1.

MATH 3705* Test 4 - SOLUTIONS March 2015

[6 marks| Find the solution of Laplace’s equation u,, + u,, = 0 within the rectangle
0 <x <2, 0<y<1, which satisfies the boundary conditions

uw(0,y) =2y, u(2,y) =0, u(z,0)=0, u(z,1)=2-—uz.

Write down the complete solution u(z,y).

Solution:
The boundary condition is continuous, and linear on each portion of the boundary, so

u(z,y) = ax + By + yry + 6.

(1) The lower horizontal segment: y =0 = ar+d=0 = a=0=0
= u(z,y) = By + yay.

(2) The left vertical segment: z =0 = fy=2y = =2
= u(z,y) =2y + yzy.

(3) The right vertical segment: * =2 = 2y+2yy =0 = v=—1
= u(z,y) =2y — zy.

Check the upper horizontal segment: y =1 = 2 — 2 =2 —x. Thus,

u(x,y) =2y — zy.



2.

1 1
[6 marks] The solution of Laplace’s equation u,, + —u, + —Ugy = 0 inside the circle
r r

r = 3 has the form

o n
=5 Zr a, cos(nf) + b, sin(nh)] .

n=1

Find the solution of Laplace’s equation inside the circle r = 3, subject to the boundary
condition u(3,0) =1+ 2sin(30) — 3 cos(26).
Solution:

1+ 2sin(30) — 3cos(20) = u(3,0) = % + Z 3" [ay, cos(nd) + by, sin(nh)]

1
% =1, 3%2a,=-3, 33b; =2, 50 ay = —=, by and a,, = b, = 0 otherwise.

30 0T a7
Thus,
(1, 6) = 1 — 12 cos(20) + —1® sin(30)
=1-= —7r°sin
u(r, 37" cos 277“ s
[4 marks] The solution of the wave equation u,, = —uy, 0 < x < 2, which satisfies

the boundary conditions u(0,t) = u(2,t) = 0, is given by

= /nmx 3nmt 3nmt
:Zsm(—> {ancos( )—i—b sm( )}
! 2 2 2

If u(z,t) satisfies the initial conditions u(z,0) = 0 and w,(z,0) = 3sin(rz) — sin(37z),
find the coefficients a,, and b,,. Write down the complete solution.

Solution:

1 1
by = —, bg = ——, b, = 0 otherwise, and a,, = 0 for all n > 1.
T T

1 1
u(z,t) = — sin(mx) sin(37t) — o sin(37z) sin(97t).
T 7r



4.

1
[14 marks] The solution of the heat equation w,, = —w;, 0 < x < L, which satisfies
Q
the boundary conditions w(0,t) = w(L,t) = 0, has the form

a’n?r?

w(x,t) = an sin (?) e L2
n=1

1
Find the solution u(x,t) of u,, = §ut, 0 < z < 2, which satisfies the boundary condi-

tions u(0,t) = 2, u(2,t) = 4, and the initial condition u(z,0) = 5. Write down the
complete solution u(x,t) (give the first four terms).

Solution:

w(0,t) = w(2,t) = nd v(z) satisfies v”(z) = 0, v(0) = 2, v(2) = 4. Then
v(x) = ax + b, v(0 2 = b=2 = v(x) = ar+ 2 Since v(2) = 4 then
2042 =4 = a=1 = v(x) = 2+2. Next, w(z,0) = u(x,0)—v(zr) = 5—(x—2) = 3—=x,
S0

1
L =2 «a=3. Letu(x,t) =v(r)+w(x,t), where w satisfies w,, = gWe 0<z<2,
0, a
) =

o In?m?
w(x, t) = an sin (W) e 4
n=1
- nnx
-0t - 5 i ()
with 3 — 2z = w(z,0) ; sin { —
2 [’ 2 2
b, = —/ (3—x) sin <@> dx = {——(B—x) Ccos <@)} ——/ Cos (@) dx =
2 0 nm 0 nw Jo
— 2 3= (=1)",n > 1. Thus
onw T 7

In2 72
nwx

u(a,t) = x—l—2+§: % 3 — (—1)"] sin <T> e 4

972

8 ——t 2 _ 92
=z +2+ —sin <E>e 4+ —sin(mx)e .
T 2 T



Marking guidelines:

Problem 1. 1 mark for the general form of the solution; 1 marks for each correct coefficient;
1 mark for the complete solution.

Problem 2. 2 marks for each correct coefficient (a; and by), 2 marks for the final solution.

Problem 3. 2 marks for each correct coefficient.

Problem 4:

1 mark for identifying L and «,

1 mark for u(z,t) = v(z) + w(z,t),

3 marks for finding v(z),

1 marks for the correct BCs for w(x, ),
5 marks for computing b,

2 marks for the final solution,

1 mark for the first three terms.



