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QUESTION 1. Determine whether the following improper integrals converge or diverge.

(a) /0 1 lnf) dx

We first evaluate the indefinite integral /

In(z
(z) dx. This integral requires substitution: we let
x

u=1In(z) =du= %da:. Substituting the expressions for v and du into the above integral we

obtain:

2 2
/udu:l;—l-cz(ln(;))—l-a

Now, we return to the definite integral and note that @ is discontinuous at zero. Re-writing

the integral and making use of the above result we obtain

1 1
/ In(z) dr = lim / In(z) dx
0o X t—0t+ J;

1 2\ |1 2
i [ ()] (o GO
t—0+ t 2 t t—0t 2
2
= — lim ((ln(t)) ) = —o00, divergent.
t—0+ 2

(b) /100(1 +a)e” da

We first evaluate the indefinite integral / (1 4 z)e” dz. This integral requires integration by



parts: let u = 1 + 2 and dv = e*dx = du = dr and v = e€*. Substituting these expressions
into the above integral we obtain:

/(1+x)e$dx =(1+42x)e” — /exdx =(1+az)e"—e"+C.
Re-writing the infinite integral and making use of the above result we obtain

00 t
/ (I1+z)e"dr = lim [ (1+x)e”dx
1

t—o00 1

:tllglo <(1+x)e —e )

To determine if the integral converges or diverges, we need to calculate

t

= lim ((1 +t)el — el — (2e — e)>

1 t—o00

t—o00

lim ((1 +t)el — et> = lim te' = oo, divergent.
t—r00



QUESTION 2. Show that each function is a solution of the given initial value problem.

(a)

Differential equation: y' +y = Initial condition: y(—1In2) = g,

1+ 42z’
Solution candidate: y = e * arctan(2e”)
We first show the solution candidate satisfies the initial condition:

y(—1n(2)) = e~ ") arctan (2e~ ln@))

= e"@ arctan <2€1n(2)1>

T T
= 2arctan(l) =2— = =
arctan(1) 1= 3

Now we show the solution candidate satisfies the given differential equation. The deriva-
tive of the solution candidate is
2e*
/ —T x —X
= —e Yarctan(2e’) + e ———.
4 (2¢7) 1+ 4e2r

To show the solution candidate satisfies the given DE, we begin with the left-hand side:

2
1+ 4e2z

= right-hand side of the DE.

Y +y=—e "arctan(2e”) + + e~ " arctan(2e”)

T 1 e

Differential equation: x2y’ =y — y2, x> 1, Initial condition: y(e) = e,
x
Solution candidate: y = —

nx
We first show the solution candidate satisfies the initial condition:

To show that the solution candidate satisfies the given DE requires the derivative of the
solution candidate: 3’ = 1“(2‘1. We now consider each side of the DE separately. First,
the left-hand side

2
2.7 T

iy = <1n(x)>2(ln(x) —1).

The right-hand side simplifies to

2 T x x T
Yy —y =7z - = -

In(z)  (In(z))>  In(z) (In(z))?

= W(ln(m) —1).

Therefore, we see the left-hand side equals the right-hand side meaning y = lng(ﬂm) is a
solution to the given DE.




QUESTION 3. Find the general solution of the following differential equations.

(a)

(b)

dy
dx

This differential equation is separable. Factoring the right-hand side, separating vari-
ables and integrating we obtain

y?—= = 327y’ — 627

dy
2 20,3

y?
1
§1n|y3—2|:x3+0
In|y® — 2| =3(z* + C)
ly® — 2| = @0 = A3
y3:iAe3$3+2:BeSx3—|—2

y = VBe3® 4 2.

dy e2w—7
dr ~ erty

This differential equation is separable. Using laws of exponents, we simplify the right-
hand side, separate variables then integrate

dy 623:—7
dr  eoty
dy e?x—?
dx  e®ey

/ey dy = /6296761 dx
/eydy:/ex_7dx

ey =e"""4+C

y=1In <e‘r7 + C’)



