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Discrete Mathematics for Computing MAT1348B

Practice Exam
5 April 2015

Prof. Philip Scott

Instructions:

e This is a three-hour closed-book exam; no notes are allowed. Calculators are not permitted.

e The exam consists of 21 questions on 17 pages. Page 17 provides additional work space. Do not
detach it.

e Questions 1-5 are multiple-choice. You must enter the letter corresponding to each correct
answer in the table preceding Question 1. No partial marks will be given for other work.

e Questions 6-9 are true/false. You must circle the correct response. You need not justify your
answers.

e Questions 10-17 are short-answer. Write the final answer in the appropriate answer box, and
briefly justify your answer where required.

e Questions 18-21 are long-answer. You must clearly show all relevant steps in your solution to
receive full marks. Clearly indicate the final answer.

e Be sure to read carefully and follow the instructions for the individual problems.
e For rough work, you may use the back pages. Do not use scrap paper of your own.
e Use proper mathematical notation and terminology.

e If you require clarification, raise your hand.
Good luck! Seat number:

Last name:

First name:

Student number:

Signature:
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Questions 1-5 are multiple choice. Enter the letter corresponding to each correct answer
in the appropriate box below.

Question | 1 2 3 4 )

Answer

1. How many binary strings of length 10 start with 01 and contain at most four 0s?

A. 12 B. 176 D. 255 E.32  F.194

G. None of the above.

Sh;v (tes Glee Ol=-=----~

Exa.o“? 3 /11 : (38) - 9t
8
- 1 0s : (‘L)

" 0O Os % (o) = !
. *
A(’ amedrt 3 3_%-

[2pts] 2. Which of the following graphs are bipartite?

Vv N YN
B\><“ N7 \/ A

A. Only G B. Only H C. Only K D. Only G and K
@Only G and H F. All of them. G. None of them.
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3. Let A={0,1,2,3,4} and B = {0,2,4,6,8}. The number of surjective functions from A
to B is:

A.1l B.5 D. 25 E. 5% F. 52
G. None of the above.

N{L lA( = (B‘ =6 ’ So M‘) su-{jz.u&.\dkaéwg’?‘u‘
S ‘:jzo"-we.. Hew e Ha qu-( < S’

4. Let A, B, C be arbitrary subsets of the universal set /. Which of the following statements
is necessarily true?

A.ANBC ANC implies BC C .

B. AUBUC =U implies (AUB) — (AUC) =10
(© ACBUC implies A~ BC C - B.

D. AN B C C implies (C — A)N(C — B) = 0.
E. None of the above.

A s §~($¢ , 4 A:—¢) B = %sﬁ, C"ili
I 8—»\;:, (o Bzu) A= C= %

C. u teue Jd As BoC and xe A-B  tHeo
xeA, ¢ B s« xeC

. Wb, b A:B= & CH&.

xR
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5. From an urn containing balls numbered 1-10, we randomly draw three different balls, and
record the sum of the three numbers. What is the smallest number of times we need to
repeat this procedure to guarantee that the same sum shows at least twice?

A. 22 (B. 23) C. 27 D. 28 E. 120 F. 121
(. None of the above.

Tha smwuu-\— it ble S s ¢y 2+3 = é
( ~ - J+d+lo = 2

}

Mhnes tlieve afte 22 Fﬁs:&(q &u"(oww&s; L?
s

a. PHP  we reed ad Leas t 13 .

~ Lm‘?t‘(’ b

6. Which of the following is logically equivalent to (-=bAa)V (maAc)V (=bAc)?

. (aNe) > (cVb) B. =(a A =b) = (ma A —¢) C. (aAb) & (cV —a)
@ ga/\bgﬁ(aVC) E. =(cAa) = (aAD) F. =(aNc) + (cVD)

|

‘1(««\»)(—_—»@.\/@) £ (‘t(&AL)A(Q\/C)> v ((«AL)A “r(avc.))
2 (L’)m/—tla)/\(a_vC)> v (L(‘U\")A 1&1\'\(.)

