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1.0 Elastic Theory

1.1 Stress

Stress is an internal resistance of a material and is defined as an average force exerted over an area.
Two types of stresses: normal stress and shear stress arise due to the force acting normal and
parallel to the plane, respectively. Mathematically, stress can be written as:

Fy
= 1.1
o 154 (1.1)

T
- 1.2
t A (1.2)

where:

- o isnormal stress

- tisshear stress

- Fyisnormal force

- Fris tangential force

- Ais cross-sectional area

A double-suffix notation, 7y, is used to define the direction of shear stress acting on a plane. The

first suffix defines the direction of the outward normal of the plane and the second one represents
the direction of the shear stress. It can be shown that:

Txy = Tyxs Tyz = Tzys Txz = Tzx (1.3)
In the 3-D case, the stress matrix [g] can be written as:
Oxx Txy Txz
[o] =Ty Oy Tyz (1.4)
Txz Tyz Ozz

In solid mechanics, strain is a measure of deformation due to the applied load with reference to the
original length. The 3-D normal strain in a solid medium due to an applied load is given by:

ou

Egx = e (1.5)
v

Eyy = @ (1.6)
ow

Ezz = E (1-7)

where &y, &y, and €,, are normal strains in the x, y and z directions, respectively and u, v,
and w are displacements in the x, y, and z directions, respectively.



In addition to normal strain, shear strain, y, due to shear force is given by:

v Jdu

Yxy = YVyx = a + @ = ngy (1.8)
ow 0Jv

]/Zy = YyZ = E + % = Zgyz (19)
ow du

Yz = VYex = E + E = ZSXZ (1-10)

Six independent stress components gy, Gyy, 0z, Txy, Tyz, and 7,5 are needed to describe the load
carried by a 3-D solid at any point. The six independent strain components &yy, &yy, €22, Yxy Vyz Vaxo
which are produced by the load, are used to describe the deformation at any point.

1.2 Equation of Equilibrium

Consider an infinitesimal element Ax X Ay X Az onto which non-uniform stresses are applied at
different faces, as shown in Figure 1.
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Figure 1: An infinitesimal element showing stress distribution.

Y. FE, =0, gives

(0yx + Aoyy)AyAz — oy AyAz + (ryx + ATyx)AXAZ — Aty AxAz + (T4 + AT, ) AxAy
— At AxAy

0 (1.11)

Dividing both sides by AxAyAz and taking the limit as Ax, Ay,and Az goes to zero, (1.11) can be
rewritten as:



004y N 0Tyx N 0T,
dx dy 0z

=0

In the presence of body forces, F,, (1.12) can be rewritten as:

004y N 0Ty N 0T,

FE=0
0x dy o0z °
Similarly for ¥ K, = 0:
0Tyy 00yy 0Ty,
F,=0
0x dy 0z Ty
And for ) F, = 0:
Jt Jdt do.
XZ vz 77 + Fz -0

1.3 Stress-Strain Relationship

In general for a 3-D isotropic solid, the stress-strain relationship can be written as:

1
Exx = E [O’XX - v(ayy + O'ZZ)]

1
Eyy = E [ayy — V(o + O'ZZ)]

1
1o = 02— (ows + o3y)]

E is Young’s modulus and v is Poisson’s ratio

Shear stress is related to the shear strain by:

y _TXy_ y _TyZ_
YOG 276

where shear stress is given by:

)/XZ -

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)
(1.17)

(1.18)

(1.19)

(1.20)



1.4 Vectors and Tensors Notation

In order to represent stresses, strains using tensor notation, it is important to set up the index
notation using Einstein’s summation convention. This notation is used to simplify expressions
involving vectors and tensors operations.

The direction x, y, and z is referred to as 1, 2, and 3, respectively.

A vector ¥ in the index notation can be written as;

ve (1.21)

>
vV=7vi= i%i

1

where {e;, e, €3} are the orthonormal unit vectors in 3-D space

3
=1

Similarly, a tensor in the index notation can be written as:

3 3
T=T;= ZZTHEE; (1.22)
i=1 j=1
where {E{, Z} are unit dyads that represent an ordered pair of coordinate
directions

In Einstein’s summation convention, if the index appears more than once, then the summation is
repeated for each index over the range of the index. The number of free indices determine whether
the index notation is a scalar, a vector, or a tensor. In this method, no free index or rank 0,
represents a scalar, one free index or rank 1, means it is a vector, two free indices or rank 2
represents a tensor, and so on. For the Cartesian co-ordinate system where the summation is
performed in three mutually- orthogonal space, the rank of the tensor n have 3» elements.

For example:

2

U; .
= UV, Tii,a—l,and o Are scalars (no free index, rank 0 = 1 element)
X xiaxi
af .
= €jjk UiV 5 and Tj;v; are vectors (one free index, rank 1 = 3 elements)
i

+1 when any two indices i, j, k are equal
= €k —1whenijk=1230r3210r231

0 otherwise

= UiV, and -—,an
vy axi’ axiaxi

= cjj is a tensor (four free indices, rank 4 = 81 elements)

are tensors (two free indices, rank 2 = 9 element)

Based on the aforementioned conventions, the strain tensor can be written as:

_ 1 aui n au] 123
Sij - 2 ax] axi ( ) )



The stress tensor is given by:

Oxx Txy Txz
Tj ="y O9yy Tyz

Txz Tyz Ozz

The relationship of strain as a function of stress can be written as:

1+v Y
gij = —¢ T — g (T + Toz + T53)65)
Lifi=i
where, 5ij = {0 :f: % ; also known as Kronecker delta

and the stress in terms of strain is given by:

