhx

In Exercises 17-26, use the binomial series to find the
Maclaurin series for the function.

i 1 |
17. fix) = e ”—: I8. flx) = m
L) A S - 20 fx) = :
: JI—x V1=
1) ) N 22 i)
NETEEE ’ (2 + x)
23 f(x) = T+ x M. fi=4T+=

25, fix) = ST + 22 26, flx) = V1T £ 45

In Exercises 27-40, lind the Maclaurin series for the function.
(Use the table of power series for elementary functions.)

27. flx) = 2 28, aly) = 7 h

29, flx) = In(1 + 1) 30, f{x) = In{l + )
31, g(x) = sin 3x 32, flx} = sin mx
33, fly) = cos dx 34, ) = cos my

35, fix) = cos x¥*

36. giy) = 2sin 1’

37 f(x) = 3le* — e~*) = sinhx
38. fix)
39, flx) = cos’x

40. fx) = sioh™' x = Inlx + ¥+ 1)

ef+ ¢ = D cosha

¢

(H.-'m: Integrate the senes for —=

W
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hal com for worked-out solutions fo add-numbered secises

In Exercises 41-44, find the Maclaurin series for the function.
(See Example 7.)

41, flx) = vsiny 42, Mx) = xcosx

sinx g _ —"“‘.'ﬂ‘ x# 0
43. (‘(\) - X 4_‘_ Ji{\} — R
e 1. =1

In Exercises 45 and 46, use a power series and the fact that
i* = —1 to verify the formula.

= ! 1) - fr e

: ?I,lf ) Sk

46. ply) = %[e" FpT ) Sy

fdP’ In Exercises 47-52, find the first four nonzero terms of the

Maclaurin series for the function by multiplying or dividing the
appropriate power series. Use the table of power series for
elementary functions on page 684. Use a graphing ufility
to graph the function and its corresponding polynomial
approximation.

47, flxd = etsina 48, glx) = ¢ cos a
49, by} = cosxInll + v) 50, jTx) = e¥In(l + x)
51 gly) = 0L 53 fla) = e

[ X b+ X

In Exercises 53-56, match the polynomial with its graph. [The
graphs are labeled (a), (b), (¢), and (d).] Factor a common
factor from each polynomial and identify the function approxi-
mated by the remaining Taylor polynomial.

(a) ¥ (h)

(c) (d)

- 3 3
x _ X ¥
53 y=x— = 5, vy = x TRy
¢ ) X
85, mahia? b LY PR T R L R
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In Exercises 57 and 38, find o Maclaurin series for Sl

57. fla) = J (e — 1)t
"

1

58. f(a) = J STV R dr

[

IQIF” In Exercises 39-62, verify the sum. Then use a graphing utility

to approximate the sum with an error of less than 0.0001.

9. 3 (=1l = o

Aol n

oo 1 i )
60. N (—IJ”’—-TJ = sin |

n=a (20
o .
61, \/, e
g
& (1Y e—1
2. \1 S | T B O IS
62. 3 (-1) (_\” ‘] .

Frobability  In Exercises 77 and 78, approximate the normal
probability with an error of less than 0.0001, where the
probability is given by

I L4 :
Pla<x<h= _f e~ dy,

~ AT

T P <x < 1)
T8 Pl «x<?)

In Exercises 6366, use the series representation of the function &5% In Exercises 79-82, use a1 computer algebra system to find the

ftofind lina Jlx) (ir it exists).

| — cosx . ST
63, ) == —ennEOSE 64, f(y) = 32
-
& 2 | . Inix -+ 1)
6. fa) =Bt 66, /(v = LG+ 1)
=

In Exercises 67-74, use a power series to approximate the value
of the integral with an error of less than 00001, (In Exercises 69
and 71, assume that the integrand is defined as | when v = (,)

ol A PE
67. I e gy 68. J vln(x + 1) ey
n u

S i
1. 5
69, ’ = dx 70, j s e
<0 X i
r1p2 142
. “tan x '
71. J &—d: 72, J’ arctan &7 dy
i v ]

il .
73, l 1+ Y dy
i

Area  In Exercises 75 and 76, use a power series to approximate
the area of the region. Use a graphing utility to verify the result.

il dl
75; [ VX eos xda 70. J cosady
m

ns
[} v
+

Bl tule— el

e e o
i -

i

lifth-degree Taylor polynomial (centered at ¢) for the function.
Graph the function and the polynomial. Use the graph to
determine the largest interval on which the polynomial is a
reasonable approximation of the function.

79. f(3) = xreos 2y, e =0
80. () = iin%!n(] ta) =0
81. gla) = Vxlnuwx, e =1

i
82, h(x) = Frarctany, ¢ = |

RITING ABOUT CONCEPTS'

i 83. Swte the guidelines for finding a Taylor series.

| 84 If £ s an even function, what must be true about the

1 coefficients a, in the Maclaurin series
| flx) = En,,.x'" 3
n=i

Explamn your reasoning.

85, Define the binomial sermes. What 1s its radius of
convergence?

CAPSTONE

86. Explain how to use the series
gly) = e = S“ i":
to find the series for each function. Do not find the series.
(2) flx} = g
(b) flx) = ¢>
(©) flx) = xet
(d) fla) = e* + e~
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87. Projectite. Motion A projectile fired from the ground
follows the trajectory given by

1‘=(1anfj— £ ].t—'—!’,:]n(I—---ET——)
i kv, cos #) A* vy cos 6

where v, 1s the initial speed. #is the angle of projection, g 1s the
acceleration due o gravity, and & is the drag fuctor caused by
air resistance. Using the power series representation

[

3

-
-

Il + ) =2 —— +—=—— e, =1l ex<l

I
3

1-.J|
I’Ji

verify that the trajectory can be rewritten as

o’ 5 kot gt
Nifcost 8 Jufcos’d dvgcostd

v o= (tan d)v +

88

Projectite Motion  Use the result of Exercise 87 w determine
the series for the path of a projecole launched from ground
level at an angle of # = 60°. with an imual speed of v, = 641

feet per second and a drag factor of & = 1-1;,

8% Investigation  Consider the [unction f defined by
[e=14" %0
4) =
Jor =14, v =0,

(1) Sketch a graph of the funcion.
(h) Use the alternative form of the definition of the derivative
tSection 2.1) and L'Hapital's Rule to show that (0) = (.

[By continuing this process. it can be shown that f*(0)
Oforn > 1]

(¢) Usmg the result i part (b). find the Maclaunn series for [
Does the series converge 1o /7
|
£+ on. Investigation
(a) Find the power series centered at 0 for the function

. In(y= +
) - iy 1)

2

(b} Use u graphing unlity to graph § and the eighth-degree
Taylor polynomial P(x) for f

(c) Complete the table, where

N -
Fix) = “D“L*:"“"“! dr and  Glx) = j Pln) dr.
Jo o
x | 050 075 100 150 2.00

Crix)

() Describe the relationship between the graphs of fand P,
and the results given in the table in part (¢).

n

i sk
91. Prove that lim o 0 for any real x.

n—or i

191

9,10  Taylor and Maclaurin Series
92. Find the Maclaunn senes for

I+

=X

flx) = In

and determine s radius of convergence. Use the first four
terms of the seres to approximate In 3.

In Exercises 93-96, evaluate the binomial coefficient using the
formula

n!

(k) _ Kk = Dk =2}k =3)- - ~(k=n+1)
n

where & is a real number, n is a positive integer, and

o %) o ()

\3 \
"{)_S] = I,-"_‘]
051 o 6. 5
(4. ( o
97. Write the power series for (1 = x)* in terms of binomial
coefficients.
98. Prove that e is trrational. iHmr' Assume that ¢ = p/g s
rational ( p and g are inlcg'fr&] and consider
I 1
t"-'=|+i-1--i-!i---v:';“"-'-.
99, Show that the Maclaurin series tor the function
() =
gl = 5
"’ 1 X oyt
15
3
L P
J'.l=']

where £ is the uth Fibonacci number with £, = 7, = | and
F.=F, _,+F,_,fornz=3
(Henr: Write

X

hsesamme-Gou U BT IO R R S
== -

and multiply each side of this equation by | — 1 — 57}

689

| PUTNAM EXAM CHALLENGE

100. Assume that |f{(x)] = 1 and |f"(x)] < | for all x on an

interval of length at Jeast 2. Show that [/(x)| = 2 on the |

This problem was composed by the Commutiee on the Puinam Prize Competiion

i

]

! interval.
| The Mathematical Association of Amenca. All nghis reserved
|

)
i
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g REVIEW EXERCISES oo,

In Exercises 1 and 2, write an expression for the nth term of the

sequence.
11 i et . [
s 2 55
2T ATE8 12 2571017

In Exercises 3-6, match the sequence with its graph. [The

graphs are labeled (a), (h), (c), and (d).]

(ay oy {h) iy
i ' i
6o 64
Sroe i
i *Srssas :
& L]
| iy e
.i "i' i b -
N -
2y SN I Y i ) M S T, o
| 2 4 - g 10
{ B b L]
i (HSR  ve eoue e t " -
| 2 4 6 B 10 -4 .
el Ha (d) U
] '_ I 4=
-
1+ -
L]
2 L]
-
] -
- Ll
+—+ s nin. 2 "
» r -
e 2 1 & "'L‘-' ST T ST
24 & K 10
2 |
Joa, =4 += 4 a =4 — —xn
= n 3

19.

[ ]
&

wked-pul solubions lo sdd-numbered esercises

Compound Interest A deposit of S8000 is made in an account
that eams 5% interest compounded quarterly, The balance in
the account after n quarters is

: 0.054"
A, = xnul(r 4 T) I 0 IR

(a) Comnpute the first eight terms of the sequence {A, |,

(h) Find the balance in the account after [0 years by computing
the 40th term of the sequence.

Depreciation A company buys a machine for $175.000.

During the next 3 years the machine will depreciate at a rate of

30% per year. (That is, at the end of each year. the depreciated

value will be 709 of what 1t was at the beginning of the vear.)

() Find a formula for the sth term of the sequence that cives
the value V of the machine ¢ full vears after it was
purchased.

by Find the depreciated value of the machine at the end of 5
full vears.

P%'_’ Numerical, Graphical, and Analytic Analvsis  In Exercises
21-24, (a) use a graphing utility to find the indicated partial
sum S, and complete the table, and (b) use a graphing utility to
graph the first 10 terms of the sequence of partial sums.

5. a, = 100030 6. a, = 6(-3)"""

53

¥ In Exercises 7 and 8, use a eraphing ulility to graph the first 10

terms of the sequence. Use the graph to make an inference about

the convergence or divergence of the sequence, Verify your infer-

ence analytically and, if the sequence converges, find its limit.
Sn 42 .o

Tioqy, =——= 8 @ =sin-z=
" "

In Exercises 9-18, determine the convergence or divergence of
the sequence with the given nth term, If the sequence converges,
find its limit. (5 and ¢ are positive real numbers.)

."?-n -‘
9. a,={=] +3 10, a, =1+ —
B [b] hid, n+1
Y4 1
I, = 22 12. a, = —=
" el
13. a, = — 14, g, = ——
ne 44 " oInn
P e — . N
5.g,=vn+1~- Jn AR | B
2n/
17. a, = = ;—” 18. a, = (&" + P
4

" 5 10 I5 | 20 { 25
| s,
ag foya=1 e P AR |
A {‘ (i) 22 - L
W )2 ot 2n
e Rt nw ] -
= (=1t & |
23, 0N — o A e
= (2] = ol + 1)

In Exercises 25-28, find the sum of the convergent series,

& AT ser YA D
ERRY (3) 2. Y F—
n‘dfl 3 ul-_.lf.l 3

27. 3 [(06) + (0.8Y]
e |

4 {'1 (X I
23 fl‘:“[]l\(gJ - {n+ in + E)J

In Exercises 29 and 30, (a) write the repeating decimal as a
geometric series and (b) write its sum as the ratio of two integers,

29, 0.09 30, 069

In Exercises 31-34, determine the convergence or divergence of

the series.

3 S ey 3. N (067
L]

a0

e
E (~ & 2+ 1
e Be 3 T
s Inn |
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35. Distance A ball is dropped from a height of 8 merers. Each
time it drops h meters. it rebounds 0.7/t meters. Find the total
distance traveled by the ball.

36. Salary  You accept a job that pays a salary of $42 000 the first

year. During the next 39 vears, vou will receive a 5.5% raise

cach year. What would be vour total compensation over the
40-vear period?

w
b

Compeund Interest A deposit of $300 is made at the end of
each month for 2 vears in an account that pavs 6% interest.
compounded continuously. Determine the balance in the
account at the end of 2 vears.

Compound Interest A deposit of $125 is made at the end of
cach month for 10 years m an account that pays 3.5% interest,
compounded monthly. Determine the balance in the account at
the end of 10 vears,

In Exercises 39-42, determine the convergence or divergence of
the series.

& | 5 |
39, "Jf{‘ﬂ w8 L
¥ (] ww | v i
= I A i | %
4 N u-——] 2 B (L_ L
ot (_n" n 4 = [_,,n a0 }

In Exercises 43— 48, determine (he convergence or divergence of
the series.

7 F 1

46 S

- 2 TEEE
we] vt 2n

A 135 +(2n~1) s 1
47. 5 : S RS
2 adliaBin < f2n) -

In Exercises 49-34, determine the convergence or divergence of
the series.

& (=1 & (=D + 1)
49. — 0.8 e

r.-2'| n* oy i

= -1 . TH i
51, N Al g, N

oo S0 | Ol | = oAt

o L a1 3
53 © (—=1¥n 54 % (—1) In o'

=3 ih n

In Exercises 35-60, determine the convergence or divergence of
the series,

Z (3n =~ 1\~ K dn Y
N 56. % (

,EI \2n + 5.J K1}
57. S -"—F— 38. &

i e et

P
59. e

=

& L<3-5 (2n—1)
60, Y - :

“2‘13'5'8 (3n—1)
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Review Exercises 691

Hcr Numerical, Graphical, and Analvtic Analysis In Exercises 61

and 62, (a) verify that the series converses, (h) use a graphing
utility to find the indicated partial sum S, and complete the
table. {c) use a graphing utility to graph the first 10 terms of
the sequence of partial sums, and (d) use the table to estimate
the sum of the series.

i J| 0L 152

TR g B
01, }_Jn[g) 62, l “‘—q”

n= | - a=] N

PF 63, Writing Use a graphing utility to complete the table for (a)

p=2and (b) p = 5. Write a short paragraph descnibing and
comparing the entries in the tables.

o
¥

0 20 | 30 a0

64. Writing  You are told that the terms of a positive seres appear
to approach zero very slowly as n approaches infinity. (In fuct,
t = 070 1P you are given no other mformation. can vou
conclude that the series diverges? Support your answer with an
example.

In Exercises 65 and 66, find the third-degree Taylor polynomial
centered at c.

65. flx) = ¢™™, ¢ =0

66. [{x) =

Hnx,. &= —=—

In Exercises 67-70, use a Taylor polynomial to approximate the
function with an error of less than 0.001.

67, sin Y3°©
69, In(1.75)

68. cos(0.75)
70, &7h2s

71. A Taylor polynomial centered at 0 will be used 10 approximate
the cosine function. Find the degree of the polynomial required
to obtain the desired accuracy over each iterval.

Maximum Error Interval

{a) 0.001 [-05.03]
(hy 0.001 [—1.1]
(c) 0.0001 [-0.5.05]
(d) 0.0001 [-2,2]

Use a graphing utility to graph the cosine function and the
Taylor polynomials in Exercise 71.
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In Exercises 73-78, find the interval of convergence of the
power series. (Be sure to include a check for cony ergence at the
endpoints of the interval.)

{ x ‘n -

(‘r 7. $ g

TER

73.

i S

[-Ir”h ==
P n+ 1) o

l" 18

75.

=
77. N nlix — 29 78.
n

n

In Exercises 79 and 80, show that the function represented hy
the power series is a solution of the differential equation.

79. v= N (=122
b B l 1»1[””_

b s i _17." + _1'-\' = ()

;.

— 3
S 'T [ ,.}
WTo 2t

¥ e 4 3y =0

In Exercises 81 and 82, find a geometric power series centered
at 0 for the lunction.
bl

81, glx) = —=

b= ¥

1
3

R T N .
82, hiv) e

83. Find a power series for the derivative of the tunction in
Exercise 81.

84. Find a power series for the mtegral of the function in
Exercise 82,

In Exercises 85 and 86, find a function represented by the series
and give the domain of the function.

