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Discrete Mathematics for Computing MAT1348B
Midterm Examination
2 March 2015
Prof. Philip Scott

This is an 80-minute closed-book exam; no notes are allowed. Calculators are not allowed.

The exam consists of 11 questions on 9 pages. Page 9 is for additional work. Please do not
detach it.

Questions 1-4 are multiple-choice. You must enter the letter corresponding to each correct
answer in the table preceding Question 1. No partial marks will be given for other work.

Questions 5-9 are short-answer. You must write your final answer in the answer box and show
your work below it, justifying your answer, to receive full marks.

Questions 10-11 are long-answer. You must clearly show all relevant steps and justify your
solution to receive full marks. Clearly indicate the final answer.

Be sure to read carefully and follow the instructions for the individual problems.
For rough work, you may use the back pages. Do not use scrap paper of your own.

Use proper mathematical notation and terminology.
Note: for functions, injective = one-to-one, surjective = onto.

If you require clarification, raise your hand.
Good luck! )
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MAT 1348B Midterm Exam 2

Questions 1-4 are multiple choice. Enter the letter corresponding to each correct answer
in the appropriate box below.

Question | 1 2 3 4

Answer B A D D

[2pts] 1. Let A and B be finite non-empty sets. Which of the following statements are false?

@f |A| > |B|, then no function f: A — B is surjective. F(LQS{,

(ii) If there exists a bijection f: A — B, then |A| = |B|. Taan2

f |A| > |B| > 1, then every function f: A — B is surjective. FCL,Q,SC/
(iv) If |A| > | B|, then no function f : A — B is injective. T A2

(v) If there exists an injective function f : A — B, then |A| < |B]. Trre

A. only (i) (i) and (i)  C.only(iii) D. (iii) and (iv)
E. (i) and F. (ii) and G. None of the previous answers is correct.
(i) and (v) (ii) and (v) ( Ao B

Re (1), oF A has mine elomedfs Than B, Than mep | 8| W\M\J elamerts o
‘W\w\m cod [ 1AM -1B) elomeds) cun \w-(- W\a, +o %m{-io_& elomon '\"\ﬁDB
Re () @ deadyFalse . 1F BRI 72, Map &g{ o o B meits

s vl Foudiad. RV Cr.,u.a G ‘C\M\Z\'»of\-@ —B T\z\éfj V\S\' Sm\)ed’sm

2. Let P be a complex proposition, and consider a completed truth tree with P at the root.
(Recall, in a completed truth tree, no further rules can be applied to any formula on the
[2pts] tree). Which of the following statements are true?
(i) If the truth tree for P has no open paths, then P is a tautology.
If the truth tree for P has no open paths, then =P is a tautology.
(iii) If the truth tree for P has no closed paths, then P is a tautology.

ch open path corresponds to one or more counterexamples to the statement P is
v radiction.

(v) The number of open paths is equal to the number of counterexamples to the statement
=P s a tautology.

i) and (iv) 'B. (i) and (ili) C.only (ii) D. (ii) and (v)

E. (iv) and (v)  F. (iii) and (iv) G. None of the previous answers is correct.
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P (equindatly P o The Top 3 Tha
Mo L v ) e T ot e . \§ alf Vot andhas
0AL cloSo_A) Than P s KTM+0|033.
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om Tﬁ(\r\s yThen all paflg (=lom>r\c\/m§ A9
(joszé) So TP @0 cj)‘\‘a*j‘o[ocg\j

Gv). A O'.Fem at\'b\ (\ochM \r\w\h’\q Iy _@\‘}‘
Tat {n?wuia o Hre ?acﬁm s m !
<\0\ a Valudim Whidn walles 200 Liznals
oot patlh T ) T Palicuden ; Fha oSl
P will e TAug .« Set\is a?evx\OMV\c\/\ glv@A
one o wirle Valuallons - sc:\“\s\Cj*,,\g V(=T
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statomeny it P=F. |




MAT 1348B Midterm Exam 3

3. Consider the following three compound propositions:

P: (a—b)—c, a—>(b—>c), and @(a/\b)—)c

[2pts] Which of the propositions P, @), and R are equivalent?

A. None of them. B. only P and @) C.only Pand R D. only @ and R

E. All of them.

((& b)) — C> = (a—(b —7&)

4. The truth table of a compound proposition p with atomic propositions A, B, and C'is as

follows:
RGM&W\\M\F Wre Mev\‘l'fml AIB|C|p
wnany Funes in clazs and T|T|[T|T| < ﬁ/\%/\cc
. T|T|F|T|a ANBOAN
DD tha DNFs are. TIFITIF
V‘_ii Wt gwo . Bal you TIF|F|F
CO\LA Qao I\ '}'EA ey F|T|T|F
ol Y Tedl ofh . F{T|[F|T|o 1A ABAIC
?059\ e amswers '/J\l :FI‘A&QI‘\ FIFITITF
Thewn wlio tha Taudin Table . F[F[F[F
[2pts] Which of the following propositions is/are disjunctive normal forms of p?