Ti]‘ = A(Sll + 1Y) + S33)6ij + ZGEij

Finally, the equilibrium equations for elasticity can be written as:

oy +F=0
axi -

1.5 Stress at a Point

Transforming the coordinate system by angle 6 and knowing 7y, = Tyy:

04 (AC) + [1yx(BC) cos 6] — 0x(AB) cos 6 + 7,x(AB)sin 6 — g, (BC) sin6 = 0

Divide every term by area AC:

e (3) cos0] = o () 050 + 13 (3) im0 =5 () im0 =0
n + |Tyx (5 ) 08 ox \3c) €08 Tyx \ac) Si0 oy \ac)sind =

where:

BC

AB
AC =sinf and C = cos @ ; areas are constant

(1.24)

(1.25)

(1.26)

(1.27)



[t can be further simplified to:

On + Tyx SIN 6 cos 6 — 0y c0s® O + Tyy cos O sin @ — oy sin* 6 = 0

= 0y — 0x c0s? 8 — gy, sin® 6 + 27, cos 6 sin O

For Mohr’s circle, if the shear stress tends a clockwise (C.W.) rotation, the element is positive.

Using:
5 1 —cos26 2 1+ cos 26 ] ]
sin 9=T; cos G:T;Zsm9+cose=sm29
1 1 )
oy = E(O'X —ay) +§(0X +0y) cos 260 + Tyy sin 6

1
=5 (ox + gy) sin 26 —1y cos 26

Squaring (1) and (2) and adding them:

1

2
—(ox—0y)" + 1

TS=4

Comparing this to the equation of a circle:

yA (=) +(y = b)* =12

(X,y) ...SO:

ﬂ }Y-b r=%(0x_0y)2+7>2<y

—
X-d




Hence the Mohr’s circle:

T Trax
[oy, 7]
[ﬂ'n, T_;']
0 »
o2 gl o
| 1 Tx, -Txy
ﬁ{gj_q- G}')= i(ﬂl + [‘1'2} .JI [ X, I_l]
+
Oave = & 2 = tan2® = 1 =
1 1 . 2 (Gx - Uy)
o-n:E(O'X—O'y)+E(O'X+Uy)C0529+Tnyln0 oo — G2
1 = (== ¢
T :E(UX+UY) sin 20 —14y cos 20 ITmax| ( 2 ) * Ty
. o | = Oy — 0y
_ ox + oy Ox — Oy ) max| = 2
012 = > + \/ (T) + Txy (ox — ay)
tan 265 = —
274y

Principals of Solutions in Solid Mechanics:

i) condition of state equilibrium

ii) stress-strain relationship

iii) condition for compatibility

iv) boundary conditions (BCs)
Methods of Solution

a) engineering (strength of material) approach
- simplifying assumptions related to the geometry of deformation, the state of
distribution of stress/strain across the cross section
- useful in the simple beam bending and torsion problem
b) “exact” - mathematical solution to the governing equations
¢) numerical solution (FEM, BEM)
d) experiments



Compatibility Equation in Terms of Stress

d 0
(Wﬁ'W)(O'X-l-Gy) =0
VZ(oy+0,)=0

True when: E,, K, and T are zero.

Plane strain (g, = 0):

1 0F, OF
2 - _ LI
\Y (0X+0y+EaT)— T (6){ + 6y)
Plane stress (g, = 0):
0F, 0K
2 - _ Xy Y
\Y (0X+ay+EocT)— (1+ V)(ax + 6y>

2.0 Elastic Axis-symmetric Deformations

- axis-symmetric problems in stress analysis occur in numerous practical-pressure vessels,
compound cylinders, turbine/compressor disks, flywheels
- not only geometry has to be similar, loads applied along an axis has to be similar

2.1 Basic Relation
- general transformation of Cartesian to cylindrical polar

X =rcosf
y =rsinf

X2 +y? =12

tan9=X
X
) dr_z dr 0 a_ara+aea
Tax T T 9x _ oxor ' 0x08
A A 0 _0ro 990
Tay - YTy dy _ayor ' dyae
o vy sin 6 J 6(’) sinf 0
dx rz r ax %% or r 06
o x cos 6 J 6+c0590
dy 2 P T r 06



In matrix form:

[i] 9 sin 0
o _ cos - ' Ep
|i| - cos@ 0
layJ sin " 30

- for axis-symmetric, all displacements are f(r) and independent of 8 = r = 0 (pressurized
cylinders and rotating disks)
- shearin .9 = 0 (principle stress) = o, 0g are f(r)

For equilibrium:

doy , 0: o
dr

+F =0

Strain-Displacement Relationship

du
& = —

dr

u 2.2
Se—r

Hooke'’s Law

1

&=z [0, — v(gg + 0,)] + aAT
1

€0 =% [og — v(o + 0,)] + aAT
1

& =% o, — v(or + gg)] + aAT

Plane stress (o, = 0)

(thin rotating disk; open-ended cylinder)

oy = [er + veg(1 + v)aT]

1—v2

Og = [eg + ver (1 + v)aT]

1—v?
Plane strain (g, = 0)
(long cylinders with restrained ends)

o, = v(o, — gg) — EaT

1—v?2 v
& =% [ar —mae] + (1 +v)aT
1—v2

E

\Y
&g = [ae — mar] + (1 +Vv)«a

2.2 Pressurized and Thick-Walled Cylinders

Under pressure loads, the stresses in the cylinder are given by Lamé’s solution:

B
O-r:A_T_Z
0'9:A+r_2

where A and B are found from the given boundary conditions.
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Example 1: Thick-walled open-ended cylinder subject to internal pressure: p = 100 MPa. Find the
maximum stress in the cylinder given:

7; = 25 mm
7, = 50 mm

Boundary conditions:

@r=rmn @r=r,
B B
UF_A—? O'r_A—E
B B
=A—— 0=4A—-———
p (25 mm)? © (50 mm)? @
—p due to compression
@ @ p p
_)
B B B B
—100 MPa = = — 100 MPa =

(50 x 103 m)2 (25 x 10~3 m)? 0.0025m? 6.25 X 10~* m?