85, 1 +

st

86‘H_gh'"-?']""%L\_j):"“}{:[_l—}}“ TR

In Exercises 87-94, find a power series for the function
centered at ¢.

dar 7
87. f(x) = sinx, ¢ = “I-* 88. fixl = cosx, ¢ = ——:}
89, fla) =3, =90 90, f(x) =cscx, ¢= i{r
(first three terms)
) | : ~
91, flx) = T = =il 92, fix) VA oc=4
. P : ’ |
93, gla) = F1+x. =0 94, hix) = “—-MJ; c=10
= X

In Exercises 95-100, find the sum of the cony ergent series by
using a well-known function. Identify the function and explain
how you obtained the sum.

95, (=1t — : 06, ’S‘ {_”-.»lt,.[w._
Frd 4" n et e
2l
2]

2 =
awh =

98, 3 =
i al
=1 ]

99 S || —— R

9 ;n( 1 =G

= |

100, =TV = :
IE“ FEL 4 1)1

101, Writing  One of the series in Exercises 45 and 57 converges
to its sum at a much lower rate than the other series. Which
is it? Explain why this series converges so slowly, Use a
graphing utility to illustrate the rate of convergence.

102, Use the binomial series to find the Maclaurin series for

fAy) =
Huy Wi

3. Forming Maclaurin Series  Determine the first four terms of
the Maclaunn series for ¢
(@) by using the definition of the Macluurin series and the
formula  for the coefficient of the wth  term,
a, = f(0)/n!.
(b} by replacing x by 2y in the series for ¢,
(e} hy multiplying the series for ¢' by itself. because ¢
sl
104. Forming Maclaurin Series  Follow the pattern of Exercise
103 10 find the first four terms of the series for sin 2. (Hine:
sin 2t = 2 sinxcos x.)

In Exercises 105-108, find the series representation of the fune-
tion defined by the integral.

105. J UL
4] F

1046. J cos \T; di
0 =

107, J T“if—»]lm

e
108. J —'—-——u’r
it f
In Exercises 109 and 110, use a power series to find the limit (if
it exists). Verify the result by using L'Hépital’s Rule.
109, lim —Muf,lf =
Lt A
110, Jiy rCsin X

x -+l
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PROBLEM SOLVING

L. The Cantfor set (Georg Cantor. 1845-1918) is a subset of the
unit interval [0, 1]. To construet the Cantor set. first remove the
middle third {%3 of the interval, leaving two line segments. For
the second step. remove the middle third of each of the two
remaining segments, leaving four line segments. Continue this
procedure indefinitely. as shown in the figure, The Cantor set
consists of all numbers in the unit interval [0, 1] that still remain,
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i) Find the total Jength of all the line segments thar are
removed.

(b} Write down three numbers that are in the Cantor set.

(€} Let €, denote the total length of the remaining line seoments
afier 2 steps. Find lim €,
et

I-

(a2} Given that lim ay, = Land lim ey, = L. show that {a,t
e - 4 w0 - N

s convergent and lim a, L.
e

e

5 I ) -
by Leta, = landa,, | =1 + S Write out the first eight
a,
terms of {4, |, Use part (a) to show that lim a, = /3. This
§ s

gives the continued [raction expansion

W

It can be shown that

S
N o—mds e Exs 3(h). Section ¢
2= [see Example 3(b). Section 9.3].

Use this fact to show that i ! 7
S ERE 4 —
n=1] :2” - J}' 8

=

Let I'be an equilateral triangle with sides of lenath 1. Let a, be
the number of circles that can be packed tightly in 2 rows inside
the triangle. For example. ¢, = 1.4, = 3.and a; = 6. as shown
in the figore. Let A, be the combined area of the a, circles. Find
lim A .

Al

195

PS.  Problem Solving 693

o

Identical blocks of unit length are stacked on top of each other at
the edge of a table, The center of gravity of the top block must he
over the block below it, the center of gravity of the tap two blocks
must lie over the block below them. and so on (see figure).

(a) If there are three blocks. show that it is possible o stack
them so that the left edge of the top block extends % unit
beyond the edge of the table.

(b) Is it possible to stack the blocks so that the right edge of the
top block extends beyond the edge of the ble?

(¢} How far beyond the table can the blocks be stacked?

6. (a} Consider the power series

e 4
>_. G I i ol o e e Sl S
o0
in which the coefficiems ¢, = 1.2, 3.1, 2.3, L.. . , are

periodic of period p = 3. Find the radius of conversence
and the sum of this power series.
(b

Consuder a power series

;"‘

3 aan
w0

- which the coefficients are periodic. (a, o =) und
i, = 1. Find the radius of convergence and the sum of this
power series.

7. For what values of the posinve constants @ and b does the

following series converge absolutely? For what values does it
converge conditionally?
b oa b a
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8. (2) Find a power series for the function

fla) = xe

centered at 0. Use this representation to find the sum of the
infinife series

| - 2T
22 onlin + 2)

(b) Differentiate the power series for f{x) = xe'. Use the result
to find the sum of the infinite series

2+ ]
'
a=n M
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1. (m)

12:0m)

13. Let {a,}

Chapter 9 Infinite Series

9. Find 30} if jla) = ¢,
dervatives.)

(Hint: Do not calculate 12

10. The graph of the function

1. x=10
fx) = §sinx >0
X

is shown below. Use the Alternating Series Test to show that the
improper integral f : fx) dv converges.

v

Prove thul, =
1 xlinxle

elx converges it and only if p > |

(h

Determine the convergence or diversence of the seres

S

= n(en?)

Consider the following sequence of numbers defined
recursively,

Write the decimal approximations for the first six terms of
this sequence. Prove that the sequence converges. and find
s limit.

(h) Consider the following sequence defined recursively by

a = Vaanda,,, = Ja+ a,.wherea > 2.
ot e .',_-v“ o

e

Va+ da fa+ Ja+ Ja..

Prove that this sequence converges, and find its limit,
be a sequence of positive numbers satisfying

| ; . 3
lim (a,)'" = L <= r> 0, Prove that the series Ed"r"
e r Wl
converges,

14, Consider the infinite series 2 B

LRl R
(2) Find the first five terms of the sequence of partial sums.
(b} Show that the Ratio Test is inconclusive for this series.

() Use the Root Test to test for the convergence or divergence
of this series.

I5.

17

Derive each identity using the appropriate geometric series.

| I
) M 31 0101 . . . (b)) —= = 1.020: 3250,
{a) 0.90 LO1010101 (b) 0.0% 102040816

Consider an idealized population with the characteristic that
each member of the population produces one offspring at the
end of every time period. Each member has a life span of three
time periods and the population begins with 10 newborn
members. The following table shows the population during the
first five time periods.

Fime Period

i. 3
|

| 70

10 10 2 40

! 1010 20

Total 10,20 40§ 70 | 130

The sequence for the total population has the property that

S5

=afiay S 8

no> 3

Find the 1otal population during euch of the next five time
periods.

Imagine you are stacking an infinite number of spheres of
decreasing radii on top of cach other. as shown in the figure.
The radii of the spheres are | meter. 1/ O2 meter, 1/3 meter.
ete. The spheres are made of a material that weighs 1 newton
per cubic meter.

{a) How high is this infinite stack of spheres?

(b) What is the total surface area of all the spheres in the stack”?

(¢) Show that the weight of the stack is finite.

18. (a) Determine the convergence or divergence of the series
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(h) Determune the convergence or divergence of the series
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. CHAPTER 11 ORTHOGONAL FUNCTIONS AND FOURIER SERIES

11.1

.ORTHOGOI}IAL FUNCTIONS

REVIEW MATERIAL

* The notions of generalized vectors and vector spaces can be found in any lincar algebra text.

INTRODUCTION  The concepts of geometric vectors in two and three dimensions. orthogonal
or perpendicular vectors, and the inner product of two vectors have been generalized. It is perfectly
routine in mathematics to think of a function as a vector. In this section we will examine an inner
product that is different from the one you studied in calculus, Using this new inner product, we
define orthogonal functions and sets of orthogonal functions. Another topic in a standard calculus
course is the expansion of a function fin a power series. In this section we will also see how 1o
expand a suitable function £ in terms of an infinite set of orthogonal functions.

INNER PRODUCT Recall that if u and v are two veciors in 3-space. then the
mnner produet (u, v) (in caleulus this is written as u-v) possesses the following
properties:

(1) (u.v)= (v, u),

(i) (hu, v) = k(w. vy, & a scalar,

tit) (wow) = 0tlu=0and(u, u)=0ilu # 0.

() (u+ v, w) = (u, w) + (v.w)
We expect that any generalization of the inner product concept should have these
sHme properties,

Suppose that £, and f> are functions defined on an interval [a. bL.” Since a definire
integral on [a. b] of the product £(x) f>(x) possesses the foregoing properties (f}-(iv)
whenever the integral exists, we are prompted 1o make the Tollowing definition.

[ DEFINITION 11.1.1 Inner Product of Functions

The inner product of two functions f; and f> on an interval [a. b] is the
number

Iy,

i) j ‘Tlli.’\'? falxddu |

—

ORTHOGONAL FUNCTIONS  Motivated by the fact that two geometric vectors
u and v are orthogonal whenever their inner product is zero, we define orthogonal
functions in a similar manner.

DEFINITION 11.1.2 Orthogonal Functions

Two functions f; and f> are orthogonal on an interval [a, b] if

rr
(fi-f:1 = | fHitafaidde = 0. i

Ja

“The interval could also be (=2_=). |0, ), and so on
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11.1 ORTHOGONAL FUNCTIONS . 399

For example. the functions fi(x) = x¥ and f3(x) = x* arc orthogonal on the interval
[—1, 1], since

', L i
Hf) = f e xdy = -(-_;1’ = (),
=1

8] i |

Unlike in veetor analysis, in which the word orthogonal is a synonym Tor perpendic-
alar: in this present context the term erthogonal and condition (1) have no geometric
significance.

ORTHOGONAL SETS  We arc primarily interested in infinite sets of orthogonal
functions.

DEFINITION 11.1.3  Orthogonal Set

A sel of real-valued functions {dg(x), ¢ (x), da(a) ... ] is said 0 be
orthogonal on an interval [a, ] if

fdh,. <) T R T (), o= on (2}

§ (e, <, : .om o, 2

ORTHONORMAL SETS  The norm, or length [|ul|, of a vector u can be expressed
in terms of the inner product. The expression (u. u) = ||ul|? is called the square norm.
and so the norm is [lul| = V(u, u). Similarly, the square norm of & function ¢,
is (ol = (d,. &,). and so the norm, or iis generalized  length. s
a0 = Vid,. é,). In other words, the square norm and norm of a function ¢, in
an orthogonal set {¢b,(x)] are, respectively.

Gatt)d = | i da and b,

—
'

on the interval.

I EXAMPLE 1 Orthogonal Set of Functions

Show that the set {1, cos x. cos 2x. ...} is orthogonal on the interval [~ 7, ]

SOLUTION If we make the identification do(x) = 1 and ¢, (x) = cos ny. we must
then show that [7_ dy(x) () dyv = 0,0 # 0, and |7, dnlx) g, () drx = 0.m # n.
We have. in the (irst case,

(boshe) = f o) &, (x) dx = f cos nx dx

E

o

= —sinny = —[sinaw — sin(—nw)| = 0. n ¥ 0,
n n

-
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ORTHOGONAL FUNCTIONS AND FOURIER SERIES

and. in the sccond,

(- tp,) = f ) P (x) dy

5
= f COS MY Cos nY dx

-
I o
== = [eostm + m)x cos e ] dx © g ety
T d=
L[sin(m + mx  sinim — m)x |7
i 4+ = {, mE R, ]
2 1y gl ) m - n =

Find the norm of each function in the orthogonal set given in Example 1,

SOLUTION  For dig{x) = | we have, from (3).

w
| 12
by (x)]1? = J dy=2q,
-
50 ) \ 21, For d,(x) = cos nx, n > 0, it follows that
- [* ] i
[l (D) = cosnydy = -;J [l + cos 2nx]dy =
- = J=p
Thus forn =0, & 0 i |
Any orthogonal set of nonzero functions I, (xi}. n =0, 1. 2. ... can he

normalized—ithat is, made into an orthonormal set — by dividing each function by
its norm. It follows from Examples | and 2 that the sct

1 cosx cos2x ]
V2Ix Vr' Vo '

is orthonormal on the interval [= . .

We shall make one more analogy between vectors and functions. Suppose
Vi. ¥a, and vy are three mutually orthogonal nonzero vectors in 3-space, Such an
orthogonal set can be used as a basis for 3-space; that is, any three-dimensional vec-
Ltor can be written as a linear combination

U= vy vy b ooy, (4)

where the ;. i = 1. 2, 3. are scalars called the components of the veetor. Each
component ¢; can be expressed in terms of u and the corresponding vector v, . To see
this, we take the inner product of (4) with v,

W, v1) = e (vi.vi) + ea(va, vi) + ca(va vy) = efvil? + ¢20 0 + e300,

{u. vy)
Hence = W
1

In like manner we find that the components ¢2 and ¢ are given by

(0, v,) (u, vs)
e e and gy= T
[[vll* flvs
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11.1 ORTHOGONAL FUNCTIONS . 401

Hence (4) can be expressed as

() v o uvy) (. v3) S uv,) )
R T BT, s T S £ Vi e sl 8 3)
fIva[I? [[v2l* [Ivs]l® ot Ivall?

ORTHOGONAL SERIES EXPANSION  Suppose {db,(x)} is an infinite orthogo-
nal set of functions on an interval [a. #]. We ask: If v = fix})is a function defined on
the interval [a. b]. is it possible to determine a set of coefficients ¢, 2 = 0, 1. 2. .. ..
for which

FOO) = Coibg(x) + ey () + -+« e () £ - - -7 (6)

As in the foregoing discussion on finding components of a vector we can find the
coefficients ¢, by utilizing the inner product. Multiplying (6) by ¢,,(x) and integrating
over the interval [a, b] gives

] # ]
[qu balX)u(x) dx + ¢ J- O () dx = - 0 4 oy J o)) dy + - -

coldg. b)) + of(dy, ) — + -+ 4 R 9 U A

By orthogonality each term on the right-hand side of the last equation is zero excepi
when m = n. In this case we have

" b
J J e ix)dy = ¢, J Prlx)dx.

It follows that the required coefficients are

e, () dy
“'(b“ ()l

L]

In other words. 1y T (7)

where (8)
With inner product notation, (7) hecomes
A ) 5 ;
fay= 3 LBy (9)

=TT

Thus (9) is seen to be the function analogue of the vector resull given in (5)

DEFINITION 11.1.4 Orthogonal Set/Weight Function

A set of real-valued functions {da(x), ¢i(x), da(x). ...} is said 1o be .
orthogonal with respect to a weight function w(x) on an interval [a. b] il |

I

¢
; wividy, (xydxidy 0, m < n

The usual assumption is that w(x) > 0 on the interval of orthogonality [a. b].
The set {1. cos . cos 2x. .. .} in Example 1 is orthogonal with respect to the weight
function wix) = 1 on the interval |~ 7].

If [h,(x)} is orthogonal with respect to a weight function w(x) on the interval
[a, b]. then multiplying (6] by w(x)é,(x) and integrating yields

(10)

201
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ORTHOCGONAL FUNCTIONS AND FOURIER SERIES

II WX ehTix) da, (1)

o

feha

The series (7) with coefficients given by either (8) or (10) is said (o be an orthogonal
series expansion of for a generalized Fourier series.

COMPLETE SETS

The procedure outlined for determining the coefficients ¢, was

Jermal; that is. basic questions about whether or not an orthogonal series expansion
such as (7) is actually possible were ignored. Also, to expand f'in a series of orthogo-
nal functions. it 1s certainly necessary that fnot be orthogonal to cach ¢, of the orthog-

onal set (¢, (0 }. (If f were orthogonal 1o every ¢, then ¢, =

=0rn=0,1,2,...)To

avoud the latter problem. we shall assume. for the remainder of the discussion. that an
orthogonal set is complete. This means that the only function that is orthogonal to
cach member of the set is the zero function.

| EXERCISES 11.1

Answers to selecied odd-numbered problems begin on page ANS-18,

In Problems 1-6 show that the given functions are orthog-
onal on the indicated interval.