(i) (ANBAC)V(AANBA-C)

(GE)ANBAC)V (BAC)
([G)AANBAC)V(ANBA=C)V (~AABA=C)
(iv) (AVBVC)AN(AV BV -C)N(mAV BV -C)

@A/\B)\/(ﬁA/\BAﬁC’)
(vi) AVBVC
A. (i), (iii), and (v)  B. (iii), (iv), and (v)  C. only (iii) @(ii), (iii), and (v)
E. only (iii) and (v) F. None of the previous answers is correct.
ANS. ((() is obviows . L) and (V) &1e obTansd fean (D Qi—ﬁ“r

\D\l € XA LN "\/"\OTPUCH/\ ‘\7\\0[& M\(\,SQQ\J\:X ‘W\e»j 3‘\\!? TL\Q S-Mi\q \_f_dMT
Odtec i\;\\IeH) use Boolean aﬁg,z‘o"‘« y Fov wamfl@ foo (O

N AABAIC) V (A '\b/\'lC) = A’\B/\C> V!KA\ITA)A(&/\'\C)]”
(i) = (A1BA) Y (AnBAIC) ) = (A(/\BAO v [Faenol = (1)
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In each of the following five questions, write your final answer in the answer box.

To receive full marks, you must show your work, justifying the answer.

5. Let A = {0,{0},{0,{0}}} and B = {0,{0,{1}}}. What is the cardinality of the
[2pts] power set of A x B?

\ AxB|
PAxBI= 9

"\
)
u
¥

I
1N
-

Here, \Al =3, [B|=2

N_DTQ_Z WV\V\\{ S'l‘wclﬁv(\'s \\od —\—“Ov\\o\< {:\\l‘mg
A wnd B .

'\/\'\A CM&\\V\ &QA\':l (2 "'(_,,

6. On the Island of Knights and Knaves, there are two types of natives, indistinguishable
by sight: knights, who always tell the truth, and knaves, who always lie.

Strolling on the island, we meet two inhabitants A and B. Person B says: “A is a knight
[2pts] if and only if I am a knave.” What is person A?

Answer: Ais a \K nave

[}

% 51*15 \\A' Kr\lil\THB nave

case L. B Knights © Stllemedl is T B 70 Fnave'! i F [y W\ST \
Calde . Hen e LHS \\/‘\ \‘-'V\l\jl'\ﬁf" N RV ba T LSU\Q F<F \S .
SN s & \Cnawe - ) .
Cosda 2° B nave - D*'CKQ\IY\QVT\/ \S F BV\-\’ B KVHV* 1S T.
i~ der FruThe statewmed” to 02 T, N\ \u\'\é\'\* Tis F

A s w Cnave.

So

Nole: This We stra \«\_{-nw wmd et \7\\‘5 2 Cnaves . T o ans
QOE&W, amd Naithen Cém \S cmﬁrqi‘\chw : ‘Y\,\a\] EYNA'N g T

\M/\chv& amswen ThA™ A Lo w Xnanve (in Thia MASTon ‘3




MAT 1348B Midterm Exam 5

[2pts] 7. Define the following atomic propositions:

N: “Parking regulations are not very strict.”

P: “Parisians question parking regulations.”

Y: “Yves is the mayor of Paris.”

I: “Traffic in Paris improves.”

Translate the following sentence into Propositional Calculus using propositional variables
N, P, Y, and I:

Traffic in Paris improves and Parisians do not question parking requlations

if and only if

parking requlations being very strict is a necessary condition for Yves to be the mayor of
Paris.

Propositional Formula: (—_[ A ?) <7 <\( 2! N>

[Bpts] 8. Is the following argument valid? If not, give a counterexample.

P g
rea
ST

Answer: The argument is (circle): valid @

Counterexample (if applicable): \\l\\w‘t g“\N sty 9(9*\-\,\)7) -K-,,\ﬂs"{\lw\ ‘3

Vol u A1 on s
P < ﬁi /)
_‘T(Ei%_) ._2 O?-?/V\ Ta\m (W\ U\\CD_.A b\\ v
RN
% g MP=T Va(p) =F
3. VD=v@©=F  Valg)=Val) =1

' Notice : fo each valudhion Vo (151,

PP > Tha Pramissas v@“ﬂ\- MQMV\M\TW True
icor ?/\"P M\L\ o Cm\c\usfav\ S J;-&QD-Q T\\“

| :
"P:-/'\ X ac C a/\éum\a,v\"\' Cads.
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[4pts] 9. Consider the following functions:
() f:A— A where A = {0,1,2,3}, defined by f(0) =3, f(1) =3, f(2) =1, f(3) = 2.