100 MPa — (6.25 x 107* m?)B — (0.0025 m?)B
= a= 156 x 10-6 m*
= —156.25N-m? = (—1.88 x 10~* m?)B
=B =8.33x10*N

024 B _833x107* N
B (50 mm)? —4= 25 x 1073 m?
=A=3.33 x107 Pa
8.33x 10* N o = —100 MPa
0 =333 X107 Pa - ———— (e omax
. 8.33 x 104N 0¢@1r =1;=>166.6 MPa
0 = 3.33 X 107 Pa+ ———5——

g @r =1,=66.6 MPa

In general, the boundary conditions are:

B\ . — k2
T:Ti:>0ri:—Pi:>—Pi=A—r7 A=—p‘2p° ,
]13 ( k _)12 ;wherek=?0
Pi — Po)To i
= f— = — - — = A —_ =
r=To= 0, = —Po =~ Do 2 J B=——
For internal pressure ONLY (p, = 0): For external loading ONLY (p; = 0):

2 2 2 2 2
_ b To \ . _ b To _ pik T . _ TPo To
"r—kz_1<1‘r—z>"’e—m(”r—z) “r—m(rz*)'”e—m(l‘rz)
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pPo =10

(oalr

Tl

| =

pi~

S

o=

(oglry

Example: A long, thick-walled cylinder with ends rigidly restrained is embedded in a rigid wall and

subjected to an internal pressure of p;. What is the maximum p allowed to avoid yielding according
to Tresca’s criteria?

(Tresca: =

og + Oy O'y)
2 2/pa,

7,=20%x10"3m 3 1 B

T, =50%x 10" m & = 0= ¢loz —v(or — 0p)]

v=0.33 o, = Vv(op + a&)

E = 60 GPa (g6)r, = 0 =— = 0; uis the displacement
oy = 80 MPa 1 Ty

1. 400; 1 2500 gg =z [og — v(or + )], =0

r2 " r? E

o 1

let: a = (0¢)r; & b = (0g)r,

@Ti: a+Pi _ Pi _PO
at+th 80 2500m~2 + 400 m=2 2500 m~2 + 400 m~2
2 - 2 b+ Po
=
=a+ P, =80MPa(1) 400 m~2 + 400 m—2
@1y a = 0.8125P,
0g = b,0. = —P, P, = 2.3125P,
u,, =0

P, = 25.6 MPa
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b —v[-P,v(b—P,)] =0 P, = 59.2 MPa
\%

a = (6¢);, = 20.8 MPa
b = (6¢)r, > —12.8 MPa

2.3 Rotating Disks and Long, Rotating Cylinders (T=0)

- similar to analysis as in the Lamé’s equation, for pressurized cylinders, except now due to
rotation there is a body force, F;

Plane stress case (i.e. disk):

-4 E _ 3+v 5, A and B are constants for a given
o= 72 g P ¢ geometry and speed (found using
B 1+3v "
oo = A+ o pr2e? boundary conditions)

Example: A thin steel disk with r; = 80 mm, 7, = 380 mm is shrink-fitted onto a rigid shaft. The
radial interference (§ = 0.1 mm). At what speed will the shrink fit loosen?

E = 200 GPa
v=20.3

kg
p=7850—3

When the shrink fit loosens, o, =0 @ r =1

@T=T‘0:>O'(ro)2 =0

@r=mn \
B 3+03 kg
0=A- —( ) 7850—) 0.08 m)?w?
(0.08 m)2 8 m3 ( m)fw* @ A = 488.3w?
@r=r, B = 2.933w?
B 3+0.3 kg
=A— - 7 850—) 0.38 m)?w? J
0=4-%38me2 ( 8 ) n3) 038m)’w* @

u T( )
&g =— == (g9 — Vo,
(5] r E (5] r

8 = (u)rmo - (u)rmi =01m
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og@7r =1,

(0.1 x 1073 m)(200 x 10° Pa) _ B (3 +0.3

kg
- - 2830—2) (0.08 m)Zw?
(0.08 m)? T 008 m)? 8 ) ( m3) (0.08 m)%w

rad
W= 514'6T = w = 4914 RPM

Plane strain (long rotating cylinders)

B 3+v
op=4—-——— prew v
r 8 N
B 1+3v . 1-v
09—A+r—2— g Prw

Example:

Along, solid steel shaft of 200 mm radius is rotating @ 300 RPM with its ends restrained from
longitudinal displacement. Find the total longitudinal force exerted at the ends.

k
E=200GPa, v=0.3, p= 7850—%
m

.03 0.42857
V=o77"
& =0
o, — v(o, — 0g)] + aAT = 0, = v(0, — 0g)

&, =

B = 0 for a solid steel shaft

B 34V s B 1+ 3v* s
oo (T ) (1 )

3+v 14+3v 1+ve
:>v[(A— 3 prw)+(A— 3 prw)]:nrz=v[2A— > prw]

T @71, =200 mm, o =0

_ 2,2 _ 2,2

oy = 2738 prewc = A= prew
3+v L, (14+vE\ L], vpw? X 5
P 5 )T | Pw :>4(1—v) [(3—2v)rg — 2m°]
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F 2T T T[vpa)zro4
a=—:>F=aA:>F=fadA:>f fazrdrd9:>—
A o o 2
: 2
1(0.3) (7 850 %) (300 L x 21:;3‘1 X g’éns) (0.2 m)*
= — F = 5.84 kN

2

2.4 Thermal Stresses in Thick-Walled Cylinder and Disks
In linear-elastic analysis, the effects of mechanical and thermal loads can be treated separately and
then added together after the components are subjected to both types of loading superposition).

