MAT 1348A Practice Exam 2

Questions 1-5 are multiple choice. Enter the letter corresponding to each correct answer
in the appropriate box below.
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1. How many binary strings of length 10 start with 01 and contain at most four 0s?

A. 12 B. 176 3 D. 255 E. 32 F. 194
G. None of the above.
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2. Which of the following graphs are bipartite?

G:\/

A

A. Only G B. Only H C. Only K @Only G and K
E. Only G and H F. All of them. G. None of them.
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3. Let A={0,1,2,3,4} and B = {0,2,4,6,8}. The number of onto (surjective) functions
from A to B is:

Gace  |Al= S\ B ewy ondo {wnoﬁW\ _f A>T
5 also a bxéﬁo&i@v’\ Gk Gannce Onﬁ—«mw@w\
[ﬁ Ot-de - Ong ;?IM&&&C%S A“"‘??J\

= Sihran = gl

—

4. Let A, B, C be arbitrary subsets of the universal set U. Whlch of the following statements
is necessarlly true?

A.ANBCANC implies BC C

B. AUBUC =U implies (AU B) — (AUC) =
C.ACBUC impliess A—-— B CC - B.

D. AnB C C implies (C -~ A)N(C - B) =9.
E. None of the above.
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5. From an urn containing balls numbered 1-10, we randomly draw three different balls, and
record the sum of the three numbers. What is the smallest number of times we need to
repeat this procedure to guarantee that the same sum shows at least twice? :

A. 22 23 C. 27 D. 28 E. 120 F. 121
G. None of the above.

Posqilok Suime 24D, W24 o 845410

so 6,7, 2% Habie, 22 possible smns

Poxwse + Sume (‘p;%w; 23
Obghche : sums of e fupks of kalls drawmn
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6. Which of the following is logically equivalent to (—=b A a)V (ma Ac) V (b Ac)? )

éﬁéa/\cgﬁ(cvbg‘/ B. =(a A =b) — (—a A —c) C. (aNb) < (cV —a)

aAb) < (aVe E. ~(cAa) = (aNb)
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True/false questions — circle T (true) or F (] false). You need not justify your answers.

7. For each of the statements below, determine whether it is true or false. Circle each correct {

' answer.

(l) For any set A, A€ P(A) @ F

(Z\ For all sets A and B, P(B) C P(A) implies BC A @ F

(v) Forallsets Aand B, AUB € P(B) implies AC B @ F

(W) 0.1 <PO) 2 T @)

(g) The relation {(n,n + k)|n € N,k € N7} is transitive @ F

(Q) There exists a relation on Z that is bofh symmetric and anti-symmetric. ’E} F

() T swmce Aczsh
42 qmplles 6 A Hence also BcA.

(3} AU € PPN 5W\W£$ AL €8 o aleo A

) e, 1olh 4 P(g) hecanse P(p) =1l awt
8% 4 g

(5) Toke any aloec el .
(a5, o) e R = h=atk awl c=b+l for L €emst

o~ C= (arkNiL= a+ (hé} -V G Y G & ot
=) ("/’«’\C\ € L,

.@,) Exa«,ﬁ)te R f (hon) méglzg
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8. Consider the following function:

fRxR-SRxR";  fz,y) = (zy +z,2Y)

Which of the following statements about f are true? Circle each correct answer below.

(‘) f is one-to-one (injective). : T @

(i ) [ is onto (surjective). -
T

(‘ 11} [ is bijective.

®

¢) 2.9, q"(o\-\\: %E(f.’-q
() Sl = (0, 7Y ferall xel o Horc i o
/I(é\@l(&z' "aﬂ&". f(lxa\z ('0 243 .

. For each of the statements below, determine whether it is true or false. Circle each correct

answer below.

Every proposition is logically equivalent to a proposition containing
only the connectives — and —. @ F

If the complete truth tree of a proposition P has no inactive paths,
then P is a tautology. T @

If the set of premises of an argument is inconsistent, then the argument
is valid. @ F

For any two functions f,g: N — N, if f and g are bijective, then

sois go f. ] @ F
For any two finite sets A, B, if |A| < |B|, then every function

f: B — A is onto but not one-to-one. ' T @

PUG= WP2% , PAG = (apVag) =~ (pons)
Y rest {o(/ious.“
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Short-answer questions — write your final answer in the answer boxr. Wherever indicated,
you must briefly justify your answers to receive full marks.

10. In the following question, you do not have to justify your answers.

(a) Give a precise definition of a transitive relation.