L Alxr = x folx) = &% [=2. 2]
fila)y = faly) = .\-—’ 8 GO B B

3. filsy=e'. f i g TONAT

I

(x} = yxe
4. fi{x) = cos v el = sincy: [0, 7]
5. 000 = x. fi(x) = cos 2x: [~a /2 7w /2]

6. filx) = ¢* fa(x) = sinx: [ /4. 5 /4]

In Problems 7-12 show that the given set of functions is
arthogonal on the indicated interval. Find the norm of each
function in the set.

7. {sinx sin 3x sin5x, .. 0 [0, 7 /2)
8. [cosx cos3x, cosSx, ...} [0.7/2)
9. {sinnx},n=1,2.3...: [0, 7]

10. [sin EE'TI} n=1.23.... [0, p]
: P

nw
IE |I,an —,r}.n =280 03 [Gapl

nw o
12 1l cos—x,sin—xp.n= 1,2.3. ...
i o

m=1,23...: [—-p.pl

In Problems 13 and 14 verify by direct integration that the
functions are orthogonal with respect to the indicated weight
function on the given interval.

13, Ho(x) = 1, Hitx) = 2x, Ha(x) = 44" = 2
wix) = e~ (==, x)

14, Lylx) = 1 Lix)y=—x+ 1,
wix) = ¢ ' [0, x)

T

2

Lifx) = ;\ =

15. Let (&, (x)] be an mhngon.ll set of Funumm on [a. b)
such that ¢g(x) = 1. Show that I b (X)ddx = 0 for
n=12

16. Let [, (1)} be an orthogonal set of functions on [a, b]
such that ¢holx) = 1 and ¢ (x) = x. Show that
[ftax + By (x)dx =0 for n=2. 3.... and any
constants e and 5.

17. Let [¢h,(x)] be an orthogonal set of functions on [a. b,
Show that [, (x) + dux)]* = ||ch()]]* + [lebrtril]*.
m#E o

18. From Problem I we know that fix) = x and f>(x) = x*
are orthogonal on the interval ['“... 2]. l"md coOnstants ¢
and ¢» such that f3(x) = x + ¢x* + e2x' is orthogonal
10 both ) and f> on the same interval.

19. The set of functions {sin nx}, m= 1, 2, 3... .. is
orthogonal on the interval [—+, 7. Show that the set
is not complete.

20. Suppose f1. f2. and f3 are functions continuous on the intet-

val [ar. b]. Show that ( fi + fo. f2) = (fi.fa) + s fa).

Discussion Problems

21. A real-valued function fis said to be periodic with period
Tif flx + 1) = f{x). For example. 47 is a period of sin x,
since sin(x + 457} = sin x. The smallest value of T for
which flx + T) = [(x) holds is called the fundamental
period of £ For example, the fundamental period of
flx) = sin xis T= 2. What is the fundamental period
of each of the following functions?

4

(b) f(x) = sin 7

(d) f(x) = sin 2x + cos dx

(a) f(x) = cos 2ary

(c} f{x) = sinx + sin 2
(e) f(x) = sin3x + cos 2x

s kel n Conw )
(0 flx) = Ay + 3 (A,, cos—ux + B, Suti—'-—.r).
W=l P P
A, and B, depend only on »
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111.2|

FOURIER SERIES

REVIEW MATERIAL

* Reread—or, better. rework—Problem 12 in Exercises 11.1.

INTRODUCTION  We have just seen that if’ {ebytx), (). datx). . ..} is an orthogonal set on an
interval [a. b] and if fis a function defined on the same interval, then we can formally expand fin an
orthogonal series

ool + by + cagpalx) + v - e

where the coefficients ¢, are determined by using the inner product concept. The orthogonal set of
trigonometric functions

T 27 3o .mT . 27 L 3w
I, cos—x, cos—x, COS —x, ..., 8in—x,sin —x, sin—ux. ... (1
P 7 24 P P P

will be of particular importance later on in the solution of certain kinds of boundarv-value problems
involving linear partial differential equations. The set (17 is orthogonal on the interval [—p, p|.

A TRIGONOMETRIC SERIES  Suppose that f is a function defined on the interval
[=p. pl and cun be expanded in an orthogonal series consisting of the trisonometric
functions in the orthogonal set (1): that is.

ay eof HT Y
(\]—-‘;*-— (:.- cos—ux + b, .-m—.\') (14
= " | e F Ll
The coefficients aq, @y, as. ... . by ba, ... can be determined in exactly the same
I €02 - 02 3

manner as in the general discussion of orthogonal series expansions on page 401
Before proceeding, note that we have chosen to write the coefficient of 1 in the set (1)
as —E ag rather than ap. This is for convenienee only: the formula of a,, will then reduce
T3] !:J['p forn=10,

Now integrating both sides ol (2) from —p to p gives

# o (7 S b pa P o
f fixydxy = E{IJ dx | Z(ﬂ'”J B0 =y b,,J' sin—x dx ) (3)
= 2 =1 ~p P -p P /

Since cos(nawa/p) and sintnx/p). n = 1 are orthogonal to | on the mterval, the
right side of (3) reduces 10 a single term:

o day 7 ty
J Jydx =1 dx P
o 2.k 2

Solving for ag vields

y l f Fivyay, (4)

A
L

Now we multiply (2) by cosOnarx/p) and integrate:

¥ m mar
flx) cos—x dx = = mc.—m-x dx
-p P

= L mir nar " mw . nw -
+ E(H"j COS—x Ccos~—x dx -+ .*”[ cos——x sin—uxdx |. (3)
i P Fel J-p r 7 /

n=1
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CHAPTER 11 ORTHOGONAL FUNCTIONS AND FOURIER SERIES
By orthogonality we have

» mi r msr nm
f cos—uxdx =0, m>0, Ccos—=x sin—xdx = 0,
P

-p P = P
P mr nw ., m#n
and COS— X Cos— v dr =
—p P P p.om=n.
i r nar
I'hus (5) reduces 1o f Sy cos—xdr = a,p.
- J.
| mir
and so i, e U cos — yela. 10)
A - I

Finally, if we multiply (2) by sin(mx/p), integrate, and make use of the results

fooomm ? o omr ni
f sii—xdv =10, m> 0, f Sin=——x cos—xdy = (),
= P = P Iy

Poomwm . nar 0 m=n
and sin—x sin—x dy =
o r r P = oa
we find that oftvrsin voedy (7

The trigonometric series (2) with coelficients ag, ay, and by, defined by (4), (6),
and (7). respectively, is said to be the Fourier series of the function [ The coelli-
cients obtained from (4), (6), and (7) are referred 1o as Fourier coefficients of f.

In finding the coefficients ag. a,,. and b,,. we assumed that f was integrable on the
interval and that (2). as well as the series obtained by multiplying (2) by cos{mmx/p).
converged in such a manner as to permit term-by-term integration. Until (2) is shown
to be convergent for a given function f. the equality sign is not to be taken in a strict or
literal sense. Some texts use the symbol ~ in place of =, In view of the fact that most
functions in applications are of a type that guarantees convergence of the series. we
shall use the equality symbol. We summarize the results:

DEFINITION 11.2.1 Fourier Series
The Fourier series of a function f defined on the interval (— P, p) is given by
fix) = S 1 U, COs ki y (8)
s et
o pra ]y r
1fe
where ty = —,f Flxyda (9)
Pd-p
1 (e ni :
a, = - r Jlx)cos —— xyduy (10)
pl-p r
{ [r s T
b, = — fix) sin - x ¢dx, (11)
Di-p Iz
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FIGURE 11.2.1  Piccewise-continuous
function in Example |

11.2 FOURIER SERIES . 405

| EXAMPLE 1T Expansion in a Fourier Serics

" 0. sl e ()
Expand [y = { + (12)

=X, D=x<7
in a Fourier series.

SOLUTION  The graph of fis given in Figure 11.2.1. With p = w we have from (9)
and (10) that

1 [~ 1[{® [ 1 1 S
ay = — Sl dy = — J Odx + ’ (= x)dx|=—|mx—"—| ==
Tlen TL)-= S ™ 2 0 2
I T l "o -Tl
e flaycosnx dy = — Odx 4 J (7 = x)cosnxdy
Td-n s - 1]
| sin x| L 17, i
= —l(m—ax)——| + =1 sinnxdx
ar nole  nlhy
_ 1 cosnxlr 1 —(=1)"
nwoono g n
where we have used cos nr = (—1)". In like manner we find from (11) that
| 1
b, == | (7~ 2)sinnxdx = -,
i n
P : I e i L s A
I'herefore ————cosnx + = S8in B[, (13) ™
FTTE n

Note that a, defined by (10) reduces 1o ag given by (9) when we setn = (0. But
as Example 1 shows. this might not be the case after the integral for «,, 15 evaluated.

CONVERGENCE OF A FOURIER SERIES The following theorem gives sulli-
cient conditions for convergence ol a Fourier series at a point.

‘ THEOREM 11.2.1 Conditions for Convergence

Let fand f* be piecewise continuous on the interval (—p, p); that is, let £ and f
be continuous except at a finite number of pomts in the interval and have only
finite discontinuities at these points. Then the Fourier series of fon the interval
converges Lo f(x) at a point of continuity. At a point of discontinuity the Fourier
series converges o the average

S D

2

where f(x+) and f(x—) denote the limit of fat x from the right and from the lefi,
respectively.”

For a prool of this theorem you are referred to the classic text by Churchill and
Brown.”

"In other words, for v a point in the interval and b > 0,

flx+) = _im}fu +h), flx—}= '!m: flix — h).
E—1 “

"Ruet V. Churchill and James Ward Brown, Fonrier Series and Boundary Value Problems (New York:
MeGraw-Hilh,
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N

l EXAMPLE 2 Convergence of a Point of Discontinuity

The function (12) in Example | satisfies the conditions of Theorem 11.2.1. Thus
for every xin the interval (— 7. 7). except atx == 0, the series (13) will converge to
F(x). At x = 0 the function is discontinuous, so the series (13) will converge to

fOH) +fl0-) 7+0_

) 2 -

13 | 5

PERIODIC EXTENSION  Observe that each of the functions in the basic set (1)
has a different fundamental period”—namely, 2p/n. n = 1 —but since a positive in-
teger multiple of a period is also a period. we see that all of the functions have n
common the period 2p. (Verify.) Hence the right-hand side of (2) is 2p-periodic;
indeed. 2p is the fundamental period of the sum. We conclude that a Fourier serics
not only represents the function on the interval (=g, p), but also gives the periodic
extension of foutside this interval. We can now apply Theorem 11.2.1 to the peri-
adic extension of f. or we may assume from the outset that the given function is
periadic with period 2p; that is, f(x + 2p) = f(x). When [ is piecewise continuous
and the right- and left-hand derivatives exist at x = —p and x = p, respectively, then
the series (%) converges fo the average

fp—=) + f(—p+)
2
at these endpoints and to this value extended periodically to =3p. = 3p. +7p. and
50 0n.
The Fourier series in (13) converges to the periodic extension of (12) on the
entire x-axis. AtQ, £2a, £dar, . and at 7. =37, = 5. .. . the series converges
Lo the values

JO+) + fl0-)

e =

=) + f(~m+)
2

= (),

)
= and
b

respectively, The solid dots in Figure 11.2.2 represent the value 7 /2.

I
S N i ~ Y
s o™, \ e, L
il ) . e - N e Y]
T it | T I i T 1 T T Y
-4x =3gx -2x -=x x 2 M 4dx

FIGURE 11.2.2  Periodic extension of function shown in Figure 112 1

SEQUENCE OF PARTIAL SUMS It is interesting to see how the sequence of
partial sums {Sy(x)] of a Fourier series approximates a function. For example, the
first three partial sums of (13) are

.,
2 . T 2

cosy + sinux, and Six) = 1 + —cosa -+ sinx o+
s m

=

: sin 2.

Salx) = — +

N
[

5 I

In Figure 11.2.3 we have used a CAS to graph the partial sums S5(x), Ss(x). and
Sis(x) of (13) on the interval (— 7, ). Figure 11.2.3(d) shows the periodic extension
using $ys(x) on (=44, 4a7).

"See Problem 21 in Exercises 11,1,
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3t 3H J} [ I
\ \ i §
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oA | \
y i — ———r =
L J b . ey
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(c) S|<(.\'_}

FIGURE 11.23

Partia] sums of 4 Fourier series

IW_E;XERCiSESW:i. 1.2

Answers to selected vdd-numbered problems begin on page ANS-18

In Problems 1-16 find the Fourier series of f on the given
interval,

—g=x<

0=x< s

~1,. =< x<
2. flx) =
S { 2, D=x<w
I, =l <x<0
3 fix) =
&) {x 0=y |
&7 = 0, =l<x<()
ol PN S,
o 0 T<y<i)
5 flx) = 5
: v5 Sy
% —m<a<(
6. f(x) = l—’ .

E e O=x<w
. =x+nm. —w<s<y
8. flx}) =3 -2x, —w<ax<m

0. - < x<0
9. flx) = [ : 4 P .
sin.x O=x<q
0, —af2<x<0
10. fix) = f
1o [cns X i = el T

207

O =23l
1. f(x) = o e o8
T & _ 0=y<i
0. l=x<2
0, =Z2=x<h
12, flx) = x 0=x=<1
| ] s 2
. 1 =h=Cpezi)
ls'ﬂ")“[l«u.‘-, 0=x<5
4. f(x) = TH L =0
L O=x<2
15, fir)=e¢'. —wm<a<w
] 0, —FE<x<0
16. f(x) = -
il | O=x<a
17. Use the result of Problem 5 to show that
e 1 1 1
—=}‘.-—,+—_W"-,'i~
6 A T
NP UM T T
o R-TETRER ‘

18. Use Problem 17 to find a scries that gives the numerical
value of 72/8.
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19. Use the result of Problem 7 to show that

. S
=4

L)

L]
3

20, Use the result of Problem 9 to show that

21, (a) Use the complex exponential form of the cosine

and sine,

naTr einTp g L,“‘Hl'f.'l_-'p
COs— X =
7 Z
Conar emTn . ginip
< =
in = L4 2
y: s

CHAPTER 11 ORTHOGONAL FUNCTIONS AND FOURIER SERIES

to show that (8) can be written in the complex form

f(‘) = E {_."{_,mnn_:p‘

e
where
a (a, — ib,) | (a;, + ib,)
R R e £, == or—eie——" £ = .
Cy 3 n 5 danc £y 5
wheren = [,2,3,....

{h) Show that ¢q, ¢, and c—,, of part (a) can be written
as one integral
1 ( —lfnylp
¢, = — flx)yen=xtn gy R § e o) W HO
T
2P J—p
22. Use the results of Problem 21 to find the complex form of
the Fourier series of f(x) = ¢7" on the interval [—. 7).

FO_@JRiEﬁ_EBSINE AND SINE SERIES

REVIEW MATERIAL

o Sections 111 and 11.2

INTRODUCTION

The effort that 1s expended in evaluation of the definite integrals that define

the coefficients the wg, @, and b, in the expansion of a lunction fin a Fourier series is reduced
significantly when fis cither an even or an odd function. Recall that a function fis said 10 be

evenil f1ou

and oddif 7 1) ARRN

On a symmetric interval such as (=p. p) the graph of an even function possesses symmetry with
respect to the v-axis, whereas the graph of an odd function possesses symmetry with respect to the

orgin.

2 v= gl EVEN AND ODD FUNCTIONS It is likely that the origin of the terms even and

\

U,
(1), fufG
f L\ S

-y X

x example,

FIGURE 11.3.1  Even function; gruph

symmetric with Tespect W v-uxis

FIGURE 11.3.2  ©0dd function: graph

symmetric with respect to origin functions.

j odd derives from the fact that the graphs of polynomial functions that consist of all
even powers of x are symmetric with respect to the y-axis. whereas graphs of polyno-
mials that consist of all odd powers of x are symmetric with respect to origin. For

Sl = Fiseven  since fi—x) = (=x)° = &% = f(x)

celd e oer

Sl = alisodd  since fi=x) = (=1 = —x' = —fix).