- consider thermal loading ONLY

Fourier’ law of heat conduction:

_ de
Q=-2mr dr

where:
@ = heat flow per unit axial length in the radial direction

k = thermal conductivity coefficient

dT_ 7] c
rdr_ 21tk:> 1

dr
de = fTC1:>T = CllnT+C2
where C; and C; are constants
B. Cs.

Lo @r=nrn=T=T,
@r=1r,=>T=T,

TO_Ti r
T=Ti+ Ty In—




2.4.1 Plane stress
- thin disks (externally cooled and heated)

£r=g—7:; Ep=
[er + veg(1 + V)aT] —— o, =

=R

L B e Y v var
T2 1—v2h; vy« ”a]

Og =

=g 0=, E [u du
1—v2lr dr

12 [eg + ver (1 + v)aT] = gg=——|—-+v—-_~1 +v)ocT]
-V

Using equilibrium (F; = 0):

do, o, —o0p
=0

dr 7

171d

B dr
E [;E(ur)] = (1 + V)O(a

Double integral:

T

af Tr dr
-

1

Cz 1+v
u=C1r+7+

C; and C, are constants of integration

Substitute u in o} and gg:

B E (7
ar=A—r—2—ar—2J Tr dr
Ti

B E (7
09=A+—2+a—zj Tr dr — EaT
r re ).

Free-free edge

B. Cs. For solid disk:

Io @r=1=>0,=0 B=0
@r=1r,=>0.,=0

aE ("o
oF To A=—| Trdr
A=—-— j Tr dr To" Jo
o 1 Yrj
' aEr? [To
B = f Trdr
i

12 —1?

where A and B are from boundary conditions

15
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Steady-state temperature disk:

ITT 4T <r2 — rf) N Ty, —T; [rzl (r) (rz — rf)]
Trar = —Inl—)——
. o2 In (r_o) 2 \n 4

L8

2.4.2 Plane strain

- long cylinder with ends restrained

o, = V(o — gg) — EaT

let:
* E * v *
E =Ty V=15 ¢ =a(l+v)
so:
1
Er E [O'r V*O'e] + a'T
1
o g[ae — Vo] + a'T

Stresses due to thermal loading in a cylinder with steady state temperature distribution

To Ink 2 where:
gy = CO [—ln(?) _k2 — 1(1 _T_Z

. . . T
k is the radius ratio, T—O

1

B To Ink 2
%0 = Co [1—ln (?)_kz - 1(1+r_2 _ E’a,(Ti_To)_ , ,{Ea:>plane stress
o~ 2Ink ’ E*a*= plane strain

oaEAT
21 —-v)Ink

v—Zln(:—o)—Zvﬁ

0, = plane strain: o, = e



Op

A

- use the largest and smallest ¢ for failure criterion

Example: A long, thick-walled steel tube with radius r; = 25 mm and 7, = 50 mm is used to

or

transport a hot, pressurized fluid @ P = 10 MPa and T; = 250 °C. The outer circumference is
maintained @ T,, = 50 °C. Find stresses at the inner and outer radius of the cylinder. Check if
yielding has occurred using Tresca’s criterion.

E=200 GPa,v=0.3,a =11 x107° %, gy = 450 MPa

Pressure Loads

v
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1

1 A o,

— = 1600 6 L o

T positive

a

1

— = 400 b i 1

To 7,.02 r-2
A 4 1
1 1
— 2 - P
T T negative

Using similar triangles:

a _ b

1600+400  400+400  1600—400

o, = v(o, + 0g) = 0.3(0 MPa + 6.67 MPa) = g, = 2 MPa

a= (dg),, = 16.67 MPa

b= (Ue)ro = 6.67 MPa
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Thermal Loads

E
_E'a’(T, - T)) (—1 — Vz) (a1 +W))(T, —T})
T T ok 2Ink

200 x 10° Pa 1 O
(W) <(11 x 1078 5c) (1 + 0.3)) (200 °C)

21n (g—g)

= = €y = 453.42 MPa

@T:Til

= (O-r)l‘i = 0

To Ink 2 In2
0'9:C0 1—ln(?)—k2_1 1+T_2 :>(45342MPa)[l—an—m(1+4)]

= (09)y, = —389.68 MPa

B oaEAT 21 (ro) ) Ink
%= 2 —wmkl' " " G) TV
(11 X 10-6%) (200 x 10° Pa)(200 °C) 50 In (i—g)
— 3—2In (g) - 2(0.3)0—2

2(1-10.3)In (50)

% (35) -1

— 0, = —555.4 MPa

@r=r,

= (ar)ro =0

To Ink 2 In2
oo = Cy 1—1n(?)—k2 —(1+3)|= (45342 MPa) [l—lnl—m(1+ 1)
= (0g)r, = —243.1 MPa

=0, =73.2MPa

YIELDING?
@r=r;

(6,)t = —555.4 MPa + 2 MPa= (0,); = —553.4 MPa



(0'1 — 0y < _y

2 -2

Trescal %2 % < &

2 2

Lal — 03 < &

2 2

(az)temp - (Ur)pressure < & — 553.4—-10 < 450
2 2 2 2

= 271.27 MPa > 225 MPa

YIELDING OCCURS!

