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INSTRUCTIONS:

• This is an 80-minute closed-book exam; no notes are allowed. Calculators are not allowed.

• The exam consists of 11 questions on 9 pages. Page 9 is for additional work. Please do not

detach it.

• Questions 1-4 are multiple-choice. You must enter the letter corresponding to each correct

answer in the table preceding Question 1. No partial marks will be given for other work.

• Questions 5-9 are short-answer. You must write your final answer in the answer box and show

your work below it, justifying your answer, to receive full marks.

• Questions 10-11 are long-answer. You must clearly show all relevant steps and justify your

solution to receive full marks. Clearly indicate the final answer.

• Be sure to read carefully and follow the instructions for the individual problems.

• For rough work, you may use the back pages. Do not use scrap paper of your own.

• Use proper mathematical notation and terminology.

Note: for functions, injective = one-to-one, surjective = onto.

• If you require clarification, raise your hand.

• Good luck!
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Questions 1–4 are multiple choice. Enter the letter corresponding to each correct answer
in the appropriate box below.

Question 1 2 3 4

Answer

1. Let A and B be finite non-empty sets. Which of the following statements are false?[2pts]

(i) If |A| > |B|, then no function f : A ! B is surjective.

(ii) If there exists a bijection f : A ! B, then |A| = |B|.
(iii) If |A| � |B| > 1, then every function f : A ! B is surjective.

(iv) If |A| > |B|, then no function f : A ! B is injective.

(v) If there exists an injective function f : A ! B, then |A|  |B|.

A. only (i) B. (i) and (iii) C. only(iii) D. (iii) and (iv)

E. (i) and (v) F. (ii) and (v) G. None of the previous answers is correct.

2. Let P be a complex proposition, and consider a completed truth tree with P at the root.
(Recall, in a completed truth tree, no further rules can be applied to any formula on the
tree). Which of the following statements are true?[2pts]

(i) If the truth tree for P has no open paths, then P is a tautology.

(ii) If the truth tree for P has no open paths, then ¬P is a tautology.

(iii) If the truth tree for P has no closed paths, then P is a tautology.

(iv) Each open path corresponds to one or more counterexamples to the statement P is

a contradiction.

(v) The number of open paths is equal to the number of counterexamples to the statement
¬P is a tautology.

A. (ii) and (iv) B. (i) and (iii) C. only (ii) D. (ii) and (v)

E. (iv) and (v) F. (iii) and (iv) G. None of the previous answers is correct.

B A D D

O False
True

O False
True

True

0

Re li )
,

it A has more elements than B
,

Then map 1131 many elements of A to B

Then the rest (l At - 1131 elements ) can just map to some fixed element of B .

Re li;D : clearlyft .
It 113172

, Map all of A to one of B 's elements - The other

is not touched
. This gives a function f : H  → B That's n± sujectine .

:
: nutting



(ii ) To check if - P is a tautology , put
" P ( equivalently P ) at the top of the

tree & draw the truth tree
.

If all branches
are closed

, Then np is a tautology .

Hence if the truth tree for TP has no

open paths , then all paths ( = branches ) are

closed
,

so is p is a tautology
livi

.

An open path ( branch ) has the property
that every formula on the path is true

(by a valuation which makes all literals

on the path T ) .

In particular ,
the root

P will be True .

so this open branch gives
one or more Valuations V satisfying v( D= T .