See Figures 11.3.1 and 11.3.2. The trigonometric cosine and sine functions are even
and odd functions. respectively, since cos(—x) = cos x and sin(~x) = —sin v. The
exponential functions f(x) = ¢* and f(x) = e~ " are neither odd nor even,

PROPERTIES The following theorem lists some propertics of even and odd
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| THEOREM 11.3.1_Properties of Even/Odd Functions

(@) The product of two even functions is ever.

(b) The product of two odd functions is even.

(¢) The product of an even function and an odd Tunction is odd.

(d) The sum (difference) of two even functions is even,

(e) The sum (difference) of two odd Tanctions is odd. |
(O Iffis even, then [« f(x) dx = 2[4 f(x) d. !
(g) Iffisodd, then [, f(x)dx = 0. i

PROOF OF (b) Let us suppose that S and g are odd functions. Then we
have f(—x) = ~f(x) and g(—x) = =g If we define the product of f and £ as
Fx) = fi)ex). then

Fl—x) = fil=x)p{~x) = (=flx(—gx) = floglx) = Flo.

This shows that the product 7 of two odd lunctions is an even function, The proofs of
the remaining properties are left as excreises. See Problem 48 in Exercises 11.3. m

COSINE AND SINE SERIES If fis an even lunction on {=p.p).then in view of the
foregoing properties the coetlicients (9), (10 Joand (T1) of Section 11.2 become

[ 2"
g = 7l (_f'l..nd_x' = F J . flx) dx

ir' ) cos T xd e A y nE g
¢ L Yoo T s 2 Wcos BT i
{9 7 _“_,f X)cos I (AN 7l JLx) cw I Yol
bom AT i B
7, =% pJ., (¥) s ?,1 dy =
Similarly. when fis odd on the interval (—p.p).
2 i . onw
a, =0, n=01.2..., b, == flx)ysin—xdx.
7Ja P

We summarize the results in the following definition.

iDEFINITION 11.3.1  Fourier Cosine and Sine Series

(i) The Fourier series of an even function on the interval (—p., p) is the
cosine series

: i A nar ;
J3di=e mred }__ Ay CO% = 1 (1)
8 we l I
2 fr
where gy~ = | Flx)dx (2)
fla
2 fr nw R
i a1 flx) cos—xdy, (3)
nJu P
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FIGURE 11.3.3  Odd function in
Example |

FIGURE 11.3.5 0dd function in

Example 2

(ii) The Fourier series of an odd function on the interval (~p., p) is the sine
series
A \'1 _ T
I B R R e o (4)
ned P
2 (7 y nir
where by == 1 Flxysin—xdy. (5)
plio I

Expand f(x) = x, =2 < x < 2 in a Fourier series,
SOLUTION Inspection of Figure 11.3.3 shows that the eiven function is odd on the

interval (=2, 2), and so we expand f in a sine series. With the identification 2p =4
we have p = 2. Thus (5), after integration by parts. is

P oam 4(—1)=*!
b, =f xsin—xidy=—————,
0 2

2 nw

. . 4 G (=1 g

Therelore flx) = — 2.“‘— Sii—— A, (6) =
’ oz W 2

The function in Example | satisfies the conditions of Theorem 11.2.1. Henee
the series (6) converges to the function on (=2, 2) and the periodic extension
(of period 4) given in Figure 11.3.4.

-, e ‘ #
# - ¢ g
- - - i F Fd
£ £ P s s
P IR [ Feri T Sl ” IR it fasial B B T——
o T TR . == T o —+— :
-
=10 =8 -6 0t4 w2 s 2,70 6,78 0
’ # 3 ’
. - «"‘/ " -

FIGURE 11.3.4  Periodic extension of function shown in Figure 11.3.3

I EXAMPLE 2 Expansion in a Sine Series

—F, =a<x<0
I, O=x=<
interval (., 7). With p = 7 we have, from (5).

The function f(x) = [ shown in Figure 11.3.5 is add on the

2 [ : 21— (—1)"
b, = —J (1) sin hy dy = — ————re |
Tl o n
2E1 = (=) . )
and so ) == E"'_"'L‘“_SII'I Wi, .
Tl "

GIBBS PHENOMENON  With the aid of a CAS we have plotted the graphs S, (),
Sa(v), Sa(x), and §;s(x) of the partial sums of nonzero terms of (7) in Figure 11.3.6. As
seen in Figure 11.3.6(d). the graph of §5(x) has pronounced spikes near the discontinu-
ities at x = 0, x = 7, x = —7, and so on. This “overshooting” by the partial sums Sy
from the functional values near a point of discontinuity does not smeoth out but remains
fairly constant, even when the value V is taken to be large. This behavior of a Fourier
series near a point at which f£is discontinuous is known as the GGibbs phenomenon.
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FIGURE 11.3.7  Even reflection
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FIGURE 11.3.9 Identity reflection
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The periodic extension of f in Example 2 onto the entire x-axis is a meander
function (see page 290).

i ¥
1 1 NN
0.5 0.5 { \
v } 1
=5 —nskht
- P
. . S NS
-3 =2 -1 R -3 -2 -1 i 2 3
(1) Si(x) (b) S:(x)
¥ ¥
LY
1 1 Fvnarar .
0.5 0ns

=3 = —] I 2 3 - S I 2 3

(¢) 5:ix) (d) S}
FIGURE 11.3.6 Partial swns of sine series (7)

HALF-RANGE EXPANSIONS Throughout the preceding discussion it was
understood that a function f was defined on an interval with the origin as s
midpoint—that is. (—p. p). However, in many instances we are interested in repre-
senting a function that is defined only for 0 < ¢ < L by a trigonometric series. This
can be done in many different ways by supplying an arbitrary definition of fix) for
=L < x < ). For brevity we consider the three most important cases. Il y = f{x) is
defined on the interval (0. £). then

(1) reflect the graph of fabout the v-axis onto (= L. 0): the function is now
even on (—L, L) (see Figure 11.3.7): or

(i) reflect the graph of fihrough the origin onto (=71, () the function is now
odd on (—L. L) (see Figure 11.3.8): or

(i) define fon (=L 0y by v = f{x + L) (see Figure 11.3.9).

Note that the cocfficients of the series (1) and (4) utlize only the definition of
the function on (0, p) (that is, hall of the interval (~p. p)). Hence in practice there
is no actual need to make the reflections described in (i) and (i), If fis defined lor
0 < x << L, we simply identify the half-period as the length of the interval p = L. The
coeflicient formulas (2), (3), and (5) and the corresponding senes vield either an even
or an odd periodic extension ol period 2L of the original function. The cosine and
sine series that are obtained in this manner are known as hall-range expansions.
Finally, in case (/i) we are defining the function values on the interval (—L. 0) 1o be
same as the values on (0, L). As in the previous two cases there is no real need to do
this. It can be shown that the set of functions in (1) of Section 11.2 is orthogonal on
the interval [a. « + 2p] lor any real number ¢. Choosing @ = —p, we obtain the
limits of integration in (9). (10), and (11) of that section. But for a = 0 the limits of
integration are from x = 0 o v = 2p. Thus if fis defined on the interval (0, L), we

sion of fwith period L. In this manner the values 10 which the series converges will
be the same on (—L. 0) as on (0. L).
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i
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FIGURE 11.3.10 Function is neither

odd nor even.

ORTHOGONAL FUNCTIONS AND FOURIER SERIES

I EXAMPLE 3 Expansion in Three Series

Expand f(x) = x*
(a) n a cosine se

| 5 et o

ries (b) in asine serics

(c) in a Fourier series.

SOLUTION  The graph of the function is given in Figure 11.3.10.

(a) We have

2
ag=-"

J’.‘ ¥ 2 EJL
L n-‘ e EL‘ W E 0

" nar
reos—axdy = S
L e

where integration by parts was used twice in the evaluation of a,,.

L AL &=  aw
Thus flx)=—+ -+ E( ‘) cos — x.
3 W pni T
(h) In this case we must again integrate by parts twice:
2(t,  nm 2= AL
B, 2= ) arsin-—nandt st e R — T
I 5 J;) 5 ! nir s l ) |
) 202 2 [y 2 . nw
Hence flx) = — }_,{—) S [ D I]}smm t:
T ey n 1 L

(¢c) Withp= L/2. 1/p=2/L.and nar/p = 2nw [L we have

218 s 2 205, 2nm L
fdy = — A== TL—_ a, = — AT CO8 vy = —
LJo a Ly L N
3(*F, . 2um 1:
and b, == x*sin .
L il L n
- . T2
Therefore  f(x) =

—~ |2
ol Vi

. L {'1 ] 2nw 1 . 2nar
g Free O 2 A= = HBIN 2 e

4L (- 1)"

(8)

(9

(1

The series (8), (9), and (10) converge to the 2L-periodic even extension of f. the
2L-periodic odd extension of f. and the L-periodic extension of f, respectively. The
graphs of these periodic extensions are shown in Figure 11.3.11.

{a) Cosine serics

i
! ' i !
[ ; / 1 /
’ / Is I
i . i I
2L e L¢3l 3LeaL v
; 4L .‘f? -2 - " 2L 3L
‘ / 7 f 7
(b) Sinc series
b g
A4 A A
I 7 b
O L /‘ TR oW o
P rer_4 P rd I 4 P L
e = ; -
-4 =3L -2L -L L 2L 3L 4L X

FIGURE 11.3.11
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(¢) Fourier series

Same function on (0. L) but different periodic extensions



firy

[P S,

13

|
!

FIGURE 11.2.72  Periodic forcing

function for spring/mass system

11.3  FOURIER COSINE AND SINE SERIES . 413

PERIODIC DRIVING FORCE  Fourier series are sometimes useful in determining
a particular solution of a differential equation describing a physical system in which
the input or driving force f(7) is periodic. In the next example we find a particular
solution of the differential equation

]

d-x ;

dr?

" = kx o= f(r) L1135

by first representing f by a hall-range sine expansion and then assuming a partic-
ular solution of the form

- nmw
,00) ;Lb’,:sin—-r, (12)
n=l P

I EXAMPLE 4 Particular Solution of a DE

An undamped spring/mass system. in which the mass m = :'Ié. slug and the
spring constant & = 4 Ib/f1, is driven by the 2-periodic external force 7(7) shown in
Figure 11.3.12. Although the force f(7) acts on the system for + = 0. note that if we
extend the graph of the function in a 2-periodic manner 1o the negative f-axis, we
obtain an odd function. In practical terms this means that we need only find the half-
range sine expansion of f{r) = e, 0<< = |, With p = 1 1t follows from (5) and
integration by paris that

! A — |yl
b, = 2| wmisinnwtdt = e
S n

From (11} the differential equation of mation is seen 1o be

"=

| d 521y
—— 4y = YT innm. (13)
16 dr’ e ¢

To find a particular solution Ap() of (13), we substitute (12) into the equation and
equale coefficients of sin nar This yields

‘ 1 4 4 2'.“"”"'”" ]yt
(“ PP 4)19" e e ar HH = ._,.,.,.,..,.........._,J
16

" n6d — w7y

o 321!
Thus Ll = “—memnimt 1) 7T, (14) =
us L) E. ABE = nind) sinna

n

Observe in the solution (14) that there is no mteger n = 1 for which the
denominator 64 — n?w? of B, is zera. In general, if there is a value of n. say N, for
which N7 /p = o, where w = VE/m . then the system described by (11) 15 1n a state
of pure resonance. In other words, we have pure resonance if the Fourier series
expansion of the driving force f(7) contains a term sin(N# /L) (or cos(Nr /L)) that
has the same frequency as the free vibrations.

Of course. if the 2p-periodic extension of the driving force fonto the negative
f-axis yields an even function, then we expand fin a cosine series.
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EXERCISES 11.3

Answers to selected odd-numbered problems hegin on page ANS-18.

In Problems 110 determine whether the function is cven,

odd, or neither.

L f{x) = sin 3x 2, f(x) = xcosx

)=+ 1 — 4y

i

4. flo

5. f(x) = el 6. F(x) = 0¥ = ¢

[ 2 —l<y=(
zﬂn:{*' s

e i = <
[ e 5, =2Ede )
8 flx) =
4 l-—.r +5 0=x<2

9, ff\] X

10. flx) =

In Problems 11-24 expand the given function in an appropri-
ate cosine or sine series.

e WA 2~ ot

I o —{

A
,"\ A%
[ 5]

3. f(a) = |x]. —w<r<n
14 _Jr(_l'}:ﬁ —T<IE T

18. fly)=x = <l
3 I —1rs <0
= f(-\}---[ + 1 D=x<
x+1, ~1<x<0
20. fix) =
A | 0=x<1
[ 1, —2<x<~1
2. fx) = =x, —l=Ex<(
e A X, 0=x<1
L 1 1 Z=zg
A TS X
22 flx) = v —grsE ke
T, 7= r< 27

23. f(x) = [sinx], —w<x<w
M4, fx)=cosx. ~mw/2<x<aw/2

In Problems 25-34 find the half-range cosine and sine
expansions of the given function.

. O=<x=i

25, fix) =4 5
fix) 0. l=x<
0 0 Supetd
2&ﬂn:{ i
I1]is s=x<1

27. f)=cosx, D<x< /2

!

28. f(x) = sinx.

D<e<w

X, 0<x< 72
29, fln) = o
s Rt I SO Sl

: 0, O<x<mw
Ml =0." e
VR o |

. | =x<2

3L fla) = {

32 fp) = 1 0<x=<1
Re b 2=y b2
3B f=xt+y 0<x<]

M jO=x2—-x, 0<x<?2

In Problems 35-38 expand the given function in a Fourier
series.

O<x<2w
0<x<1
3. f)y=x+ 1,
38, flay=2—x, (=<x<?2

In Problems 39 and 40 proceed as in Example 4 1o find a
particular solution x,(r) of equation (11) when m = 1,
k= 10. and the driving force f(¢) is as given. Assume that

when f{(r) is extended to the negative r-axis in a periodic
manner, the resulting function is odd.

2y O*Cr‘i-":r‘

w8 e p T JU + 2ar) = f{1)

m.ﬂn?[

0. fin=1—1r 0<1<2; f+2)=fn)
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In Problems 41 and 42 proceed as in Example 4 to find a par-
ticular solution x,(1) of equation (11) when m = _-'1 k=12,
and the driving lorce f(7) is as given. Assume that when f(n)
is extended to the negative 7-axis in a periodic manner, the
resulting function s even.
4L fin) = 2%t —1-. 0

- ot Y
<= Am:

Jir+ 2ar) = fin)

; ¥ . .
Bt = {l -1 fi+ 1= fw

—!{.’!«'—;’.. i3

43. (a) Solve the differential equation in Problem 39,
X"+ 10x = fin), subject to the initial conditions
a0 = 0.2 = 0.
(h) Use 0 CAS to plot the graph of the solution x(1) in
part (a).

44 (a) Solve the differential equation in Problem 41,
I

X7 12x = f(1), subject to the initial conditions
Xy = 1, 20y = 0.

(h) Use a CAS 1o plot the graph ol the solution +(7) in
part (a)

da
n

- Suppose & unitorm beam of length £ is simply supported
aty = Oand atx = L 11 the load per unit length is given
by wi) = wou /L, 0 <2 x <2 L, then the differential equa-
uon lor the deflection vx) is

Cdlhv o wx

Tdxt L
where £, 7. and wq are constants. (See (4) in Section 5.2.)
(a) Expand w(x) in a hall-range sine serics.
(b} Use the method of Example 4 to find a particular
solution v,{x) of the differential equation.

46. Proceed as in Problem 45 1o find a particular solu-
tion v,(x) when the load per unit length is as given in
Figure 11.3.13.

Wikl

Wy

FIGURE 11.3.13  Gruph for Problem 46

47. When a uniform beam is supported by an elastic foun-
dation and subject to a load per unit length w(x), the dif-
ferential equation for its deflection v(x) is

!.i v
£l .‘:._l + ky = w(x),
dat
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where £ is the modulus of the foundation. Suppose that
the beam and elastic foundation are infinite in length
(that is. =2 << x < 22) and that the load per unit length
is the periodic function

0. —-w<x<-—-7w?2
w{x) = | uy. afl=x2 w2 wix+ 2w = win)
0 afl<x<

Use the method of Example 4 1o find a particular solution
vp(x) of the differential equation.