2.4.3 Other End Conditions due to Thermal Loads

OPEN Fdf

CLOSED

NN
NN

M

7, —

- radial and hoop stress can be found using previous equations for plane strain
- axial stress, g,, from the ends

a) resultant axial force is zero

To
f g, 2mrdr =0
.

i
b) &, = const. (axi — symmetric)

To To (1
f g, 2mr dr :>f {E o, — v(o, + gg)] + O(AT} 2mr dr
Ti T

_2a 1 (7o
SZ:m?J;. Trdr

_ b 21fTOTdT fi— [1 21n (%) - Zlk]
ET ke 1), T =0, =E 2(1—v)1nk o) Tk

19
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3.0 Stress Functions

Direct or exact solutions to the governing equations of elasticity are not usually possible for most
practical problems

Airy’s Stress Function

In order to solve the compatibility equations for stress, Airy suggested that the elasticity be
formulated in terms of one mathematical function ¢(x, y) called the stress function.

Airy’s stress function ¢ (x, y) is related to stress as:

0% %¢ 0%
Oy = a—yz; o'y = W; ‘[Xy = _axay (31)

Consider zero body forces and zero temperature change.

The compatibility equation for stress is given by:

2 2

d
VZ(oy+0,)=0= (

I + a—yz> (O’X + O'y) =0 (3.2)

Substitute (3.1)- (3.2)

0% % 9%
2 2(V2p) = 3.3
Tt + Laazey gyt = VA TR0) = 0 (33)

Bi-Harmonic Function

Solution (3.3) V*¢ = 0 must satisfy the boundary condition.

Since (3.2) holds true for both plane stress and plain strain, so doe (3.3).
Solving ¢ - stress — strain — displacement.
For many problems, the form of the stress function is specified in advance semi-inverse
method)
In cases were specifying a stress function in advance is less obvious, the conformal mapping
technique is used.

- @ using two complex analytic functions.

3.1 Solution by Polynomial

A solution to (3.3) using polynomials are used for rectangular bodies.

a)

Second degree polynomial



_a
P2 =7

2x2 + b2y+C2—2y2;

O-X = _ayz = Cz
2%¢
where: constants Oy == =
%¢
T - -b
Xy oxdy 2

— — —> —> —
' ' ' I I
O'y =a,
if b, = 0; biaxial tension
a, = b, = 0; uniaxial tension
a, = ¢, = 0; pure shear
b) Third order polynomial
_3 3 @ 2,63 2 E 3
P, = 6x +2xy+2xy +6y

— Satisfies (3.3)

0%¢

0X=a—yzz>ch+d3y
0%
ayzﬁ = c3x + b3y
%
Tyy = — 9xdy = —b3x —c3y
ifa3=0; b3:0, C3=0
oy = dzy
0y = Tyy = 0 (simple bending)
< oy

A /

RN
A 4

21



+h

A
<

ifaz =0; c3=0;d3 =0
oy = b3y

oy, =0

Tyy = —bsx

Method (i)
Assuming:
Oy Xy
ox X x (-BM)

0?9  dp cixy?
e T g + f1(x)

1
= gclxy3 +yfi(x) + f2(x)

Vip =0
*fi(x)  0*fr(x) —0
ox* ox*
0*f, (x
y ;;E, ) =0 ; f1(x)=cx3 +c3x% +cux +cs
0*f, (x
;;g ) =0 ; fo(x) =cex®+cpx? 4 cgx +cq

1
@ ==c1xy3 + Y(cx3 + c3x? 4+ cux + ¢5) + cox3 + c7x% + cgx + ¢

6

2

%
oy = Iz =6[(2y + cg)x + 2(c3y + c4)]

%¢ 1
Tyy = 5%3y = — Ecly2 —3c,x% = 2c3x — ¢y

v



BGCs
for all o,=0@t h
orall x Ty =0@= h

C5,C3,Cq,and cy are all zero

€y =— % c1h?
1
Txy —§C1(y2 — h?)
) 4th order polynomial
ay by 3

"=mmt TmE T2

e, = —(2¢c4 + a,) = satisfies equation (3.3)
0%p, b, 3 d,
= = 32y2 44
Ox 32 :>6 + xy+ y + (4)(3)
= cyx? + dyxy — (2¢4 + ay)y?
0%,
oy = 32z = ayx? + byxy + cyy?
0%¢ 4 dy
Ty =~ 3xay = —?xz — 2¢4xy —73/2
Take all of the coefficients except d, to be zero.
dy
oy =dyxy, oy =0, Ty = —7312

= gy varies linearly in x and y direction
= @y = th, 1y is uniform

= along the transverse direction, 7y, y?

4 X + S
32" T@E)”

23
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(3.9)



Example
< L >
Zh P x;
—>
; 1y
|74
m B,
h h 1
P= f Tyyt dy + f —c t(y? —h?) dy
~h —n2
3P p
“= " =T
—P My
o= exy= ()=
—P
ry = (57) 42 = 99
Method (iii)

Superposition: ¢, and ¢, with

Q,, C5, A4, by, ¢y, and e, all equal zero

24
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Tyy=0@=xh
2b,

dy = ——
4 hy

2
Txy = _b2 (1 -Y /hZ)

3P  Ph?

h h 2
szr wy:f b(pj/ ﬁy:bz———:
Xy nl h? 27 4ht T 21

—h

Pxy

3.2 Stress Concentrations

Stress concentrations refer to stresses which have higher than normal stresses
- Yielding, fatigue, fracture, etc.
These arise from loading discontinuities or geometrical discontinuities.
Loading Discontinuity
- Loading through a knife edge, point, ball bearing or roller bearings, or gear teeth

Geometry Discontinuity

- holes, notches, change in cross-section
- more pronounced in brittle material than in ductile

- find stress concentrations using analytical, numerical, or experimental methods
- often, it is more convenient to use polar coordinates

3.2.1 Use of Polar Coordinates

Vip =V?/V2p =0

V2= a° n 5_2 rectangular
ox?  dy?

g 10 1 02
Vi=—+-—+ (3.12)

coordinates

ar2  ror 12062

0%¢ 10%p 1d¢
Oy = (Gx)azo = a_yz - <T_2W ;E) (3.13)