QUESTION 4. (a). Find the general solution of the differential equations
y' = ytan(mt)

This differential equation is separable. Separating variables and integrating we obtain

dy
dt

d
/yy = /tan(m‘) dt
J .
dy _ / sin(7rt) n
Y cos(t)
The integral on the right-hand side requires substitution: let u = cos(wt), du = — sin(7t)

/sm(7rt) du _ _1/1du
u  —msin(nt) T ) u

-1 -1
= —In|u| 4+ C = —In|cos(rt)| + C.
T 7r

= ytan(7t)

Going back to the differential equation we obtain

/ dy / sin(7
cos( 7Tt b

ln\y]:—ln‘cos (nt)|+C

=Lin | cos( 7rt)|+C 606771 In | COS(TI't)} e -1 ’ cos(ﬂ’t)’

ly| =€
;1
—1 kS _
y = L Ae In ‘ cos(mﬁ)‘ _ Beln ‘ cos(wt)‘ _ B‘ COS(?Tt)|71
Note, we may write the general solution as
B
(cos(mt))=

y =
since we absorb the sign into the constant.

(b) Find the particular (unique) solution satisfying the initial condition y(0) = 3.

We have B
y(0) = r=B=3
(cos(0))=
Therefore, the unique solution is
3
’y =
(cos(mt))=



QUESTION 5. We estimate the mass M(¢) in grams of a t-oad at time ¢ in days is described
by the differential equation

(a)

[3]

(b)
1]

(c)
1]

am
dt
If the mass at birth is M(0) = 1 g, give the solution of this initial value problem.

= (1+tHe 2t >0.

This differential equation is autonomous so we do not need to separate variables. To in-
tegrate the function on the right-hand side requires integration by parts: we let v = 1+t2
6—27‘,

and dv = e = du = 2tdt and v = . We obtain

1 t2 —2t
M(t) = /(1 +t%)e 2 dt = _ e + /te_% dt.

2

The integral f te~? requires integration by parts: we let u =t and dv = e % = du = dt

and v = e:;t. We obtain
1 t2 —2t t —2t 1 1 t2 —2t t —2t 1
M(t):—( +2)e — 62 +2/6_2tdt——( +2)6 - 62 —16_%4—0
L (t+1)te® 3y,
= 5 1€ +C.

Now we use the initial condition M (0) = 1 to solve for C :

-1 —1 7
l=— 4 — _—
2 + 1 +C=C 1
Therefore,
(t+te™2 3 ,, 7
Mt)=-—~——-22__° -
®) 2 1© T

What is the mass of the toad when ¢t = 1 day.
The mass of the toad when ¢ = 1 day is
le 2 3 5 7 -

7
M(1) = — 5 (2)—16 +Z:_Ze —1—1%1.51.

What is the greatest rate of increase of the toad?
We take the derivative of f(t) = (1 +t2)e2:

)y =2te™® —2(1+t¥)e " =22 (-2 +t—1).

We note that e=2* is positive for all ¢+ and the vertex of the above quadratic occurs at
T = % LY = —%. Since the quadratic is concave down and the y coordinate of the vertex
is negative, f'(t) is negative for all t. Therefore, f(¢) is a decreasing function so that the
greatest rate of increase occurs at t =0 :

F(0) =1,



(d) If the rate of increase of the toad was constant and equal to the maximum rate of increase
found in (c), what would be the mass of the toad be after 1 day?
aM

1] The rate of increase, “7- in this case is equal to one which means

M
dd—t:1:>dM:dt:>M(t):t+D.

Using the initial condition, we find that D = 1 and, therefore, M (t) = t+1 = M (1) = 2..
QUESTION 6. Consider the differential equation

=1—¢".

dt

(a) Graph the rate of change as a function of the state variable over the interval —2 < z < 2.




(b) Draw the phase line diagram

= )

(c) Give a rough sketch of some solution curves.
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