( Sometimes an open path corresponds to more

than one valuation if some atoms on the open
path are missing . )

.
In particular each

open path corresponds to one amore

valuations which are counterexamples
statement that p=f.- to the
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3. Consider the following three compound propositions:

P : (a ! b) ! c, Q : a ! (b ! c), and R : (a ^ b) ! c

Which of the propositions P , Q, and R are equivalent?[2pts]

A. None of them. B. only P and Q C. only P and R D. only Q and R

E. All of them.

4. The truth table of a compound proposition p with atomic propositions A, B, and C is as
follows:

A B C p
T T T T
T T F T
T F T F
T F F F
F T T F
F T F T
F F T F
F F F F

Which of the following propositions is/are disjunctive normal forms of p?[2pts]

(i) (A ^B ^ C) _ (A ^ B ^ ¬C)

(ii) (A ^ B ^ C) _ (B ^ ¬C)

(iii) (A ^ B ^ C) _ (A ^ B ^ ¬C) _ (¬A ^B ^ ¬C)

(iv) (A _ B _ C) ^ (A _ B _ ¬C) ^ (¬A _B _ ¬C)

(v) (A ^ B) _ (¬A ^ B ^ ¬C)

(vi) A _ B _ C

A. (i), (iii), and (v) B. (iii), (iv), and (v) C. only (iii) D. (ii), (iii), and (v)

E. only (iii) and (v) F. None of the previous answers is correct.

0 0

0

(( anb ) → c)= ( a → ( b → c) )

ma "YFinb:[
Yaessntimmlf

← arena
+ An Bric

DGD that DNF 's
are

not unique . But you
could easily test other

o - 7 An BMCpossible answers by plugging
them into the truth Table .

0
O

0

0

ANI liii ) is obvious . ( ii ) and ( v ) are obtained from ( iii ) either
by examining the truth table and seeing They give The same value .

Alternatively ,
use Boolean algebra ; for example for ii )

( iii ) = ( An Bnc ) ✓ (An Bmc ) ✓ Ha nBm c) =
 ftrBnc ) v ¢AnA):( BNCD

= ( AABLC ) V [ T n( Bmc ) ] E ( II )
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In each of the following five questions, write your final answer in the answer box.

To receive full marks, you must show your work, justifying the answer.

5. Let A = {;, {;} , {;, {;}}} and B = {0, {0, {1}}}. What is the cardinality of the

power set of A⇥ B?[2pts]

|P(A⇥ B)| =

6. On the Island of Knights and Knaves, there are two types of natives, indistinguishable
by sight: knights, who always tell the truth, and knaves, who always lie.

Strolling on the island, we meet two inhabitants A and B. Person B says: “A is a knight
if and only if I am a knave.” What is person A?[2pts]

Answer: A is a

zl " "31
, 23×2=26 = 64

Here
. 11 / :3

.

1131 : 2

Note : many students had trouble finding the Cardinalities of

A and

:have

B says
"

A knight ← B Knave
"

cast : B Knight .

: Statement is T
.

But
"

B knave
'

'

is F  in this

case
.

tlence the LHS
"

A knight
" must be F ( since

"

Fa F
"

is T )
.

:
. A is a Knauf .

Case : B knave . .
: statement is F .

But "

B knave
"

is T
.

so in order for the statement to be F
,

"

A knight
"

is F
.

:
.

A is a Knave .

÷
te : this was straightforward Knights & Knaves .

There are

2 cases .

and neither case is contradictory : They each give the

unique answer that A is a knave C in this version ! )
.
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7. Define the following atomic propositions:[2pts]

N : “Parking regulations are not very strict.”

P : “Parisians question parking regulations.”

Y : “Yves is the mayor of Paris.”

I: “Tra�c in Paris improves.”

Translate the following sentence into Propositional Calculus using propositional variables
N , P , Y , and I:

Tra�c in Paris improves and Parisians do not question parking regulations

if and only if

parking regulations being very strict is a necessary condition for Yves to be the mayor of

Paris.

Propositional Formula:

8. Is the following argument valid? If not, give a counterexample.[3pts]

p $ ¬q
r $ q

) p $ r

Answer: The argument is (circle): valid invalid

Counterexample (if applicable):

( Imp )

←>(Y→:

Must give one of two falsifying
valuations

pg  7

gay
→r ) 2 open paths ( marked by

"

✓ " )

a P V
,

( p )=T Vzlp )=F
ib

7=-6 v
, (g) =v

,
( r)=F Vslf )=Vz(r)=T .x6j}{Tg Notice : for each valuation Vi lit . ⇒

X The premises of The argument are True
¥ I"

* ,p and the conclusion is false .