Discussion Problems

48, Prove properties (a), (c). (d). (1), and (g) in Theorem 11.3.1,

49. There is only one function that is both even and odd.
What is it?

50. As we know from Chapter 4, the general solution of the
differential equation in Problem 47 is v = v 4 v,
Discuss why we can argue on physical erounds that the
solution of Problem 47 is simply v,. [Hint: Consider

R i R R e |

Computer Lab Assignments

In Problems 51 and 52 use a CAS to plot graphs of partial
sums {Sy(x)} of the given trigonometric series. Experiment
with different values of N and graphs on different iniervals
of the r-axis. Use your graphs to conjecture a closed-form
expression for a function fdefined for O < v < [ that is rep-
resented by the series.

Ty [y ]
51, flx) = —— +E s 644 £
4 5 noa
| —2{—1)? .
e T BB
H
2 ]+ 4 & I(I .'il'ﬁh) nw
Mo F LX) B S e BN CRS T X
A 4 g0 2 2

53. 1s your answer in Problem 51 or in Problem 52 unique?
Give a function f defined on a symmetric intervil about
the origin (~a. a) that has the same trigonometric serics
{(a) asin Problem 31,

(b} as in Problem 52.
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ANSWERS FOR SELECTED
- ODD-NUMBERED PROBLEMS

EXERCISES 1.1 {PAGE 10) .o di A duv ;5
15. L— <+ Ri = E(1) 17. m— = myg - kv?
1. linear, second order 3. linear, fourth order dr dr ‘
:91. ;IIOI.I?J{‘H.::H'.. second l?rdCI’ . 7. linear, third order 19. mr_{m.; — 21 i!_ . 1;_1_‘3__ 5
. linear in x but nonlinear in v dr? dr? =
15, domain of function is [—2. =): largest interval of dA dx
definition for solution is (=2, =) 23. o KM — Ay k>0 25 g ke=rk>0
17. domain of function is the set of real numbers except o f——
x = 2and x = —2: largest intervals of definition for 37 dy W .. 30 0
solution are (—o, —2), (=2, 2), or (2. =) dx ¥
19. X = % defined on {—=, In 2) or on (In 2, %) .
o s CHAPTER 1 IN REVIEW (PAGE 32)
27.m= =2 W.m=2m=3 3.m=0m= -1 7o
. y=2 33, no constant solutions ;0 ({—‘ = 10y 3 3"+ kiy =0
dx
5. " =2y 4+ y=0 7. (a), (d)
EXERCISES 1.2 (PAGE 17) 9. (h) 11. (b)
Lov=1/(1 —4¢™) 13. v = ¢ ?'dml = cae's o and or constants
o= LT — 101, 2%) 13, ‘ R . g
Sov= LA+ =, %) 17. (a) The domain is the set of all real numbers.,
e S Siaven sl e (h) cither (—=_0) or (0. =)
’ 19. For xg = — | the interval is (—=_ 0), and for vy = 2 the
9. x = Y cost+ Lsing 11 y=3et = Lo interval is (0. %),
g p s T
13y S 15, v= 0 v = y* 21, (c) v = [ . - 23, (=%, =)
17. half-plines defined by either v = O orv < 0 N
19. half-planes defined by either v = Qorx < 0 25, (0. =) 7. y=de - de - 2
21. the regions definedby vy = 2, vy < =2 or -2 <y < 2 29 yo= dp03 p Smetl oL gy

23. any region not containing (0. 0)
25. yes 31. o = “_3.“.] =)

2 dP
27. no 33, — = k(P ~ 200 + 100)
29. (a) v = cx dr

(b} any rectangular region not touching the y-axis

(¢} No. the function is not differentiable at x = 0,

31 (B) = 1)1 —on oromy 13 EXERCISES 2.1 (PAGE 41)

¥y =1x+ Don(=1. =) 21. 0 is asymptotically stable (attractor): 3 is unstable
(¢) v = Don(~=, x) (repeller).
23, 2 1s semi-stable.
25, —21s unstable (repellery; 0 18 semi-stable; 2 is

EXBRCISES L (PAGE 27) asymptotically stable (attractor).

dP dP 27. =1 is asymplotically stable (attractor): 0 is unstable
L. o At T k= r (repeller).
dP 39.0 ﬂf[‘]_‘f. hf-'fk
3. =y = kP — kP 41, Vmg/k
T {1000~
. — = kx(1000 — x
dr ' EXERCISES 2.2 (PAGE 50)
9, JT4 !—:]0‘1 = (} A(0) = 50 1. y= —_,L‘COS Sx+¢ J.y= %e”‘ Eo
ar -2y 4.3
dA | 7 o dh  cm - 5. p=Ex? Yo = Femol e QP SE
T T BT g 9. Llnx — b = 1 + 2y + In|y| + ¢
ANS-1
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ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS s CHAPTER 2

ANS-2 .

1. 4cosy = 2y + sin2x + ¢
B+ D72+ 2+ ) =¢
15. § = cet” 17. P = —=
I+ ¢e
19. (y+ 3Pt =e(x + 95er 21 V= sinf%_\*’ r {:)
1+ 1lx)
23, ¢ = an(4r — :Ti") 25, y = P
X
2. v=1y g B3 29, y= glicw
3o gl
M. @y=2,v=—-2 y= 23 P e
33. v = —landy = 1 are singular solutions of Problem 21;
v = (of Problem 22
35, yo= 1
7. v=1+ iIG I;in(-i!ﬁ.x}
h@y=-Vi+x=1 (0 (== -1-1\3)
49, v = G/ + a

EXERCISES 2.3 (PAGE 60)

L y = ce’, (=%, x)

3 v = 1eM E ce (=, =) e is transient

5. v =14 et (—w, ) cem is transiont

7oy =x""nx + ex” ! (0. =): solution is transient
9. ¥ = ¢x — xcosx, (0. %)
1Ly = 200 = Lo 4 e (0, %) ex s transient

| . o . \ o s f

13, v = 36 et b oew Tem (0, =) e e Vs trunsient
15, x= 29" 4 ¢yt (0. %)

17. y =sinx + ccosx, (=7 /2, 7/2)

19. (v + De'y = &7 + ¢ (=1, %) solution is transient
21, (secH +tand)r =0 —cos 0 = c.(—w /2. 7/2)
23, v= 7™ 4 cx e (0, ) solution is transient
25 y=a7le + (2 = e)x7h (0, %)

-

- H(- E) SR (= %)
i E i JE) e s
"R

R

LT Dy =xlny—x+ 21, (0.=)

iy
h

(1-e?), 0sc=3
(e e x> 3

B | o o

2r — [ + 4, 0=xy=|
I

4 nx + (1 + 4”2, x>

yo= et ol %\;’Trc“"' (erf(x) — erl(1))

_ EU) saas Em,—lf---.ly'R(‘

ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS

EXERCISES 2.4 (PAGE 68)
1. 2 —x+ %}‘3 + Ty =r¢

5. 30— 3x+4dv=c¢ 7. not exact

»

X o=

P

9. -E,\'s + yieosx —
11. not exact

13, ay — 2xe¥ + 2e* = 23 = ¢
15. x —an™' 3r = ¢

17. —In|cos x| + cos xsiny = ¢
19, 'y =503 — v+ v = ¢

f = 4
= TI’:'T‘ -+ xl‘\l -— __1-_.\_:—- s _‘_, . :‘

1]
[

o

sy + =S+ 3yl —v=8§
yisinx—y—xHyny—y=

L k=10 29. ¥*yeosx=¢
Gt e

[V S )
— =1 in

35, =2y + —"5’ T+ =
I7. (1 + 4) =20
39. () yiix) = —x" — Vit — i
sy =l I T3
45, (a) vin) = H\I."E g (h) 12.7 fi/s

EXERCISES 2.5 (PAGE 74)

Loy + xln|x] = ¢x

s

¥ = ynlx —y| = v+ etr—y)

n

. X vlnlé| = ey

7. In(x*+ v + 2 tan” ) =e _
9. 4x = v(ln|y] — ¢)? 11. y* + 32" Infx] = 8x°
13. In|x| = e — | 15, v* = | + ex™?

17 y 3 =x 4+ L4 ce® 19, ¢ = ot

21,y = w';’ x4+ J—:X_"

2 y=~x~ 1+ tan(x + ¢)

25. 2y = x4 sin2x + y) = ¢

27. Ay =25+ 3) = (x + ¢)? B

29, —cot(x + W+ ese(x+ =+ V2—]

=i

IS (b)) y ==+ (—{.J; s ('_1"-‘}"

EXERCISES 2.6 (PAGE 79)

1. va = 29800, wvy= 3.1151

3 yvio= 25937, yap = 2.6533; vy = ¢'

5. yo = 04198, yjo= 04124

7. ¥5 = 0.5639, ¥y = 05565

9. vs= 12194, yp= 12696

13. Euler: vig = 3.8191, yap = 5.9363
RK4: 0 N 42,9931, ¥ = 84,0132
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ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS * CHAPTER 4

ANS-4 . ANSWERS FOR SELECTED QDD-NUMBERED PROBLEMS

EXERCISES 3.3 (PAGE 110) EXERCISES 4.1 (PAGE 128)
1. x(r) = xye ™' L y= %e‘ L gt
L XA - e Joy=3r—dxlnx
v{(p) = Ty (g7t gmdaty 9, (~,2)
) e ) sinh x
oy = ,r(r(' - —A-‘l_ Ay Ay »A-’) Hitaya et = 1 er=ie () y = sinh |
Az = A A=y 13. (a) y=e¢'cos v — ¢ sinx
3. 5.20. 147 davs. The time when yiryand z(1) are the (b) no solution
same makes sense because most of A and half of B (¢) y=e*cosx+ ¢ ™27 in x
are gone. so half of C should have been formed, {d) v = eae’ sinx, where o5 is arbitrary
_ dx, i : I5. dependent By ficpendcm
5. " el RS 19, dependent 21. independent
23. The functions satisfy the DE and are linearl y independent
f._‘,_ ey e on the interval since W(e™ 3, ¢¥) = 7¢* # ()
di 25 LR y = (\le—h + {..3‘_,4&'
dr, & x; 25. The functions satisly the DE and are linearly indelfendcnl
T (@) — =3—=— _ 9 on the interval since Wie® cos 2x. e sin 2x) = 2% = ()

dr 100 — ¢ 100 + ¢

¥ = et cos 2y + cae sin 2.
dxs a0 8 e 2 27. The functions satisfy the DE and are linearly
dr o T100+ ¢ T 100 — independent on the interval since W(x®, vy = ¢ = 0
() xplr) + xa(n) = 150;  x(30) = 47 4 |b v= x4 eaxt

diy 29. The functions satisly the DE and are linearly independent
13. L'-f_;_ AR A Ry + Ryl = E(n on the interval since Wix, x™, x ™2 Inx) = 94:7¢ = ()
£

ey ] =1
: Y=ot eaT+ et lna
(.’:;

& N e ey SR L o > froe S W
Ly==+ Riis + (R, + Ra) iy = E()) 35, (b) v, = 47+ 3x + 37 Lix 2x O6x — ze
dr o
IS, 0 = 1. 500) = 0 — fy,, ri)y =0

EXERCISES 4.2 (PAGE 132)

1. oy = yei % P
CHAPTER 3 IN REVIEW (PAGE 113) 5. vs = sinh x 7.
L. dP/di = 0.15P 9. ya =" In|x] 11.
3. P(45) = 8.99 billion 13, y2 = xcos(In x) 15.
T — 1T pa s e =y 19.
10 + V100 — P
S, x= IUIn("—————-—~'—) = VI00 — y=
-
7. @) BT, + T, BT, + T, EXERCISES 4.3 (PAGE 138)
- 1+8° 1+B Ly=¢ + (‘_'jew'” 3 L e t’.']{.‘.h - (‘:l’:'_:.
(b) T'(n) = RTI i ‘[} + £ i Oyl S.y= “i(’_“ + ('I-\"-’_J'I 7 y= "-"I‘-'J.” L ‘53":‘“.”.‘
Fide-B | + B 9. v = ¢ycos 3x + ¢asin 3x
0% - 11. y = e {¢1008 ¥ + ca8in 1)
9. i) = [4f st U=r<10 13. v = (’""”{m cosi V2 x + ¢ysin i V3 1)
20. t= 10 15, y=¢) + cae™t (.1(,3‘-_1
i 17. v = c1e™ + 2™ + caxe™
) et OB lE 5 - i
. x(n = Y1) = ca(] + g evhit)Rlh 19. 4= cie’ + ¢™ (cacos 1 + e3sing)

I + ¢ {,nl,r 2 N = iz
! 2. y= g™+ caxe™ + ogxde”"

= g e O
1 v=—y+ 14 ¢ 23y =+ ox s em R e cos ' V3ix + egsiny V3g)

; | 25. y = ¢ cosiV3x + ¢ysin 1V3ix
15. (a) p(x) = - p(.x)g().' X f gix) rh‘) + cyx COS‘—L_\('-E.T +oeyx sin%\/i.l‘
b) Th e . h L i 27. u=ce" + care” + eze”" + oyre T+ cse”
(b} The ratio is increasing: the ratio is constant. 39, 3= 2 e = %sm .
K, | Kp b= —Jd wu-n 4 x .,ﬁl'r--ln
@) pin) = ———L e A2 o 3¢
2Ky + fq(x) dxl N2 Kp — Bax) 33.v=0
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ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS . ANS-5
35 v =8 w3 b ) s
37 .\ :‘:-. ° &y ¢ Boy=cre M+ e -6
37, v = e — xe -
0 o I y=ci+ cre”"+ 3x
aF. ¥ = -2 -
. 39, y= e 4+ gxem 4+ Ly 4
1 3 : 1/ 5 “ 2 R )
M. §os| Doyl L ‘(1 hgg e L. =6, F ek + 08 5o = 5F + By
ST V 2 2 il sy ' '
i 43 v = e+ et + %.re*‘
vo= cosh V3x + ﬁ sinh V3x d5. y=cie7 + cae™ — et + 3
47. v = ¢ cos5x + ¢y sinSx + dsiny
49. y = e+ coxe™™ = Lxet + et
EXERCISES 4.4 (PAGE 148) Bl 3= igeT kg +quclel — Lafe b ref o 3
I, § 55 e § 53. y = e'(ccos 2x + ¢y5in 2x) + et sinx
3.y = @+ caxe 4 Bp 4 55. ¥ = crcos Sx + ¢as8in 5x — 2xcos Sx
S.y=mqe M toxe 4 - 4x 42 < ~xn2 V3 o VS
e _ 2 57. y = ¢ ¢y COS—==X + €3 SIN—/—x
7oy = ¢ eos V3 + casin V3x + (“4.1"" 4 Gy - i)c“ = =
9. §= g+ caé® + 3 +sinx + 2cosx — xcosy
' AE — S ~Sr 4 boE i
IL ¥ = ¢ + co0e'? + 12 + Ly2et LR R Sl R TR
13. v = ¢;cos 2x + ¢y 8in 24 — Yy cos 2y 6L. 3 = et +opxet + ot + ple by~ 13
IS, y = ¢cycosx + ey sine — 1 cose + Lysinx 63. ¥ = ¢ + exx + et Foogxet + 16t + 10
5 S ;e Do K I
I7. v = ¢ye*cos 2x + caesin 2x + 1 vet sin 24 b3, 3 S Wit 3¢t g
o o pmme Al o M L
9. v = ¢e7 + caxe™ — icmx 67. y = —7% + x¢ [T
+ Bginay ~ £ cos 2x 69. v= —mcos 1 — Ysinye — %L‘ON 28 + 2xcosx
;s i i i o B . Bk SR 3 .3 i
2L ¥ = ¢+ cax + cye® ~ 13 — £ eosx ~ & sina Th y = 2eteos 2y — FeMsin 2x + o + 247 a4

= et b coxet +

3 5
L g R ';_1'31-"‘

S VF CPCOS X A 0o Siny R can cos x + cgsin
+ ot = 2y - 3
27. y= V2sin2x - ;
29, v = =200 + 200~ — 30 + 30x
3.y = —10e™Fcosx + Q¢ M sing + TN
Fy . F
B.x= 2:::: SN Wi — E_:er“ wf
35. y= 11 = l1e"+ Qxe® + 2x = 12226 + &
37, y=6cosx — 6(cot )sinx + 27— 1
A :4 sin r\_4’3.1; .
Tsin V3 + V3cos V3
i cos2x + Zsin2x + fsiny, 0= y= a2
e ; :
) 7008 2x + ; sin 2. ¥ >a/2
EXERCISES 4.5 (PAGE 156)
L. (3D —2)3D + )y =sinx
L (D=-6)D+2)y=x—6
5. DD+ 5)%y = ¢
7. (D — 10D — 2%D + 5)y = xe™*
9. DD + 20D = 2D + 4y =
15. ot 1. (D=2
19. D* + 4 21. DD + 16)
23. (D + IyD - 1) 25. DD - 2D+ 5)
27 1. x. ’1.3_ ‘_1. _‘,-l 29 eb.l', o 3af2
31 cos V3x. sin V3x 3% Loettwa™

221

EXERCISES 4.6 (PAGE 161)

[PV —
b .

h

o

11.
13.