L
z 64&¢>V(’1&AC>V("1LAG-)V61 LAQ )
N
1

(e L = Falsa)
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True/false questions — circle T (true) or F (false). You need not justify your answers.

7. For each of the statements below, determine whether it is true or false. Circle each correct
answer.

) Foranyset A, Ae P(A) ACA. - A€PA). @ F
2) For all sets A and B, P(B) C P(A) implies BC A @ F
3) Forallsets Aand B, AUDB € P(B) implies AC B @ F
by {0.{0}} < P) T (F)
5} The relation {(n,n+k)[n € N,k € NT} is transitive @ F
(g) There exists a relation on Z that is both symmetric and anti-symmetric. @ F

Ano: (D BEPE), since BEB. ~ BEPM. ~ BEA. Y
(®» To sl ASB | Suppose xeA . Ml prowe x¢B .
But i A Then wehA vxeB . o YEAUB. Bur AuBe P(B).
L AUBR CB. . xeB . ltewc AcB . vV
N PP =35]|Schl S PP, we sea GP(D).
T fad, X/@)= 343 . Bulm wohe $¢§¢P(¢)) 2ince
i IR P(P), than Yaal would voan ch)gggb ) lada
5 Dvisusly false — SnG L33 Pan 3=
[w\,\\!T Moo gm\ax\a\l\)\'\{— ASP Trew A:gﬁﬂs‘,& Cl*’“ly
10 % B Sne 783 hes cabindiy 1)
(5) Call the vddon R 1 F (W) R 2 (w, P €R Thea
wm= Wtk and P——vm—ﬂ. ez mi = brR)TL =“+(3Q+Q\ ’
o 2+l c -zt =N
C&(S{\ DR, - (n,m)€R alm PR — (v,PER .
So R is Teansiiv-

() Tavo R= S| %eZ |
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8. Consider the following function:

f:RxR=>RxRY  flz,y) = (zy +z,2Y)

Which of the following statements about f are true? Circle each correct answer below.

f is injective. T

f is surjective. . T @
f is bijective. T @

“ web w.xc.c,(u&’ &,j, .C(o —-l) ,r(\ -I)
f s wd u«Suéw{: (1,5_) ol 4 e fom £Guy),
Cocn Blug)= (04) o 27 4 oyt
Vb Hew  xye > = o

g S o\‘a- \7/]--&(.‘:0& af T-(' e u,é (:\hggcc';)g /}n'j<<.‘*:d-< .

9. For each of the statements below, determine whether it is true or false. Circle each correct
answer below.

Every proposition is logically equivalent to a proposmon contalnmg only the coppectives
BERS L(CS BI-—* ' DNFI r(((sc( /\ S bp v's ks-—uj @

Ae 1 HM—. ane wse Pvqg = “p—1 .
If the complete fruth-tree of a proposﬂnonal formula P has only open branches, then ?

is a tautology. 14 § T
- \1 (7N o" a “’Q—u\/"(lr’)

If the set of premises of an argument is inconsistent, then the argument is vali&ID

This wlee s Pl*-"APk - 3_ \Jg(.u.mS‘-aj frue .,

For any two functions f,g: N — N, 1f f and g are bijective then so is go f. @ F

Tha Svessa (s
For any two finite sets A, B, if |A] < ?B |, then every function f : B — A is surjecti
owo T @

but not injective.
e;a wa bl Ser gtc‘:\l&

B A

F
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Short-answer questions — write your final answer in the answer boz
you must briefly justify your answers to receive full marks.

10. In the following question, you do not have to justify your answers.

. Wherever indicated,

(a) Give the definition of a transitive relation.

Answer:

e Vel

(b) Give the definition of a symmetric relation.

Answer:

G ble

(c) Give an example of a relation on the set A = {0,1,2,3} whi
not transitive. @

)

3 .