. : The
✓ *

r argument fails .

open X

Vopen
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9. Consider the following functions:[4pts]

f : A ! A, where A = {0, 1, 2, 3}, defined by f(0) = 3, f(1) = 3, f(2) = 1, f(3) = 2.

g : Q2 ! Q2 defined by g(x, y) = (y, x� y).

h : [0,1) ! R defined by h(x) = 3x2 � 2, where [0,1) = {x 2 R | x � 0}.
` : Z⇥Z+ ! R defined by `(x, y) = 3x

y

, where Z+ = {1, 2, 3, 4, · · · } is the positive integers.

Which of these functions are injective? Which are surjective?

injective functions:

surjective functions:

@
𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀌𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀧𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀻𐀼𐀽𐀾𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁎𐁏𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝𐁞𐁟𐁠𐁡𐁢𐁣𐁤𐁥𐁦𐁧𐁨𐁩𐁪𐁫𐁬𐁭𐁮𐁯𐁰𐁱𐁲𐁳𐁴𐁵𐁶𐁷𐁸𐁹𐁺𐁻𐁼𐁽𐁾𐁿2𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀌𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀧𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀻𐀼𐀽𐀾𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁎𐁏𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝𐁞𐁟𐁠𐁡𐁢𐁣𐁤𐁥𐁦𐁧𐁨𐁩𐁪𐁫𐁬𐁭𐁮𐁯𐁰𐁱𐁲𐁳𐁴𐁵𐁶𐁷𐁸𐁹𐁺𐁻𐁼𐁽𐁾𐁿
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𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀌𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀧𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀻𐀼𐀽𐀾𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁎𐁏𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝𐁞𐁟𐁠𐁡𐁢𐁣𐁤𐁥𐁦𐁧𐁨𐁩𐁪𐁫𐁬𐁭𐁮𐁯𐁰𐁱𐁲𐁳𐁴𐁵𐁶𐁷𐁸𐁹𐁺𐁻𐁼𐁽𐁾𐁿4𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀌𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀧𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀻𐀼𐀽𐀾𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁎𐁏𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝𐁞𐁟𐁠𐁡𐁢𐁣𐁤𐁥𐁦𐁧𐁨𐁩𐁪𐁫𐁬𐁭𐁮𐁯𐁰𐁱𐁲𐁳𐁴𐁵𐁶𐁷𐁸𐁹𐁺𐁻𐁼𐁽𐁾𐁿

g:
0 Flu ) .

- f ( D :

NoTiajectI.0EtRangeH.i.Notsmjectiue@Injecti_eSmjectiveTnj_ectvI.supposegcx.D-gai.y
' ) .

. :(y ,
x .  y ) =(y! x

'
- y

' ) .

Hence y=y !

also × -

y = x
'

- y
'

= x
'

- y .

. : × . xi
.

smject= : suppose ( hr ) e Q ? we must find ( × .y)eQ2 such that

glxij ) = Cuv )
. Setting up The equations :

gcx ,y ) = (y ,
x.  D= ( uv )

.

: y = u and x - y = ✓ .

:
. × .

- Ytv = utv .

. : let ( × . y ) = ( utv . u )
.

Then one easily Checks :

glxy ) = gcutv .

u ) = ( u
, @+v) . u ) = ( u . v ) ✓

𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀌𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀧𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀻𐀼𐀽𐀾𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁎𐁏𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝𐁞𐁟𐁠𐁡𐁢𐁣𐁤𐁥𐁦𐁧𐁨𐁩𐁪𐁫𐁬𐁭𐁮𐁯𐁰𐁱𐁲𐁳𐁴𐁵𐁶𐁷𐁸𐁹𐁺𐁻𐁼𐁽𐁾𐁿3𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀌𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀧𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀻𐀼𐀽𐀾𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁎𐁏𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝𐁞𐁟𐁠𐁡𐁢𐁣𐁤𐁥𐁦𐁧𐁨𐁩𐁪𐁫𐁬𐁭𐁮𐁯𐁰𐁱𐁲𐁳𐁴𐁵𐁶𐁷𐁸𐁹𐁺𐁻𐁼𐁽𐁾𐁿
.

his injective ,
not smjective .