15,

17. y

= Lycosx g sinxy — S XC08 X

= CpC0sx + o¢psiny

S oet toeae

=

— “l'-f:‘ o+ (,2{,—;!; +

x>0

= s
2= ee? ]

= cre” + cae

-+ [ 551 -4

-y - 1.9 = y B e
= o™+ cate™ o+ 3reT Ing — 5 Pe

= ¢petsinx + caet cosx +

t((':'l |ﬂI.l’| e (_,-v‘_‘n

1
o

[y ey e

cos 2x

; 1: sinh x

1xetsinx

+ 1 ¢ cos v In| cos x|

e 02 + ;:e.ifl “+

fda  dafe

=4 25 8
¢ + e

¥

=cx M eosx + e

= sinxIn

1

g.

P e e e sty —ln

Pel? - %_1.(,;.'3

. : et
1R AR S ol

cos x|

scex + tan x|

EXERCISES 4.7 (PAGE 168)

— o 22
=K - C3X

=g+ calnx

c= ey cos(2Inx) +oeasin(2 Inx)

i

[- e :h),
i

-
4™ 4 @m)L0n 0 #e?)
— ¢ ¥ sin e

C= oSy + o easiny + xsing + cos v Injcos x|

ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS ¢ CHAPTER 4
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ANS-6 . ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS

L — e 2=V 4 AT NE) i s :
7.y = ¢x L 5 . = —6eje™ = 3eae T 5 2ege

o = 5 -1 3r
3 e . =g + e + eae”
9. ¥ = ¢, cos (; In.x) + 5 8in (% In x) : : —r > —2r o i
& * g z=5¢c1e™" + cze™" + 32
1L y=cx 2+ cox™iny 21 x=m T3 g etd
y = —e~ I3 L 5,343

13. v = .t‘”m[c;cns(é V31n ,l‘} + 4 sin(é \;’ﬁln.\')]

==
X=o0pl + ¢
y= -*:1',1:13 + 04t a0y

IS. v = ¢ + ¢, cos( \’ﬁln,\') + o4 sin(Vﬁlr: x)
17. v = ¢) + cax + cax? + ¢qx 77

5

19. y = ¢, + 8 + L’ Inx

2L y=¢cix+ caxlny + v(Inx)”

23 v= e pan — "
yE=et 4 cox = Ina EXERCISES 4.9 (PAGE 177)

- s .
25, y=2—2x¢"" 27. y = cos(In x) + 2 sin(In x) |
. 3.y =Infeos(c; — 0)| +
. y=3-—Iner+312 3L y=ex '+ ¢’ | | .
B S.v==lInle;x + 1|~ —x + ¢,
Boy=qa +oct+ %,1‘3 = ] | ' )
i i ) L. o b ih lerencnns w2
35. v = e cosGlIny) + eysin(3Iny)] + ',j.g “+ ﬁ—, X Togv =y = a4 o
37, v = 2(=9" = 5(=0)'2 In(~x), x < 0 9. y=tan(jw—{x). ~tm<x<in
. ) i 3,“"‘:‘31.‘“--_\-“:
; R i
11, y = —-— Vi = ('{P gl
g
EXERCISES 4.8 (PAGE 172) s Sl O S T
1 . , 13: ¥=ili=hx tgurit g oot + g
C = et ot
X a1 T Cafe I';\“"]""_1_1"5"‘“‘!1‘44'7'1."
¥ (el =)l Fooate = T TR TR gk
Joa= e cost b e sine + 1+ 1 70y senpili— 2o
¥Y=¢psme—¢acost+r— 1
- 2= | . I 3 iz /7
S X =S sind kS cost - 2eysin Vor — 2¢y cos Vb1

VE O SInG ey o8t + eysin VB + ¢ cos V6! CHAPTER 4 IN REVIEW (PAGE 178)

) o : oy Lo
Tox= e + 07 4 ¢y8in 21 + 00821 + 2(" L.v=0
Y=o @ ko™ — ersin 2t — ¢y cos 21 — Lot % false o
o ’ 5. (==, 0): (0. x)
8 L1 (o I C L. Ao AL 3 i L oo 3
9. 4= ¢ = cyco5 1 + eysing + He T 3 = 1™ + o2 + cpe™ + ¢ + csre* + cale™:
Tl T T T e
Y=t asing +ooycost — I'ii & yeE o b oox T e na + egx + esxIny + cpx(lno
R I - i = iz ot FENRE L L =Tk
I x = ¢ + cie7™ cos 231+ Lt sin + V37 % y=ce + e
3 oy T = (TR ) TP i ) SRR . |
¥y = (=3 — $V3e)e " cos L Vi3 1y=igptigze™=" e M
; . % - s - . | [ — eiiid o f
+ {5 Vg, — ‘;‘c:}f'"”: sin+ V3s 13. y = ¢e™/3 + 73002 {f‘: cos3 V7x + cysing V7x)
o gaf i . S W - 3 T
13. v = ¢,e + ¢! 15 ¥y = ey e0s 2 VT1x + ¢qsind VII.x‘) 233 + 2047
A o : 2 ] FHils : EE
. 46 .
¥ = et oy + A Tt TS
- 5 PR TRV SV, , IO | N N O
15. x = ¢, + ¢ot + 03¢ + e — L7 17. y = ¢y + exe”t + c3e™ + gsinx = zcosx + 5
yELy — et DA e+ D+ et — AR 19. v = e'(ejcosx + cy5in x) — e*cos xInfsec v + tan x|
o s o s = i -3 . 142
17, x = epe' 4 e sind V31 + e cos £ VI 2L y= C1x 2% 5
1 . o n g e Boy=cr+ex’ +x' - lnx
y=cpe + (=L, — 4 V3ea)e " sind V3 . .
S0 ) & 25, (a) ¥ = ¢;cos wx + ¢8I0 wx + Acos wa
e e il Yamll me b . :
F (A V30 = des)e cos L V3 B,
.. I Lo L T Yumti2oar 1oa 17 - K 3 .
T ("_;(3 B 5 V3¢ )em" sing V3 ¥ 0 C0s wx + Gsin wy + Avcos wy
+ (_1‘ \_x}‘(.: i %(.]){,—n;’ cus{ Vir + Brsinwy, w= o
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ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS e ANS-13
4. i) = =9 + 21 + 9 5 I 2 E)
Fiaay a S ] o sl
. .“.)T:_L __| £ ‘!"‘_4 P2 . L ; 7.}\““ 0)e" 4 L3(3 € +¢_1(0 ¢
. Vi TEEH__ 5{ 5t 2.& 2 4.\ 0 V] 2
1/ L\ I e r —1 {1 |
+ ;[l - -i{_(_l S 9. X=¢| 0]e + f";(-i e’ + | i o™
o By + iy fy =~ g — 1/ 4 3
45. (a) 0,(n) - —"":r—u}s wt | Wit a8 V- + 2K f o4 {12\ 4
11 X = ¢ Ole™ + 5 6le™ ™ + ¢ 2 (g M2
: fhy + thy — 1) P i ( ) 3 )
(1) = '—f?—l” COS Wi — '—1*’33';:;5 Vi 4+ 2Kt == L 5) —1

EXERCISES 8.1 (PAGE 310)

1. X' (1 "%, wierex (‘)
. e 4 SJ‘. where A = "

froce N — /)
X' =1 6 =1  0]X, whereX = (\)
0 4 3 2}
-1 ] 0} ‘ -1
SN 2 | -—I)X i (—3:"’]4- 0 (})
! 1 1 2 —r 2
."_\.
where X = {_\ )
7.ffi—41 < 2y + ¢
dr :
:'J’_\ ~ .
;}}' Same W I 4 ICl:
9. ii =Xk Erhe =30
dr :
dy o
P o Ay bz Jumh e g
dz

— = =k Sy + 60+ ¢ —
dr

17, Yes: WXy, Xo) = —2¢7% # 0 implies that X | and X2
are linearly independent on (==, =),

19. No: WiX,. X>. X3) = 0 for every . The solution
vectors are linearly dependent on (==, =), Nole
that X3 = 2X; + X..

EXERCISES 8.2 (PAGE 324)

A [ —1
1_‘\’:{.](’)&.&'_(.2( I)(J—J

223

I i I
et + (-3(1 et o[ 0]
I 0/ !

2. X =

[
s~
"
Hi
i L)
P S Y
: - - =
—_— T T~ =
. o
e
1
= =y
=
e
_l
——
= —
™

_?( )t’u_ IB(-! t |)LJ.1:
! ; 1+ I

31. Corresponding to the eigenvalue A, = 2 of multiplicity
five. the eigenvectors are

3 0 0}
0 0 0
K, =0 K. = |1 K,=|0
0 0 1
0 0/ 0

: cost sin 1 .
3. X=¢ i )L‘M + ('1( , )L""
! 2cost + sinty “\2sint — cost

cos i sinr
35 X =g . )f‘h + c',( ) ) ){f“
=COs ! — sin{ "\=sint + cost

Scos3r Ssindr )

7. X=r¢ + a2 s -
X ('(4::(.:.'-; 3t = 3sin 3:) (“(-1 sin3r — 3cosdr

ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS ¢ CHAPTER 8
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ANS-14 . ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS

1! —cos 1 sin t
3. X =0 [0] +cy| cost|+ 3| —sin¢
1y sin7 L COs /)
0 sin 7 " cost
4L X = ¢ [2|e' + ;| cost e + ;| —sinr e
V1 \Cos ¢/ =8in
28 4 cos 3r — 3sin 3¢
43, X = gl —5 e 4+ s ~5 cos 3t gr2f
25/ 0
'3 cos 3t + 4 sin 3t
+ ey -5 sin 3¢ e
0
25 ‘cos 31 — 5 sin 57
45. X = —{ -7 |¢ -~ cos 31
6) cos 57
‘5 cos 5t + sin St
6 sin St

sin 5¢
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ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS * CHAPTER 11

ANS-18 . ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS

CHAPTER 10 IN REVIEW (PAGE 395)

L. true 3. acenter or a saddle point
5. false 7. false
9. o= ~]
)3 . ; :
1L r=1/%31+ 1, @ = 1. The solution curve spirals

toward the origin,
13. (a) center
(b) degenerate stable node
15, (O {J) is a stable critical point for o = 0,
17. x = lis unstable; v = —1 ig asymptotically stable,
19. The system is U\L:dmnpul when 87 = 12 kms? and
underdamped when 87 < 12 kg2,

EXERCISES 11.1 (PAGE 402)

7. 3Vw
9. Va2

i = Vp: fleos amx/p)| = VT2

21 (a) T=1 (b) T=wmL/2
(€) T= 2 () P iy
() T= 2 () 7=2p

1 e e e I
) =g i R, G
1. fa) =5 ~ 2 i SITE
- meo
n 3 3 ('_13 =1 |
X )y == e COS HAX — — Sin AT
3 nwe nm

2 il [ O
) T 2(=1)
Sl = - E{ 5 COF X
3 | -

5
"
(=1 ”'lﬁ 2 ) A )
+ (-—)m— + = [ tyr=— I]) sin H.l‘}
n i /
5 (=)t
L= a4 23—l . sin ax
n=1 n
1 | S l=1) |
9. fix) = —+ —sinx +~ — Cosny
: T 2 Taws 1
I I s 1 nar AT
I fly)y= —— 4 =N { - m—n.m—r
=i 4 w5 n 2 2
3 . N
i g —(i = cm——-—) sm——v\}
n 2l
13, 9+ e | (=IP =] nw
S Jly) = - %] s COs——— X
il 4 il et 5
{_] n+l
+ ) sin;—l-_qj.‘]
nw 3
2sinh | o (=1)° .
5.flx) = ——| =+ S (cos nxy — nsinnx)
15. fi) - [2 E‘II g c ]

19, Setx = 7 /2.

EXERCISES 11.3 (PAGE 414)

1. odd 3. neither even nor odd
5. even 7. odd
9. neither even nor odd

p R [
=% L

11, f(x) = Sin oy
T 7}
. T, 2" —1
13, fix) = i o E——h——ccm nx
- T =
1, 4 &(=n"
15, flx) ==+ — ¢ — COS HTX
F oy #
2 -‘..‘ x (_ ] Wt
17: () = + 4 }_{—“—— COS Ny
: 3 L n-

19, f(x) = S ——— i Y
J-r_,,,...l fl
nwT
3 4 2 Cos—=-— ]
i & 2 nw
21 f(x)y == home — 08 —X
* O n- 2
2 2ol A==
2. fix)y=—+ = E = CO8 AL
\ w T =2 I =
. R
sin
| 2 & 2
25. fx) =z + =3 COS 1y
- Mpe) M
| nr
5 cos 7
fla) = — E_‘“‘"‘"—""—hlﬂ RTX
;s n
1 4G (=1
27. fix) = —+ — o
T Mg L= &R
: §& .
fl)y=— 3> ——qin 2px
At — 1

ni
L 2eos— — (=~1)"— 1

w2 E
28, fix) "‘“:“‘ ;..'_;

°t cosny
n=1 n-
. nar
1 ey
T 4 S 2
Fx) = — > ——sin nr
Ty A
Har
cos— — |
3L 3 G 4 \’-‘-, 2 nir
S Flx) = o) = COSs — 1
i AL R n 2
4 n 2
=Y, ——-—(—]J"qum—\
X ) = 51
L ,Jy,|[!r"11“ 2 W 2
5 LR Sl B |
Bofo==4+ =3 L ), COS N
T ey n-
<9 i P A G e |] :
(X)) =4 % + - sin nary
Jx) ,,’.',',"1{ nw niar
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i = 4!{ 1 T
35 fla) = — + 4 ?{“ COS AY — l—=:|n nx
3 epLn® n
3 13
3L 0 = T }_ sin 2nmx
2w
0&S 1= (—1y
39 00 = — O ——imsin it
g 7 =10 = ) '
A sn="1+163 ]
4L x () = — + S —
g 18 oot — 48){'“’”
105 1= (=1
43 2 = — __.';w___ —sinnr —

45. (h) v (v =

47.

v
yplu) =

W .h-‘l 10 = n? "

\;,,L ‘)1 (=1 opw
Elm Eln = W
2wy - sin(aas2)

1
2k T m(Ein* + k)

r||

I — \ S AR Y

ANSWERS FOR SELECTED ODD-NUMBERED PROBLEMS

— sin \e’_lﬁr]
0 :
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Answers 1o Odd-Numbered Exercises A93