Answer: A tlebhon R on o SULA 'S UM’K‘H\{ f(y ;{27_1 adl
abceA aRb A bRe = afc.

(b) Give a precise definition of a symmetric relation.

Answer: A elaBen A o a ceh Alie SSWNM"C t{i
fosall abed: g6 5 bRa

(c) Give an example of a relation on the set A = {0, 1, 2,3} which is symmetric but
not transitive.

Answer: (R = ﬂ (OH\, “\037 “[9*\; (ll‘S}

(d) Give an example of a relation on the set B = {0, 1} which is symmetric but not
transitive.

Answer: IL ﬂf'&{s lfv@% G/(A’*%'*'
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11. From a group of 12 men and 15 women, a committee consisting of 6 people is chosen.
In how many ways is this possible if the committee must contain at least one, but no

more than four women? Your answer may include unevaluated factorials, binomial
coefficients, powers, products, or sums.

e ()4 DY (B)r (D)0 ()2

Justification: (‘# suchh Comin +E€€S \ =

— 2&: (#: Comimittees é«f;%y f)(o\c/[fﬂa ) NOW@V\\

7z

LY e (DY D) (D)

12. Find a proposition in DNF equivalent to (a —b) < (c A —a).

1 Answer: («lp\/\c\\/(’?ﬁ/\b/\&\v (D\A’\{OAWC\)V (G\A“b\
= {)O\Ac\\/(a_/\ﬂbx

Justification: (a%\o \ & (e /\"'0\\ v
a>Sb v ﬂ(&‘\«“ﬂo\ 4
I EARYAY "E(CA*:O\\ v

/N \
A b A
, ‘ '\(O'
c la / \

NG A

e A
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13. How many integers between 200 and 1000 (inclusive) are divisible by 8 or by 127

Answer: g 'bg

A-. lg nélZ L 200¢ €000, g\nﬁ

Justification:

~hne# " wotn £looD Vizln b
Amb Lned @ 200tn ¢ looo, 24 m23

VAuest = 141+ (nl- 1Anms)
)A«-L« |egel- B2 ] = 125- 24 =lol

(® Ooa& L 159 X 85— 16 = o+
JAam\ = [ 1552 ] - Il I e

|AUBL = 1ol+ 63 -25 = 155

14. Give an example (draw a figure) of simple graphs G and H such that all of the
following conditions are met:

G and H are not isomorphic

G and H both have 6 vertices

G and H both have 6 edges

G and H have the same degree sequence

Answer:

(No justification is needed.)
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15. Does the following graph admit an Euler trail?

Answer: @S

Justification: (3 Qoo e)w\c[f% 2 wutfees q}ﬂ ool
Agete, R et b humce i adwile an
Cualer et ‘uc,esgoxr\‘&é RRREN &ad?@\”mf%
A a~ct o, |

16. Determine the coefficient of z'! in the expansion of (222 — 2)®. Your answer may
include unevaluated factorials, binomial coefficients, powers, products, or sums.

Answer:

CIEY
A 5

Justification: (,ZX%— 3))?‘318 = 2__ ( 5 leyg‘/bxﬂ\

( 2V 75 s\ X :52: () 7 oy
lord © 56-% = 11 <o 1=]€ °
eoeff ad x" (2& | zms[?h AR J°

25 WY
= - (1%32‘5
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17. Consider the following argument:
French fries are healthy, unless you put mayonnaise on them.

French fries are tasty only if you put mayonnaise on them.
Therefore, for French fries to be tasty it is necessary that they be unhealthy.

(a) Translate this argument into propositional logic. Clearly define the propositional
variables you use.

(b) Use a truth tree to determine the validity of the argument.

(05 M’f’% S "'«Fﬂmo&,f(\\es At @eo\(\w\a '

T: "Frenech fovee ar 4&8’55‘ !

My ! 7{0‘/\ z‘}w&, hﬁa@ o Freunel AF«r NN !
‘Aigfwm% . HVM
T > M
o T——B “\H
CbS HvM v
T>M V : TN
Ubrtr k1S lnvadidd .
A (T-H) V T = !
2% C@\AV\JW{X@W‘PH"»
B ™
T M = T = dowe
l \ H = tue
T T
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12
18. Use Mathematical Induction to prove that for all integers n > 1,
1+%+-«-+%§§—+1.
Pefre PlaY. " 1HL 4 4L 2 L '
Peoce PUa) e T foralt ny (-
T . 4o prowe POy 2 e Lo
LHS '_L . | to LHS £ PHS anad PN IS T
pits + =4l =Z
To « o proce PEY S P focall krl.
Fix kol avel assure Py f%{+w+ﬁ £ %,’; +1 " &w)
Exgman Pl) T " de +-jé:\ e e !
LHSY [+ 4+« -;‘: I‘-—-— %m /..‘é H\
= ('%: 1{7«’\ Hlo= ;(:T\Z " ,é ka%; “
) @:\H\ 0 - {i_f_[‘\/\ guce | 2l
B }{ku\ » ‘
pHS + kY