The graph of his #his increasing ,
hence injective ( since domain =Ro )

.

Since hlx ) , - 2
. clearly any ys -2 is not in

the range of h ; fn example .

-3€
range ( h ) . ' : h not smjcetine .

𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀌𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀧𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀻𐀼𐀽𐀾𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁎𐁏𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝𐁞𐁟𐁠𐁡𐁢𐁣𐁤𐁥𐁦𐁧𐁨𐁩𐁪𐁫𐁬𐁭𐁮𐁯𐁰𐁱𐁲𐁳𐁴𐁵𐁶𐁷𐁸𐁹𐁺𐁻𐁼𐁽𐁾𐁿4𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀌𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀧𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀻𐀼𐀽𐀾𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁎𐁏𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝𐁞𐁟𐁠𐁡𐁢𐁣𐁤𐁥𐁦𐁧𐁨𐁩𐁪𐁫𐁬𐁭𐁮𐁯𐁰𐁱𐁲𐁳𐁴𐁵𐁶𐁷𐁸𐁹𐁺𐁻𐁼𐁽𐁾𐁿

3÷ = 3= .

. ; l ( l , D=l( 2
. D. . : NOI injective .

Notice : Range ( l ) = Q , because every rational has the form 3¥
for some ×

, yez , y to .

But we know Vz ¢ TQ .
:

. V2¢ Range ( l )
.

So l is neither injective nor Smjective .



MAT 1348B Midterm Exam 7

10. Let q be a rational number and r an irrational number. Using a proof by contradiction,
show that 2q2 + 3r is irrational.[4pts]

Proof : By the

method

of contradiction .

Suppose 2q2+3r is rational . say 2q2t3r tq
'

EQ .

. : zri of
'

- 2q2 .

so r =q¥f2 .

But we know :

if of
is rational .

So is q2 and - zqz

.
we also know

That the difference
of

two rational is rational and

dividing a rational by 3 still gives a rational .

Hence r= 813-82 is rational .

contradiction .

Note : The above facts about Q were proved in class :

Find = m¥'nnnl

Fn .nnd
,

= Try

a lot of students missed the general firm of a proof by
contradiction

.
It works as follows : to prone P ,suppose 7 P

and derive a contradiction
.

Hence P is

tv
.



MAT 1348B Midterm Exam 8

11. Let S and T be two sets. Consider the following two statements; each one is either true
or false. If a statement is true, give a rigorous proof. If a statement is false, give a
counterexample, using the universal set U = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. Fully justify your

answers.[5pts]

(a) S \ T = S [ T

(b) S ✓ T implies S ✓ S \ T .

By de Morgan ,
5nF = EUF = suit 5uF ,

in general .

Say 5=31,23
.

5={3.4-5.6-7.8-9.10}
T= { 1.2.33 T= { 4,5-6.7 , 8,9 ,

10 }

SUI = { 1,2 . 4,5 , 6,78 , 9.103
.

55T = { 3,4 , 5.6.78 . g .
103 ] clearly ± .

Suppose SET
. Prove SESNT

.

het xes
.

Then Since SET
,

×←T .
Hence .

 if ×←S Then

XES nxet
.

Hence xesnt
.

So SESNT
.

✓

-

: Many Students wrote a correct ST but then didn't properly
Remarks s

.

calculateSUF and 5uF - too many Tried to do it in Their head

instead of writing out The details
.

a lot of students forgot the Definitions : XEY means

-Vxlx←X→xtY )
. XNY is { x1x<X^x€Y } , eta

.