33. (a). (b). and () %\.-“—‘“ Tt =8 +C 45. Convergesto —1 47 Com‘:":rgcs to 0
35 6lnfx + 3| = Shnjly — 4] + € 49. Diverges 51 Convergestos 53, Converges to 0
31 {6 Iy ~ I = n(® 4 1) + 6arctan 1] + C 55. Convergesto 0 57. Converges 1o 0 58. Converges to ()
39, — o Inlx + 8] + L nte - 3|« ¢ 61. Diverges 63, Convergesio ) 65. Converges ta )
41. %[‘4;;4 P ]n!i_; 4 lj_‘” L e M 1e Jasm 67. Convergesto | B9. Convergesto e* 71, C onverges (o ()
Gl G - I o3 I ' 73. Answers will vary. Sample answer: 3n — 2
5. 3 Infa? + 4x + 8] = wretan[(x + 2)/2] + ¢ ‘ p i
) _ 75. Answers will vary. Sample answer. n? — 2
47 Inftan mx|/m 4 € 89, Proof P - -
A . 71. Answers will vary. Sample answer: (i -+ 1)/(n + 2)
1 e — "
3. :t”_" 20 = 26 cos 26) + C _ 79. Answers will vary, Sample answer: {(n + 1)/n
53 500 = 309 4 Rarctan(a' )]+ C© 81. Answers will vary. Sample answer: n/[(n + )1 + 2)]
56. 2T —cosx+ C 5. sinxIn(sina) — sinx + C 83. Answers will vary. Sample answer:
59. 3n|(x — 5)/(x + 5)] + € o D B Gl ) A
61. y = xInfx* + ¥ = 2o+ In|x + i+ ¢ 63 ;I Pe 3B |) (2n)!
Loy i - 128 85. Answers will vary. Sample answer; (271)!
65. 3(In4)* = 0961 67 » 69, L ) I
N =(0.4/(37) 73382 5.0 7.5 79,1 87. Monotonic, bounded 89, Monotonic, bounded
a1 ”}[Imt,nm i I 09417 83 (—';m.““m. K 3'5 Di‘-crg;:u 91. Not monotonic, bounded 93, Monotonic. bounded
87. Conveties:1 49 C(m\crl';‘;r 5 ,: ) - 95. Not monotonic. bounded 97, Not monotonic, bounded
: ves, ; es, w
1. (@) S6.321,205.59  (h) S10.000.000 99, (a) |5 + ;III = 6 = bounded (b) 2
93. (a) 04581 (b) 00135 Cesanvnnne
. a, > d,, =r monatonic
P.S. Problem Solving (page 593) . .
i je _ So. fa, | converges.
L3575 M Proof 3. In3 5 Proof im gl
7. (w) 92 ih) In3 ~3 ‘
.4 Limit = 5
() In3 —3 1 Y |
101, () ’;[I ~ T')i < 3 =2 hounded
@, < d,) = monotonic
So, ja, | converges.
(by 04
9. M. Proof 13, About 0.8670 prODOS NS Limit l.
. .
15 {a) == (by 0 (¢) -3
The form 0 - 20 is indeterminant, 1 1
g 12 142 0 1/10 1117140 oy
¥ 2 L & N I _ B 103. la,} has a limit because 1t is bounded and monotonic: since
19, Proof 21, About 0.0158 leg €42k =4
ChaptEf 9 105. (a) No; lim A, does not exist.
Mz
. b
Section 9.1 (page 604) e
1.3,9,22.81,243 3 -1 —LL n ! 2 3 3
5. 1,0.-1.0.1 7 -1, L% 9s5unu A, | $10.04583 | S10.091.88 | $10,138.13 | $10,184.60
M 3,4.6,10, 18 13, 32, 16.8.4.2
15.¢ 16.a 1.4 18 b 19.b 20 ¢ n 5 ] 7
21, z.: 22.d 23 14, 17: add 3 to preceding term A, | $10.23128 | $10278.17 | $10325.28
25. 80, 160; multiply preceding term by 2.
217. 1—:_ —*_{‘13: multiply preceding term by —31 . . 2 8 9 10
23, 011-10-9 =990 31+ 1 33 /@20t D20
/.5 312 390 A, | S10.372.60 | $10420.14 | $10.467.90
3 2
4, 4. 107. No. A sequence is said to converge when its terms appraach a
. r ¥ real number.
Foreisie = ' 109. The graph on the left represents a sequence with alternating
B 2 * * " signs because the terms alternate from being above the v-axis to
E = being below the x-axis.
Converges to | Diverges
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A94 Answers to Odd-Numbered Exercises

M1 (a) $4.500,000,000(0.8)

(b) Year 1 2 —I
Budget | 53.600,000000 | $2.8%0,000,000
Year 3 4
Budget | $2304.000.000 | S1.843.200.000

(c) Converges 10 0
M3 {a) g, = =536407 + 608.04n + 49983

10,000

A0

by $11.522.4 billion
15 () a, = ay, = 1.562.500/567 (b Decreasing

{c) Factorials increase more rapidly than exponentials.
M7, 1014142, 14422, 1.4142, 1.3797, 13480 Converges to 1
19 True 121 True 123, True
125, (a) 1.1.2.3,5,8.13, 21, 34. 55. 89, 144

(b) 1. 2. L.5. 1.6667. 1.6. 1,6250, | 6154, 1.6190,

1.6176, 1.6182

() Proof () p= (1 + J3)/2 = 1.6180

127, (a) 14142, 1.8478. 1.9616. 1.9904. 1.9976

thy w, = L a,_, () lima, =2
e
129. (a) Proof  (b) Prooi (¢) lim a, = (1 + 71+ 3k)/2
I ——

131. (a) Proot
133. (a) Proof
by

1h) Proof

(¢} Proof
VI
20
9300
TS0
! 00!

100

id} Proof

{c) = (.4]52;
= ().3897;

= (.3799

135. Proof
137. Answers will vary. Sample answer: «,
139. Proof 141, Putnam Problem A1, 1990
Section 9.2 (page 614)

1. L1325, 1361, 1.424, 1. 464
3. 3. —1.5.5.25. —4.875, 10.3125
5. 3.4.5,5.25. 5.625, 5.8125
7
9

(-1

- ta,! converges, ¥ a, diverges
-
. Geomelric series: r = ¢ > |

1. Geometric series: = 1055 > 1 13, lima, = | # 0

n—so

15. lim a, = 1 #0

Libe =) H=¥oE
200 b3 21.a 3 2243
25. Geometric series: r =% < |
27. Geometric series: r = 0.9 < |

7. lima,=3#0 19 ¢ 3

23 t':% 24. e;%

29,
3.

33

35.

kTR
51,

57.

69.
11.
79.

81.

87.
89.

230

Telescoping series: a, = 1/n — 1/(n + 1): Converges to 1,
@ %
PET s 10 20 50 | 100

S, | 27976 | 3.1643 | 3.3936 | 3.5513 | 3.6078

{c) s (d) The terms of the series decrease
in magnitude relatively slowly.
. and the sequence of partial sums
o approaches the sum of the seres

relatively slowly.

(1] ; 1
{a) 20
(b)
n 5 10 20 50 100
S, 81902 13.0264 17.5685 19.5969 19.9995

(i) & (d} The terms of the series decrease
- magmtude relatively slowly,
e " and the sequence of partial sums
.ot approaches the sum of the series
GlE® i ” relatively slowly.
a
fa) %
(h)
" < | 10 20 S0 10
S 13.3203 13,3333 13.3333 13.3333 13.3333

. Converges

€] &= (d) The terms of the senes decrease
L2 in magnitude relatively rapidly.
‘ and the sequence of partial sums
approaches the sum of the series
5 5 relatively rapidly.
o
> 395 i @4 Y a? g9l
sinf1) L= 4 4
by . (o —(0.1)" b=
= s 53. (a) Eﬂ oo 3

l.l

= 8] 9
i — (001 (b} —
n_)nznmomu, ®) 7

= 5 _
(a) “}AI%(UJJI}" i) gg 59, Diverges 61, Diverges

65. Converges 67, Diverges

Converges 71 Diverges 73, Diverges 75, Diverges
See definitions on page 608,

The senes given by
Eur" =g+artar+t---+ar"+---aF0
)

is a geometric series with ratio r. When 0 < |r| < 1. the series

o
converges to the sum z ar” =

n={k E - f"
The seres in (a) and (b) are the same. The series in (¢) 18
different unless ay = @, = - - - = ais constant.
—2<a<c2zf/(2~x) BB 0<x<2{x—1)/(2—1x)
~lex< l:1/(1 + 1)

v {~eo, —Nulloo)x/lx—1) 91, c=(J3-1)2



93. Neither statement is true. The formula is validfor = < v < 1.

B.@x ™S =1/00-0 |af <1

ic) Answers will vary,
97. : v=b Horizontal asymptote: v = 6
4 The horizontal asymptote is the
P sum of the series.
z / "

99. The required terms for the two series are » = 100 and n = 5,
respectively. The second series converges it a higher rate,
101, 160L000(1 ~ 0.95%) wnits

103. 3 200(0.75)" Sum = $800 million

1 & 11" 142
105. 15242 fe e Sheet fe
05. 15242 fect 107 h“,}e_f.:(:) ——
1 a |
TR N . -
109. (a) — | ) “(2) R R v v

by No (¢) 2
M1 (a) 1260 (b) 12800
113. The
SLA6.992 12 After accruing
penod. it attams 1ts full value
115, (a) S5.368.709.11 (b} $10.737.418.23
M7 (a) S14.773.59 (h) $14.779.65
19, (a) 891.373.09 (h) $91.503.32

iterest over the 20-year
o) 82147483647

121, $4.751.275.79

123, False, lim & = 0, bu & 1 diverges.
H— 1 e W & 5

A=l
125. False. i‘ art = {i—) =« The formula requires that the
o= vl =y

geometric series begins with n= (),

127, True  129. Proof

131, Answers will vary. Example: E 1. i (-1}
133-137. Proofs Sl

139. (a)

231

52.000.000  sweepstakes has a present value of

Answers to Odd-Numbered Exercises A95

I

(h) J’ (1 —x)dy =
o

ot ,

Jn (v — ) edx = 3

1
e L p—
J{. (= S dx = 3
|
() g, = e 'md l a,
[E210NS 15 ihe area of rhe square, 1.
141, # = half-life of the drug
n = number of equal doses
£ = number of units of the drug
= equal time intervals

The total amount of the drug in the patient’s systemn at the time
the last dose 1s given is

1 | —

I; The sum of all the shaded

T, =P+ Pett + Pt 4 . . . 4 Potn= ke

where & = —(In 2)/H. One time interval after the last dose is
administered 15 grven by

T = f‘{‘“ £ p S + sHEE 5 i p,.r--'f

und soon. Because k < 0,7, _
143, Putnam Problem Al. 1966
Section 9.3 (page 622)
1. Diverges 3. Converges
9. Diverges 11, Diverges 13, Diverges
17. Converges 19, Converges 21 Diverges
23. Diverges 25, Diverzes 27 /(1) is not positive fora = |,
23, fladis not always decreasing. 31, Converges 33, Diverges
35. Diverges 37 Diverses 39, Converges
43. ¢ diverges 44, f: diverges
47. d; converzes 48,

L 0 a8 5 - oo,

3. Converges 7. Converges

15. Converges

1. Converzes
45. b: converges

8. o diveraes
49, (a)

. converges

n 5 10 20 S0 100

S, | 37488 | 375 | 375 | 37

L

375

n

The partial sums approach the
sum 3.75 very quickly.

LR

o
O, 5 10 20 50| 100

S, | 14636 | 15498 | 15962 | 1.6251 | 1.633

g The partial sums approach the sum
w2/6 = 1.6449 more slowly than
the series in part (a).

- ' EE R RN ]
1] 12

o

51. See Theorem 9,10 on page 619. Answers will vary. For example,
convergence or divergence can be determined for the series

o 1

,2’, s B




A96 Answers to Odd-Numbered Exercises

S
53. No. Because N~ diverges,
i1 M =Tl 1

vergence or divergence of a series is not determined by the first

finite number of terms of the series.

S a, = J S dy 2 E a,
i nea

n=|

5. p > |

65. Converges

6. §. = 1.0811
R, = 0.0015

5. N=27

59. p > 1
67. Proot
M. 8, = 0.9818
R, = (L0997

61. p = 1 63. Diveraes
73. 8, = 04049
Ry=356x10"F

NN=2 79Nz 1000

S| N
81. () }_‘ ST converges by the p-Series Test because 1.1 > |.
a1 s
% diverges by the Integral Test because —— ¥
“lnn - Yinx

diverges

5

(h) > —7 = 04665 + 0.2987 + 0.2176 + 0.1703
="

d
"

+ 01393 +
S Lw 072134 03034 + 01803
Ludnn

b 0.0930 +

(Cy n = 3430 = 1018
83. (a)

#1243

[1.e5).

S,=1= ’ la’.r = Inan
g A

il |
1
8= ! —dv=Inln + 1)
-l x
So.lnln+ 1) =85 <1 +Inn
By Infn + D ~Inn=85 —Innz 1

Also.In(n+ 1) =Inn > 0forn > 1.50,0 = S, — lnn < 1,

and the sequence (o, ! is bounded.
() a,—a,., =[S, —Inn]=[5,., ~Iniz + 1]

So.a, =z a, .

{d

—

converges to a limit. y.
(e) 0.5822

85. (a) Diverges (b) Diverges

=
{c) ‘\_: X" converges for x < [ /e

n=2
87. Diverges  89. Converges  91. Converges 93, Diverges

95, Diverges 97 Converges

1 .
— also diverges. The con-

Let fx) = 1/x. 15 positive. continuous. and decreasing on

Because the sequence is bounded and monotonic, 1t

Section 9.4
1. (a)

(page 630)

& 6
(b) ¥ —=; Converges
ey ' e

(¢) The magnitudes of the terms are less than the magnitudes of
the terms of the p-series. Therefore, the series converges.

(d} The smaller the magnitudes of the terms, the smaller the
magnitudes of the terms of the sequence of partial sums,

3. Converges 5. Diverges 7. Converges 9. Diverges
1. Converges 13 Converges 15, Diverges 17 Diverges
19. Converges 21, Converges 23, Converges
25 Diverges  27. Diverges 29, Diverges: p-Series Test
S (1Y
3. Converges: Direct Comparison Test with l (E)
33. Diverges: nth-Term Test 35, Converges: Integral Test
37. lim "H,-'- = lim na,
e e n-s
lim na, # 0. but is finite.
The series diverges by the Limit Comparison Test
39, Diverges 41, Converges
. " |
43. “I_i_!'g; H(—“ﬁ}i 2 _?,) "3 # 0
2z n
Sa. ”2" s diverges,
45. Diverges 47, Converges
43. Convergence or divergence is dependent on the form of the
general term for the series and not necessarily on the magnitudes
of the terms.
51. See Theorem 9.13 on page 628. Answers will vary. For example,
35 | ; . st
Y —==== diverges because lim ————=— = | und
Py PCH Sl | L fin
& 1 y
e diverges (p-series).
n=2 n
53. (a) Proof
O g 5 10 20 50 100
S, | 11839 | 1.2087 | 1.2212 | 1.2287 | 1.2312
(c) 0.1226 (d) 0.0277
55, False. Leta, = 1/n and b, = 1/n%
: 51 &l
57. True  59. True 61 Proof 63 > —. ) —
nw | 5 5 0
65-71. Proofs 73, Putnam Problem B4, [958
Section 9.5 (page 638)
1.d 2f 3a 4b 5e 6c

232



e ! 2 3 1 s
S, LOO0O | 0.6667 | 0.8667 | 0.7238 0.5349
" 8] i 8 9 1)
S, | 07440 | 08209 | 0.7543 | 08131 | 0.7605
thy - tc) The points alternate sides of
- the horizontal line y = 7/4
€ i s that represents the sum of the
e series. The distances between
o J‘ the successive points and the

1.
17.
25.
31
37
41.
43.
45,
51.
55.
59,
. Converges absolutely
67.
7.
13.
75.

1.
81.
83.
85,

7.
9.

") n 1 2 3 4 3 _‘
A LOOOD | 073500 | 08611 07986 | 0.8386
n & 7 8 9 10
S, Q8108 | 0.8312 | 0.8156 0.8280 | 0.8180

o8 line decrease.

id) The distance in part (¢} is always less than the magnitude of
the next term of the series.

(¢) The poims alternate sides of
the harizontal Jine v = 73/12
that represents the sum of the
senes. The distances between
the successive points and the
line decreuse.

{d) The distance in part (¢} is always less than the magnitude of
the next term of the series,
Converzes 13, Converges
19. Diverges
27. Diverges
Converges  33. Converges 35, Converges
07305 = § = 07361 39, 23713 = § = 24937
(al 7 terms (Note that the sum begins withn = 0.)
ta) 3 terms (Note that the sum begins with # = )
a) 1000 terms  (b) 0.693 47, 10 49, 7
Converges absolutely
Converges ahsolutely
Diverges

15. Diverges
Converges
Diverges

21. Converges
29. Converges

23. Diverges

(b) 0.368
{hy 0.842

53. Converges absolutely
51. Converges conditionally
61. Converges conditionally

65. Converges ahsolutely
Converges conditionally 69, Converees absolutely

An alternating series is a series whose terms alternate in sign.
| = Syl = |Ry| = ay, |

Graph (b). The partial sums alternale above and below the
horizontal line representing the sum.

True 79.p >0

Proof; The converse is false. For example: Let a, = 1/n.

i ;—I—: converges, hence so does f L_,

a=y 1 !