%9 0%
(Gy)e 0 9x2 _ orz

B 9% 0
fro = (TXY)9=0 ~ \ " axay oo _§<__

For axis symmetry, ¢ is independent of angle 8 and equation (3.3) reduces to:

92 10\ (0% 10
Vz(p=<—+ )(—(p+ (p):>0 Euler Equation

or?2 ror)\or? ra

Equation (3.13) can be reduced to:

19¢p 0%¢

ror 70T a2’

=0
ror’ tre

Or =

General solution of (3.14)

o.=cInr+crilnr+ c3r? + ¢,
where ¢, to c, are constants

c
Or =é+cz(1+21nr) + 2¢3

c
Oy = —r—;+02(3+21nx)+2c3

Trg = 0
If there are no holes, c; and ¢, are zero.

3.2.2 Stresses due to Concentration Loads

- pointload (mathematic abstraction)
- in practice, “point” loads are always applied at a small area
- analytical solutions therefore are NOT valid at the point

Example
Comparison of a wedge (unit thickness)
— indenter
@ = cPrfsinf 4

- satisfies (3.3)

_1op 1% 1
T or Trzogzr = 7o o8

26
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(3.15)

(3.16)

(3.17)



_d%

T or?
19d¢p 1%

T 0= "3%3, "= =0
r200 1rd0or

Og =0

a 2

a cos“ 6
P—ZI Urcoserd9=0:P=—2] 2cP
0 0

rd@ | 4c f

0

cos260 +1
COSZQ:T c =

_ —2P cos @
" 2a+sin2a r

Oy

gg=0, 7, =0
Special Case where a = g

Flamant Problem

- point or line load on semi-infinite solid

—2Pcos@
TRy

O'9=0, Tre=0

P

- (5

_-2p
T ond

Oy

constant for a given d at all points on the circle

(b) Bending of a wedge:

*cos20 +1

27

dg = -1
2

1
2a + sin 2«a

(3.19)

(3.20)

r =dcos@

(3.21)
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A
y
r a
A 4=
7\ X
F a

@ =afFr (g - 9) sin (g - 9) = aFrf,sinf,

_ —2Fcosb, —2F cos 0,
" r(2a — sin 2a) = r(2a — sin 2a)

Or
0g = Trp =0

Oy =

21 Pycosf 4 P;sinf ]
trl2a +sin2a 2a —sin2a

Example:

An orthogonal cutting tool has a rake angle of 20°, clearance angle of 10°, and width of cut of 4 mm.
The horizontal and vertical loads are P, = 1.5 kN, Py = 2.5 kN. Find the minimum tool nose radius of
oy < 900 MPa.

ul
o
,\Ol
\ 4
\_/
=
o
o
/q

Mitchell’s Solution
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gy =

2 P, cos @ P, sin @ ]

- +

(w)r12a +sin2a  2a — sin2a
P, = B, cos50° + B, cos 40° = 5.75 kN
P, = B, sin40° + P sin 50° = 0.916 kN

T
a=0=30°=—

6
2 |(5.75 x 103) cos 30° N 0.916 X 103) sin 30°
4r % + sin 60° % — sin 60°

=900 MPa

r=2.85mm;  =rtan30° = r; = 1.65 mm

3.2.3 Stress Concentrations around a Small Circular Hole (Kirsh Solution)

2 4
_9% (T _ 2 % (o2 2 b
o(r,0) = > <2 b lnr>+ 2 <2b L cos 26

2
%¢p o, b? o b*
0'9=W:>7<1+r—2>+ 7<—1—3r—4>C0529 (323)
0 (10¢ o bz _b*\ .
Trg = —§<;%) = 7<—1 — 2T_2+ 3T—4>51n29

Points A and B have maximum stress:

10%p 109 o, b%\ o, b?  b*
Gr=r_zﬁ+;§:>7 1_1"_2 +—= 1_4r_2+3r_4 cos 26

3m
"2
C:0rad
D:mrad
Putting g and 3711 into equation (3.23) forog atb =,

N3

09 = 309 = 0
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Stress concentration: == 3

0o

@6 =0andm:
0g = 0y = —0, (compressive)

@r>10b

2 4
0o b b
=—(2 4+ — —
(O'e)g’ 3711: > < +T'2 +3T4 ) =0y

Result is valid for finite width plate w > 10b.

4.0 Shock and Impact Loading

- When forces or displacements are applied suddenly to structural members, the stress levels
and deformation are often much higher than those that occur by the same forces or
displacements applied gradually

- Rapidly moving loads: (train crossing a bridge, drop of a forge hammer, sudden loads
produced during combustion in the power stroke of an internal combustion engine,
collision, acceleration, etc.)

- Impact shock load when

tapplied < ET

time of highest natural frequency of the structure

tapplied <T

- Quasi-static:

t dZ3T

applie

4.1 Stress and Displacement in an Elastic Axial Bar

72

. . W (striking mass)

circular x — section 4, F

21 E -

pan
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mass of the pan and the bar is small compared to the striking mass (W)

- y#ELQO
- Linear elastic
- NO energy lost

4 strain energy

Energy balance:
external work = stored strain energy of the bar

1.
Wh+y)= > ¥; (" denotes maximum)

5 =E¢ Ey—” oL
G=EE=ET=y=>—
F=6A
W(h 6L)_1A oL
TE)T2E
AL , (WL)A Wh = 0
2E° E)° - (4.1)
5=—1+ 2hE4 4.2
= WL (4.2)

A = impact factor

w 2hEA
+— (4.3)

~ 2hEA
F=W|1+ 1+W (4_4)

F is the effective dynamic fore due to impact.