@ g¢:Q* = Q defined by g(z,y) = (.2 — y).
@ h:[0,00) — R defined by h(z) = 32% — 2, where [0,00) = {z € R | z > 0}.
0: ZXZ* — R defined by {(x,y) = 3?‘7”, where ZT = {1,2,3,4,--- } is the positive integers.

Which of these functions are injective? Which are surjective?

injective functions: g , \,\

surjective functions: g

® {:(U\:“’(D o NoU .\"\.5“;\_\“’\0} .0 ¢Rdw\}c_u:> .- Nﬁk’ Su\/\jtc‘\_‘\’\e'

@ Il\seg\:\V\L &.BM/\._\’QCT:‘%; \ I_ | HQV\Q N :\Jl.
Tnledine @ Swppos< 8(x173‘§ﬁ><'/7|>' <\]’7\_73 :<\I R 7) . ]
Gtz Ay SN e ape T

2
SW\;\QC\;‘\M L Swppose (V) e (S} ) |
‘é(x!‘D:(V\N). SQT\;\V\<5 W\D—ﬂ\x Q‘b\/\aﬁ'\MS.
ey = 0 = (U,
- = N 6\/\/\“1 )(*-\J =V . . |
codat (RY) = (A ) Thon o ew;]\j \/C,\/\.Lc\ﬁﬁ.

(M) = G (W, W) = LV\)QA-N)—\A) = (w,V

QL) =3 e |1

@ W e \V\SQL_F\\M, U va\jgc‘\;\\pe. Tha ‘y\ﬂ’\'\ °‘G "
\U\Se_cﬁ\,\z (S\we domam =TR ), —lf/
G Y <R v

W s _\V\Nwiv:g ,\r\e_\l\ca

SWwe Ny = =2 c)eml N

T T‘J\V\é/Q s—é\/\ )/ 1n example, -3 & ?M\éAU\B, PNy SW\jachw.
3L 22 Q0D =4(2D. - Nob tnjective

3K

\ 2
Nofie Ram ([B = (R ,eccamnn -U_'\%_\“CC\TDV\AQ oo The Form 5
For sowa J:I\JE—Z, \J‘F;- B we nww 3 ¢ Gj\) o Vf% RM}LC@)

So L s Y\éfﬂ\er’ {v\'jqd“\vq o~ S'W\;\:LEHN-
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10. Let g be a rational number and r an irrational number. Using a proof by contradiction,

[4pts] show that 2¢* + 3r is irrational.

!\'o_‘ifé'. By tho wrtihod vé (m‘\vaAJlE\'Cm,z e,
S wppos- 2%2—\- 3¢ s cationald . $a.g 9\"{) > 9 e

3c= -390 A0 c =glaq | BT we B
- g° iy oo devaar
A ‘B«LA&‘U\_\'\\M\'\Q/SO Ao 7) ond 242 We 5 c\
T the &bfeunc o*é W Vo_t'\_}uxj\cﬁo s \w:\r\_\_m‘m\ \a/v\
di\';&\f\cj a(\r‘q‘\‘"a—y\,(\ _\D\J 3 st gves a Calional .
Hewmce 7 Cé)‘—ajf o \rc\'Hm«\. Conrsadiclion .
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& Lot «(9 students Wissad Yl «J L & b
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11. Let S and T" be two sets. Consider the following two statements; each one is either true
or false. If a statement is true, give a rigorous proof. If a statement is false, give a

counterexample, using the universal set U = {1,2,3,4,5,6,7,8,9,10}. Fully justify your
[5pts] answers.

(a) SNT =SUT

- —

_%\l A{\,\(gqv\) -S-(')T:‘ _S:UT = S\.)Tl" _—‘f gk.)__‘_: 3 A gQV\’/L“\-
Say S=3a3, S= 134567 4,103

T=3\,2,3} T={456,+38,9,\03
SU--—T: {],2,'-}\5,(.)-_}—,8,7/@},

c_leox\\t + .
EUTV = RBIL\'ISIQ,:JW?/C]/ |O—}

(b) S C T implies S C SNT.
Supprse SET. Prowe S SOV "
Vo¥ eS| Thon S S_C,T) Xe V. \-\ew\u, s xeS e
xeS n xe V. Hene xeSnT. So Scsnt.

N N \\
s . Vo sty iad« covnd ST b T gt P
m:d'ﬂ SU_"I: N gu'_\’— — Yoo W\(M\\) T\\Tqé*l’o 0 « TS \ ,

wstedd o, meﬁf\é out Tha datwls.

a Lot sv(,) sTudeds Po‘—éq;\' Hhe _Pg_-("—h\’\%‘{ms 3 >< 9\{ VL 4D
Vx(’)ce-y —>>u:\(3. XNY wo %’X,’X(—X A xe‘{z s ote.