(a) Noia,_, < a, is not satisfied for all n. For example, % <4
(b} Yes; 0.5
Converges; p-Series Test 89, Diverses: nth-Term Test
Converges: Geometric Series Test

233

Section 9.6

107. (a) Diverges

Answers to Odd-Numbered Exercises A97

93. Converges; Integral Test

35. Converges; Alternating Series Test

97. The first term of the series is 0. not 1. You cannot TECTOUP Series
terms arbitrarily.

99. Putnam Problem 2, afternoon session, 1954

(page 647)

1-3. Proofs 5.d 6.¢ 7.f 8 b 9 g 10. ¢
11. (a) Proof
by

n 3 10 15 20 25

9.2104

16.7598 | 18.8016 | 19.1878 | 19.249)

(d} 19.26

(e) The more rapidly the terms of the series approach (. the
more rapidly the sequence of partial sums approaches the
sum of the senes,

13. Converges 15, Diverses
21. Diverees

17. Diverges
19. Converges
25. Diverges
31. Diverges

23. Converges
29. Converges
35. Converges

41 Converses
47. Converges

27. Converges
33. Converges
37. Converges
43, Diverges

49. Converges

39. Diverges

45. Converges
51. Converges: Alternating Series Test

53. Converges: p-Series Test 55, Diverges: nth-Term Test

57. Diverges; Geometric Series Test

59. Converges; Limit Comparison Test with I o= /2"

B1. Converaes; Direct Comparison Test with b, = 1/3"

63. Converges; Ratio Test  65. Converges; Ratio Test

67. Converges; RatioTest 69, aande 71, gand b
i LU““—”-Jr .I 5. () 9 () ~0.7769

> ]

7. Diverzes; lim

et a,

ﬂrr"}’ <]

79. Converges; lim
& a,

i e

81. Diverges;lima, # 0 83. Converges 85, Converges
87. (=3.3) 89 (-2.0] 9L x=0
93. See Theorem 9.17 on page 641.

oo

2«, 0+ 10,000

97. Absolutely: by Theorem 9.17
(b} Converges

95. No; the series diverges.

99-105. Proofs
(¢} Converges
() Converges for all integers v = 2

109. Answers will vary,
11, Putnam Problem 7. morning session, 1951

Section 9.7

(page 658)

1.4 2.¢ Sa &b



A8

Py s the first-degree Taylor
polynomial for far 4.
9' 1

Answers to Odd-Numbered Exercises

1P = Bx+ V34— w4
5

]

Py 1s the first-degree Taylor
polynomal for fat /4.

x 0 0.8 0.9 | 1.1
flx) Eror | 44721 | 42164 | 4.0000 | 3.8139
Pyx) [ 7.5000 | 44600 | 42150 | 4.0000 | 38150
X 1.2 2
Jix) 3.6515 | 2.8284
Py(x) | 36600 | 3.5000
11, () (b) N0 = —) PEND) = —
£ JU0) = PRV =1
[NO) = —1 PIOO) = —
S e :
alt® ey O K {n
e S| ? (o) f 0 = T (1))
7 X
WLk S+ 502+ 30+ F
151 -4y 4 é_ﬁ - At + gt
17 0~ b 4 i 19 v+ 3 + ';'.l."‘ +dy
Nl-x+-Pt -y 23|+ 1t
B.2=2x— 1)+ o= 12 = 2 — I}
27. 2 4 3x = 4) — &ix = 4 + 2L - 4P
224 3= 2) = = 27~ i - 2~ Loy 2y
3 () Pha) = x4 —7':-,\‘
A
(h)
) 1 1V 8nif i
\(x) = | + 27 ( -]+ 27.*-( ~- =] + —~[ __)
Culx) =1 ""4,] ‘4] 3 \" 4
/
a5 -'/ a5
# _a/j/r
7 e

33

35.

@7y 0| o025 | 050 [ 075 | 100 |
siny | 0| 0.2474 | 04704 0.6816 | 0.8415
Px) | 0 0.25 0.50 0.75 1.00
Pix) [ 0] 02474 | 04792 | 0.6797 | 08333
Ps{.r} 0102474 | 04794 | 06817 | 08417

(h) (c) As the distance increases,

the polynomial approxima-
Fi tion becomes less accurate,

(@) Pyl =x+ 13

S =075 | ~050 | —025 | o] 025
S&) | -0848 | ~0524 | —0253 | 0| 0.253
Px) | —0820 | ~0.521 | ~0253 | 0 | 0253
¥ .50 0.75
flx) | 0524 | 0848
Px) | 0521 | 0820

(c) ;

| T
T
, .....ﬁ__}:.f'. r
1 S 1
r
Pyt
¥
4 .z

a.
47,

53.
51,
61.

B63.

234

43984 43, 0.7419
Ry = 782 = 107000085 49, 3 5135

7= 90In(LS) = 04055 55 n = 16; 0~ 70 = (01684
=0.3936 < x < 0 59 —0.9467 < x < 0.9467

The graph of the approximating polynomial P and the elemen-
tary function f both pass through the point (. f(c)), and the slope
of the gruph of P is the same as the slope of the graph of fat the
point (¢, f(c)). If P is of degree n. then the first » derivatives of £
and P agree at . This allows for the graph of P 1o resemble the
graph of f near the point (e, f{0)).

See “Definitions of ath Taylor Polynomial and nth Maclaurin
Polvnomial™ on page 632,

45, R, = 2.03 = 1075 0.000001
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65. As the degree of the polvnomial increases, the graph of the 13. 2 75. 2
Taylor polynomial becomes a better and better approximation of

-1
the function within the interval of convergence. Therefore, the - \ 7 \ / 2 \
accuracy is increased. \\./ \/

-\‘.‘"“——»....
67, (a) flx) = Pyx) = 1+ x + (/20 + (1/6)x" + (1/240° i :
gleh = O(x) = v + & + (12 + (1/60x* + (17245 ’ ’
Qa) = aP(a) f() = cos x Sx) = 1/(1 + )
(b) gla) = Pylx) = x = v4/31 + ¢o/5! 7. () § ()
(c) olx) = Pla) = 1 — x7/31 5 24/5! & s
69, (a) Q-(x) = ~1 4 {73320 (x + 2)* * )
< . * v z w
(b) R = ~1 + (#3/32)(x — 6F - " .
{¢) No. Horzontal translations of the result in part (a) are 2 g P G
possible only at x = =2 -+ 8n (where n is an integer) 9 . ¢

because the period of fis 8.

{c) The alternating series converges more rapidly. The parual
M. Proof

sums of the series of positive terms approach the sum from

13. As you move away from x = c. the Taylor polynomial becomes below. The partial sums of the alternating seres alternate
less and less accurate. sides of the horizontal line representing the sum.
Section 9.8 (page 668) @ o] o] 1000 | 10000
L0 3.2 5R=1 LR=5; BR=% N[s]| 14| 2 35
M (=44 13 (=11] 15 (—oouce) 1L x =0 _
Wi B T 21. (~5. 13'E 23. (0, 2J 25. (0. 6) 79. False. Leta, = (= 11"/(n2"%) B1. True 83. Proof
21 (~1.1) 29.(-2c.00) 3 {(~1.1) 3B.x=3 85, () (=1.1) (b) fx) = (¢ + cpx + )/ (1 = &%)
/R e I (—kK 39 (~1,1) &%, ot
TR R P Section 9.9 (page 676)
A=) & (2n — 1)
5 o2 xt = Gl i 2% L= Tyt & ran
5. () (—3.3) (0 (=3.3) (&) (=33 (d) [~3.3) Lo 22T B e oo
47. (a) (0.2] (» (0.2) (o 0.2y () [0.2] ' ' v
8. 65, =1.5,=133 80 28§ =15 =167 (=£3) (=43}
51. bodiverges 520 d; alternating g, 3G El,\ +3) i 1" _!;'_J"'r:"'l s
5.b 54 ¢ 55.d 56 a 9,5019 i 3
57. A senes of the form (15 .T) 33
5 {"‘4“:; (—E.;
L aileieft =y dowle= gftasle=e)> £ o s o N _I i - -
=) o l 1 2
) . 13 % e = ]lx” 15. 1A (=] = 20y a
g f"a:(-‘ —e)f nz—"ﬂ o ,‘.2“, ' ey}
1s called a power series centered at ¢, where ¢ 1s a constant. (=D (—1.1)
59. | A single point - 2. An interval centered at ¢ = o TN L LRUES
D 3n ez R Ty | e
3. The entire real line 12. 2":\’__—__-” 2 19 ;r‘ nl=1)t — n;, n+ |
61. Answers \\’.I“ vary. £ 105 (—1. D) (= 15.4]
63. (a) For f{x): (—oo, 22); For glx): (—o¢, 5¢) s o .
(b) Proof (¢) Proof (d) f(1} = sina; glv) = cosx 23. Z (= 1padn 25, 2{ (= 1p{2x)>"
65-69. Proofs ! - " L
. (a) Proof () Proof (=1.1 (-3.3)
(c) 3 (d) 092 21 5
5
-6 Pl [ !
f = - [}
[ i
-fh -3
X 0.0 0.2 0.4 0.6 0.8 1.0
S, 0.000 | 0.180 | 0.320 | 0.420 | 0.480 | 0.500
In(x + 1) | 0.000 | 0.182 | 0.336 | 0.470 | 0.588 | 0.693
Sa 0.000 | 0183 | 0.341 | 0492 | 0.651 | 0833

235
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M) inr0<cyx=2R=1]

(¢} —0.693]

(d) In(0.5); The error is
approximately 0.

Me 324 3o Wby 3 0.245 37, 0.125

39. E et —l e v el 41, }: (Zn+em, -1 2 x <
Wl =)

43. Fin) = 2. Bm ause the probability of obtaining a head on a

45.

47,

49.
53.
55.
57.
59.

61.

63.

65. .
Section 8.10

single toss is -. it is expected that, on average, a head will be

obtained i two tosses,

1 | . i
Because T T substitute (=} into the seometne
L+ax 1= (=x)
series.
3 | A . ,
Because = ‘i(—m——-—J substitute {—x) into the
1 + x |

Leamerric series and then mu!upl\r the seres by 3
Proof  51. (a) Proof (b 3

In § = 0.4055; See Exercise 21,

Ing == [J 3365 See Exercise 53.

= 0.4636; See Exercise 56.

S = aretan x is an odd function (symmetric to the ariging,
The series in Exercise 56 cony erges 1o ifs sum at a lower rate
because its terms approach 0 at 4 much lower rate,

The series converges on the interval (—3, 3) and perhaps also at
one or bath endpoints.

w6 B 5, = 0318

darctan 5 ki

3098862, 1/ -
(page 687)

0.31830988062

2 [:_”u 0 : 2 (=)= ?‘ n
% ,:};‘;, T < h?_;?r‘,,__‘ n! (.'l - ‘-‘l_]
=8 : o -1 - 1)
5 D derres g g oS e D
ey ey |
& A= 117 3x) e
LN P b B PV RN R
9 & e 1 + 4 SxY
13415, Proofs 12, S (= 1)°(n + 1)er
mo ()
S 135 (2n—- 1
n RELL e Gl
B L4 - 27!
1f S (=1 -3 -8 - (2 - a2
21, 2_| + 2: W”, J
X = e B s B (2n = 3)t
Bl ._'_'- r‘\"._"-; "";11
A & [t gy {20 — 3
o T ¥ E. 2!
=) ‘.,,rl & (_ I}u—- ] A e o l}u{l‘.)f!n + 1
£ ,>—‘{ 2'n! = S~ n ;§u (2n + 1N
= (_ ”u 42n \“" [~ ”u An \T"” 1
7
= "2"0 (2n)! & "z'u (2n)! g "Ef, (Zn + 1)
1 | e (_, l}rr[ll.].n 4 ( ‘_ru 2
# 3[1 ' z“ (2n)! “' ,,}1, (’n + 1!

> ('_ |'J.-r"._1n
S e
I;
47, Pix) = x + 42 ¢
14
f'
g

.
Q

45, Proof

xr =10

1 3 L o5
3 e

53 cif(x) = vsiny 54 df(x) = xcosa
/ \ sc = bri
56. b; f(x) = .\'“(I_—r 5. ¥ A1
59. 0.6931 61 73891 63 O 65. 1
69. 0.940a1 M. 04872 73 0.2010
77. 03412
1 Ply) =~ Qs
T
U 1V]
81 Pi(a) = (x = [} — 5 (,1'— ])"'*5'7,(.1— I =
3

\P‘
-2

L

ol

]

\_T/

\

-2

85,

(14 0 =1 + kx4

The radius of com
87. Proof
89. (a) !

236

The binomial series is given by

kk—=1) |
T
ergence is R = 1,

ib} Proof

n=0

k= Dk~ 2)
437 —X

53, a4, flx) = xe

‘l.l-.!l| 3
A2+ A

1)
67. 0.8075

75. 0.7040

x

11
iy — 1)

+ See "Guidelines for Finding a Taylor Series™ on page 682.

() E Ox" =0 # f(x)
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Review Exercises for Chapter 9

21,

25,

31
39
45,
51.
97;
61.

. Converges to 3

. Converges to )

Proof

93. 10

)
ne

It +1) 3

1.
17. Converges ta ()

. i

4 ¢

95. —(0.0390625
Si\ (;‘;)1" 89 Proof
n

(page 690)

5d 6. b

Converges o 5

2

Diverges

13. Converges to 0

0

3255 29 @ 3009001 (b)

n=0

-+ (a) " 1 2 3 4
A, | SBI00.00 | $8201.25 | $8303.77 | $8407.56
it 5 t 7 8
A, | $8512.66 | $8619.07 | s8726.80 | $8835.80
(h) $13.148.96
a 5 10 is 20 25
S, 32 | 1133 | 8738 | 66485 s.o.sou,ﬂ
by '
[} aaat
ki
W, 5 10 15 20 25
S, | 04597 | 04597 | 04597 | 04597 | 0.4597
by 1
Q 12z

Diverges  33. Diverges 35, 454m 37, $7630.70

Convergzes 41, Diverges 43, Diverges

Converges  47. Diverges  49. Converges

Converges 53, Diverges 55, Diverges

Converges  59. Diverges

{a) Proof

™[ 5 10 15 20 25
S, | 28752 | 3.6366 | 3.7377 | 37488 | 3.7499
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(cy 2 (dy 3.75
‘..Il
1) . 12
1
B63. (a)
N 5 10 20 30 40)
N l
e 1.4636 | 1.5498 | 1.5962 | 1.6122 | 1.6202
n=1 "
J- f;dx 0.2000 | 0.1000 | 0.0500 | 0.0333 | 0.0250
N
(b}
N 5 (18] 20 30 A
L]
E;; LO3GT | 1.0369 | 1.0369 | 1.0369 | 1.0369
n=1
J- ~l;dx Q0004 | 0.0000 | 0.0000 | 00000 | 0.0000
N X

The series in part (h) converges more rapidly. This is evident
from the integrals that give the remainders of the partial sums.
65. Pfx) =1 - 67. 0996  69. 0.559

L e Ly
3o+ 547 - 29

Ny 4 b6 (©5 10 73 (10,10
75. [1.3] 77, Converses only wty = 2 79. Proot
1 e T 20 1‘:["“")“

o 3.3) t 2T g,

2y {~ Jyrind 1) 2
I}_‘U A AN

85, f(x) = sty e 2

3 3 3 J2
() %

"

& (xin 3 .
B, N —— 91 =N (g4 Ip
= ! =
93 1 4 &/3 = 2a2/25 + 6xY/125 = 219625 4 - - -

5 5 £ 3 i

95. In 5= 02231 97 77 = L6487 99, cos3 = (.7859
101. The series in Exercise 45 converzes 1o its sum at a lower rate

because its terms approach (1 at a lower rate.

L t]

. F. 1.
103. (a)~(c) | + Qv + 2x° + =y

3

&G (= lmadet S
R L L N ——— 1080
L n%‘,,[ln + 1D(2n + 1)) W &y + IR o
P.S. Problem Solving (page 693)
Lo(a) 1 (b) Answers will vary, Example: 01\% (cr O
3. Proof 5. (a) Proof (b) Yes (c) Any distance

7. Fora = b. the series converges conditionally. For no vilues of
a and b does the series converge absolutely,
9. 665.280 1. (a) Proof (b) Diverges
13. Proof 15, (a) Proof (h) Proof
17. (a) The height is infinite. (b} The surface area is infinite.
(¢} Prooft
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