WL
Vstatic = E
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Impact, A

(4.5)
A=1+ |1+

A=1+ |1+ 2hEA
B WL
, 2h

Ystatic

If the load is applied suddenly even at h=0;

22w
0= 7 = 2(Omax)static

F= 2(Fmax)static

Y = 2(Vmax)static

& can be reduced by increasing L or A and decreasing

F

Ostatic = Z

Applications:

wood is used as railway track

long bolts used to attach ends of the pneumatic cylinder of jack hammers
if the bar has a weight of q per unit length, the impact factor, A can be modified to:

2hEA 1

WL qL

A=1+ |1+

(4.7)

Analysis is similar for cases involving impact of moving loads.

(KE) moving load = Ustructure

Example (a)
Find the max stress in a steel rod.

)] with washer
(i) without washer



rubber washer:

A N
k=9—
mm
@ =15mm
10ke E = 200 GPa
1.5m
h
bb h
‘L ¢ rubber washer
16 mm?E
i) with washer

W 2h
o=—|1+ |1+
A Vstatic

T T
A= ZQ)Z = 2(15 mm)? = 177 mm?

m
W = (10 kg) (9.815—2) —98.1N

WL w (98.1 N)(1 500 mm) (98.1N)
Vstatic = AE + * = ) Y + N = Ystatic = 10.9 mm
(177 mm2) (200 x 10 mmz) —
without washer with washer
. 981N L 2a000mm)
7= 177 mm? 10.9 mm —0=9 a
ii) without washer
. 981N 2(1 000 mm) - 385 MP
%= 177 mm? 4157 x 103 mm| ° a
Example (b)

Find the max h allowed to avoid yielding.

33



Il w=60N
b=25mm  [=879x 10”7 m* h“
— E =207 GPa v
d=75 m”I g, = 207 MPa
4 i ) 1.5m ™N
Equating external energy = stored strain energy:
. . PL3 _
W(h + V); V =— = P = dynamic load
3EI
d A~
. My _ PLY, ol
g = T —> 0 = i P d
L /2
. < 61 ) L3
L d/Z 3EI

Stored strain energy:

2
1 (tm? 1 (L (Px)? P?L? 61 L3
U=—- —dx:>U=—j dx = =U=
0

2), EI 2), EI 6EI L4/, 6EI
PE=U
wlne oV \__én
d - 2
3(4/,)E 6(%/,)'E
co (4 B70X10°Pa)(L5M)? 1\ _ (270 x 10° Pa)*(879 x 1077 m*)(1.5 m)
= 3(0.0375 m)(207 x 10° Pa) ) 6(0.0375 m)2(207 x 10° Pa)

h=0.891m

34



Example (c)

<
I
[EnN
N
~
aQ

—>
=

E = 8 GPa (WOOD)
A [ =1.5625x% 1075 m*

| L=15m

i

aQ

™

77

A

&
<«

()
(i)

PE=U

L

L

A 4

max h allowed if max deflection is limited to 38 mm
amount of energy absorbed by each beam

PE = W(h + 8pax)

FBD
(i)
Beam B
s _RL _ 853EI
BT3g N T T3

Beam A

le

_(0.038m)3(8 x 10° Pa)(1.5625 x 1075 m*)

o e

RIII

=R =422.2N

(1.5 m)3

35
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5. — w'L*  (P-R)(2L)3 _ 8A6EI N
AT a8El —  48El I3
(0.038 m)6(8 x 10° Pa)(1.5625 x 10~° m*)
P = +422.2N
(1.5m)3
P=1266.7N
2h P 1266.7 N
A=1+ |1+ >A=— > ———=— = A=10.76
Ystatic w 12 kg (9.81 5_2)
h=166.4 mm
5 Smax  0.038m
static A 10.76
PE=U
1
W(h + 6pax) = ZP(S; h =166.4 mm
(i)

1 1

1 1
Up =5 P'8'=5R6=Up =8.02]



Superposition can be used to obtain the deflection.

Yo P 540,b

»

tan gb = gb

II.

~
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4.2 Effects of Geometry

A B
A A
L arrrrrrrrrrEs| A, = 24,
@ Ay stress 3 v
concentrations *
are neglected L 7D Ay
for beam B 3 v
A
L A
_ N AT AT AT AT
3 2
A\ 4 \ /4
1.
Uy ==P6
P=6A6=¢L6=Ese
U—162AL U 162AL+2 162AL
T 2E B™2F "3 2E %3
U 157 AL 2 T
A 2 E 1 UB §UA 2A1

To design or maximum resistance to impact load:

use alow £

increase length, L

distribute the stress as uniformly as possible
avoid stress concentrations

4.3 Stress Wave Propagation under Impact Loading

The above provides a quick solution estimate of maximum stress and deflection under impact
loading. Exact consideration involves the motion of stress waves traveling within the structures.

Consider the 1-D problem:

A
\4

P, imp

Fl

(wave velocity)
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At the instant of impact of the free end, a very thin segment of the bar directly under the load is set
into motion. The rest of the bar, remote from the load, P, remains undisturbed for a small, finite
length of time. The deformation due to P propagates along the bar with time in a form of an elastic
deformation: stress wave. If L is large, time required for the wave propagation becomes significant
and must be considered.

Two different types of stress waves:

P> —>
P —> P, $ $
— >
Longitudinal Wave Transverse Wave
Particle motion in the x-direction Shear wave (s-wave)
Pressure wave (Pyaye) Particle motion in the y-direction
Velocity (ct)
F =ma m=pV
F =0A m = pAdx
g d?u
= Ee a=—
? dt?
du £a du Ad d?u
E = — _— X —
dx dx P
F—EAdu Ed’u d*u
T dx pdx?2  dt2
,  d*u N d*u
a2 " ae
1-D wave equation
cL = \/%: velocity of longitudinal wave
Cg = \/g: velocity of transverse wave
e.g.
steel: ¢, = 207107 —5135=
7 850 s
copper: ¢g = 1280(:01009 =3 672?