(]

K1,

\&.“'

Answer:

1
T

W R2

ch is symmetric but

k""
oR2

transitive.

o RI

Answer:

Qos/\‘

ad
bt

(d) Give an example of a relation on the set B = {0, 1} which is symmetric but not

\Ro
0@0
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Answer: ((?>((5Z) +

11. From a group of 12 men and 15 women, a committee consisting of 6 people is chosen.
In how many ways is this possible if the committee must contain at least one, but no

more than four women? Your answer may include unevaluated factorials, binomial
coefficients, powers, products, or sums.

DY G Y+ (E)

Justification:

‘k&b"( i W eaa
Exectly

- L,( ts

NGRS

- 7T  wemean (f . S
“ 3 “r (lS‘ . (2%
S

gl/“v\l&-&v\ \ G.-..A Mo *

12. Find a proposition in DNF equivalent to (a — b) <> (c A —a).
Answer: (‘TG.A-KLAC')\/(—?Q &L&c) v (a‘\"lL/\‘(C) v (dl\-ztt\()

Justification:
abe (a.-;b) & (cara) O« Yo couwld
°o 66 ‘ © 0 wae a Tt -tree
—_) o o\ t
o Lo ( i ®
-y o L\ { { l
—) \ o © o { o
- (G| o { ©
\ Vo { o e -
ool ( o [
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13. How many integers between 200 and 1000 (inclusive) are divisible by 8 or by 127

Answer: ] 3 5/

Justification: Lé&' A\=#?n'\—egw . [Qoo)looo] c\]\/.lo\{ L

Ag= 3 &) 2o0= sk <1000] = Jk| 252k = 1253.\}\?\: 125-254 =10
Au—’- ?k \ 200 <12k SJDOOZ = ?fg ] 2\ <k= )a\oz«o —

= ?kl b2 s ks 370 = ﬂzeZ‘*/ 17 6?53 - 9233 = 4F
A:U} = ;k] 200224 R = }DDD:(' = fkk ‘-k 4 /53
= 5% q2Rs 41§ |A,) = 41-9# = 33

Trndusion - Excluoion \Ayl + Ayl - Az‘”

= 00 ¢ (3 -33 =

14. Give an example of simple graphs G and H such that all of the following conditions
are met:

e (G and H are not isomorphic

e (G and H both have 6 vertices

e (G and H both have 6 edges

e (G and H have the same degree sequence

Answer: D—[— -(S'D‘mﬂ]?
S ove of Thew (H)

\ S «f\o’k_ Co \(\Y\ec_'l_e

(No justification is needed.)
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15. Does the following graph admit an Euler tour?
(- L\‘J

ZaN

Answer: YES

pwteaion: ¢ g e B b pesd,

Lu Ver b icas (/\-A.V(_ b lave evew ol—o‘fd’.

16. Determine the coefficient of 2! in the expansion of (222 — 2)%. Your answer may

include unevaluated factorials, binomial coefficients, powers, products, or sums.

3
Answer: (:LS‘Y> .27 (-—l) .

Justification: (w *L:xé)i )z;" :Z: (15)@‘,)29-\‘ ( ;)k
“9) 20-k. (_,) ot S St-3e=1l =

N s¢-2k 3k s =
Z_( ) ()3 x k= \S

S rnstm—————

-]
- Z
le=
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17. Consider the following argument:

French fries are healthy, unless you put mayonnaise on them. French fries are
tasty only if you put mayonnaise on them. Therefore, for french fries to be
tasty it is necessary that they are unhealthy.

(i) Translate this argument into propositional logic. Clearly indicate the propositional
variables you use.

P foles ane \/\ealﬂuj. PV
9" N ow Fu{\‘ ma\jo on frles. Y7

o1 feies ane Tasly. ~ =P

(ii) Use a truth tree to determine the validity of the argument.