>

e LHS € RHS | anet PlE40) r{;om@w? £roun PO,

Loncluston . A'nex PO s T’ sk PEY> Plee) o
;ﬁgf all > ) lma ‘)7(\1]?‘ 'p(h\ o T Qﬁ@la V\?,
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19. Define a binary relation R on the set Z as follows:
TRy if and only if z + y = 2k for some integer k.

(a) Prove that R is an equivalence relation.

(b) Describe the equivalence classes of R. How many distinct equivalence classes are
there?

Ca\ 2| 3(\¢£qu{ dele awa XCZ‘

\lf\zvx Xt K= 2x ol Xe &\ <o x® X .

(R 16 sﬁMM'MC * lﬁk& amé an 6:5%
o~~~

XAy = XHA“leﬁOJ%@M be#

kel omd ked > yRx

(ﬂ 'S ‘{\(QV&Q‘\H& \l&\k{ anxa X\‘ﬁt% & g
/\/"\——”""/’“MW

xﬁa Ot Bﬁ% {iﬂg@b«vﬁkﬂc“%
= x4z= (e )+ (YH)- 2y = 24 2L~ 23 - N«‘*"‘Cg\
o 4 l- Y € X

= xR _cdne b ie an
Since RS tefleaie pyeine e ok HARS I
W e " 1

[}u,{ calence M(&h‘@i)ﬂ '

(L) Ix)- 6361% Xty =24 for wome Le2]
“hye - x=14 (et 2Y |
Ve ot 2 egunvalence classts
Lo - K‘“ﬁé% LY is even |
-Eﬂ - ’)3@24 s 040(71
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20. Cousider the following village (the grey lines indicate roads between houses).

2 s s i

(a) Is it possible to take a walk through the village in such a way that you use every
road exactly once? Cite appropriate theorems from graph theory to support your
answer. '

(b) Is it possible for such a walk to start and end at the same house?

(¢) Suppose road number 17 is closed. Can we take a walk using all the remaining roads
exactly once?

(Ox\ Veo 1 Hu giaph G Yok modals Hls Pmctokm
bas o W’«&“{wg @{ Oﬁ(ﬁ( Of”x%wf”\fﬁ. é)wv\c/e, & Qw’«k% an
Eulec dounr
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(“‘6\& Q&.H&f f\?g Laels 0 6\{?% pR | el ,%"'i (,z B §4 | »6
db“}kf{{ 3 | I\J&/‘Ce %ma@x [AS é«\;@\{k (. U nocessonn «é
G © » | |
S‘&( L G oh Larch OJi‘ Mo <o NYX de x ( hon %\
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21. Let f,g : Z — Z be arbitrary functiouns.

(i) Suppose that g o f is one-to-one (injective). Is g then necessarily one-to-one as well? é
Prove or give a counterexample.
' #ﬁ X L0

X
Re By g G 8 e

_ X x‘g 4o

a0 ﬂ | o x=o
/ v X o X<O ak 60{ e Onu—do-one
\foﬁ‘/\ %9,€\)(&\= «{ )H\\x;fj( X3 O H@u{\r{(&z‘\g noA as

(ii) For any subset S C Z, denote as usual f(S) = {f(z):x € S}. (‘\ = % { o\ = |
Prove that for any A, B C Z, we have _ %

fLAUB) = f(A) U f(B).

To proe f (AURN = fAd0 £(B) -

Tole any ye f(kvn;\, Horn aazf(,ﬂ for sone xec AUl
If xeA R Zﬂf(&\é'f(/‘%\\gw 54 xe P  Han

gy e LY Hemee o € fIAN f(eY (
To powe fIAU Y & flaue):

B R e

R

T

/VTNA{ an éé f(A\ U,f (ﬁ?\ Then 56/()(A\ o
o fo(% : 3\{3 g€ ,f(A\ Hon o= j(&a\ for sowe
oxefA1 Gk (\@ gej(fb\,' Hen az f(@\ {afsowa
be o, Fn eibhu 0ast, 3= () for sowe xe AR

w Y€ ;("(A'Ufkﬂ ‘ |
(1 Conolmon ok AU = LAY f(05)