SU\‘-FPDSQ \\\/‘]DEH/\QSQS arw TUL 2 Conclusion Faloe .
Vg

v
2 (v=P)
)
v - o veluaTion V) =Vg)=
AP v = T
P %’\ LaQsF es Tha a/\gwnwft_
e 7 —i.e. Tha Pramissas 2t

K / X\ aQQ T Lut The
closed,
P ndusion 55 fdlea
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18. Use Mathematical Induction to prove that for all integers n > 1,

1 1
1+=4--+=<
n

n
9 §+1.
(%N
?Q-\'* \*174»-- ~+-:-: < = +\
\ /
Cete e L I
— l‘
1 L iy
l/v»‘k C.—S( A'fSu—-u.. ?Lk) : L\t .‘_A-..'-f- e < ‘L'("
( l e
‘3) \H e 3«‘ (v e et tpn € Sty
- A% fe ez v, s
e Y < 5 /
\e 4t
! le —‘- - o+ \
O L L A 3
as r\u‘u.’(«/ Tlls s bhes ?((r-u)
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19. Define a binary relation R on the set Z as follows:
xRy if and only if 1z + y = 2k for some integer k.

(a) Prove that R is an equivalence relation.

(14( Tolke xe Z . Taew Xtx= 2x , Se

S.~“000. x(i" .. >r+-J=.Z(( 5,.., JMR\‘
‘ﬂu“ la-(-k:. >(+-').._?,(< . Se 3 »

>x Rx .
§yen

'R:.i @//m )«‘27 ah j(&z .
Thew >ty = 2l g"’“’ S - e
34-%.—_ 2L }.,4 fomme (-
oy e e

Tu ¢ 2 = 2zl
/(Z\M‘p > & 74‘ N ('Lw(- k‘za'

et = 'L(k'c(—j)

(b) Describe the equivalence classes of R. How many distinct equivalence classes are

there?
U\ouM-\‘: s e V‘J‘\al't-‘ .

A’v\,q) L‘@A- oJJ WWLL(S are V‘l—(“-L‘-J .

gz ‘HN.({ arx («wg L?. C(&C(LS' : . (.
SL(\/L«\ wMvas il EQ.LL MLMf ,

Ak) 'GVJ. Lven
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20. Consider the following village (the grey lines indicate roads between houses).

(a) Is it possible to take a walk through the village in such a way that you use every
road exactly once? Cite appropriate theorems from graph theory to support your
answer.

(b) Is it possible for such a walk to start and end at the same house?

(c) Suppose road number 17 is closed. Can we take a walk using all the remaining roads
exactly once?

ety - ol degeas e oo, Hewce
e Guan (I\A-VL ac ‘:w@ur -t'ouur ' (9.-5(- \«/‘
—. C L kU s(—.g#-v:) o wz(w7
oA JL?{L«M% (/‘Nug

(C) Now F and H  have -dd hegres
Go i Gon have_  anw  Culer te A
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21. Let f,g:Z — Z be arbitrary functions.

(i) Suppose that g o f is injective. Is g then necessarily injective as well? Prove or give a
counterexample.

x4 4 x2o0 xe 1l A4 x>
T S R I

% () 3(} C e 3 b\.n{- "\ :u&, _ )
\DvJ‘ 33 ,F » tle :J-«...J':'(\) ' Sa f Lf)&t(‘sd« .

(ii) For a subset A C Z, consider f[A] = {f(z) | ¢ € A}. Prove that for arbitrary
A/BCZ, Weha,vef[AUB] flA]U f[B].

{'[Au@] < Q[AJU§L3] : eJBUB].

U fer, oHL xe A 3
7 eh Haw Feor e (DA s £0AJ0 fIE]
[ weB Hue e e Fls] © Halo FL8]

EFlwr Way Y « §(x] "!'@]

CpolG] & ETAes]: he e fA]OTCRT
CE[]. Hem g fer, xed
¥ ? xe AvB, ad fe) e {—(Aul?]

(b 5= i3] H»«« for, <k
é? e As B, P Loy e FlaaB]

€ T > q=fe) e flast]