Verify that f (x £ ct) is a solution of equation (4.8)
where;

+ is the negative x direction
— is the positive x direction

u(x,t) = filx —ct) + fo(x + ct)
u = Asin (ZTH) (x F ct)

ul —_ Aiei(wt—kix,-)

k: wave number
wave

w: angular frequency

Stress Waves at Fixed and Free Ends
@ fixed end
Waves are reflected and unchanged i.e. compressive stays compressive
@ free end
Waves are reflected with same amplitude but opposite in sign.
compressive — tensile
tensile - compressive

2-D (longitudinal and shear)

net tensile strength exceeds rupture stress

Y q -

% scab

/- explosive internal pressure

Fracture occurs at the thickest section as compared to thin section in static loading.

40
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In real materials, there is a phase difference between the stress and strain due to hysteresis or
internal friction damping (energy losses).

Stress level decays with distance.

4.4 Changes in Material Properties under Impact Loading

o /rap\id loading

static loading

(/7:5w

kip < kqic

30% less

10 20 30 m loading speed
s
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5.0 Elasto-Plastic Analysis

Yield Criteria

Tresca:
01 — 0y _ O-y
2 2
0, — O3 _ O'y
2 2 (5.1)
0-1 - 0-3 _ O’y
2 2
Von Mises
1 1
—[(01 = 02)* + (02 — 03)* + (01 — 03)?]2 = g, (5.2a)
V2
In 2D
1
(0f + 05 — 010,)2 = gy, (5.2b)

When the equivalent stress in parts of a component exceeds the yield stress of the material, elasto-
plastic deformation occurs. Elasto-plastic analysis results in an analytical solution and is only
possible for relatively few types of problems with simple geometry and idealized stress-strain
behaviour (i.e. bending, torsion, axis-symmetric problems.)

General Stress-Strain Curve:
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(a) elastic-perfectly plastic

(b) elastic-linear plastic/hardening

"\

0, = 2(A+ Be" 1)

***NOT COVERED IN THIS COURSE
(¢) non-linear

Permanent set occurs when the component
is loaded beyond its yield point. When the
load is removed there are residual stress.
These can be both beneficial and harmful.

N
loadin
"""" 1
i
!
!
/
| 4
I’ unloading
I
!
!
1
L
<> £
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5.1 Beam Bending

Consider (a) and (b):
increasing load
e - v h
N y 9y
—>
Iyp plastic hinge
d
y A )
V |
h Uy
V. A o
(i) onset of (ii) elasto-plastic  (iii) fully plastic
yielding deformation
M ol
o= = =>M=—
I
Elasto-plastic bending moment:
oyb(d — 2h)?
Mep = Mg + My, = B — + aybh(d — h)
\ Y ) Y J
elastic plastic
a,bd? h h
o = [1+25(1-)] (552)

ayb
Mep == [3d2 — 4@\ (5.3b)
distance from neutral axis

Fully plastic:

My
zp(shape factor) = — = 1.5
My

The shape factor five a measure of the increase in strength-carrying capacity available beyond the
elastic limit.
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Removal of loads after elasto-plastic deformation:

o
M,
o, >—o
y 1
!
!
p ~Mer
I}
I}
I}
,' no net moment
! (
¢
<> &

p

- equivalent to superposition of a linear-elastic unloading stress distribution over the initial
stress distribution

- unloading stress distribution must be done to a moment of equal magnitude but opposite in
direction of the applied load

Y A

A &
—Me
B <« B
6
c v SN
h 9 T
P 1‘ D : *kok
not to scale

Subtract unloading from loading stress distribution to find residual stress distribution:

Example: Rectangular section beam loaded beyond elastic limit; yielding of half the cross section.
Find the residual stress distribution when the load is removed.

Yo 7.5 mm

7.5 mm

Elastic-perfectly plastic; oy = 600 MPa; b = 10 mm; d = 30 mm



B oybd? h h (600 x 10%)(10 x 1073)(30 x 1073)?
=g [1+ZE(1_E)]: 6

=M., =1237.5N"m

Elastic stresses due to Me,:

d
d _Mepj
y:EZ>O'— i = o0 = —825.0 MPa
Y =DXYo
d
_MepZ
o= = 0 =-—412.5 MPa

Residual stress distribution:

A: oy = —825.0 + 600 = — 225 MPa
B: oy = —412.5 + 600 = 187.5 MPa
C:oy = 412.5-600= —187.5 MPa
D: oy = 825.— 600 = 225 MPa

y y

A A =600 A:_zzsi
B = 600

73 =1875
oy (MPa)
é
: C=-1875

-M, § D =225

C=-600
D = -600

Springback refers to the elastic recovery of the plastically deformed structure when the loads are

removed.

e.g.

———

----------- 4|—>\ ;—I@@ev
springback ‘
6[: = 6ep - 66

- strain: e = %; R (radius of curvature)

[1+2

1

4

(

1—-—
4

i)

46
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Yp Oy } . .
y = — ==t still elastic up to
A A y E R..O
R, = Jp —y = epQy
P a p E
y

lyp e
%‘

Substituting y,,back into equation (5.3b):

oyb Rop 0\ 2
Mep = 1y—2 [de —4 (%) ] (5.4)

For elastic bending:

El bd®E

R, 12 R,

(5.5)

R?=12+ (R - 6)?

s Since § is small compared to R and L, neglect the
52 term.
R-§6 LZ
Y L?~2R6 =6 =—
2R
8t = 8ep — Ge
L? L? L?
- = - = t
2R 2R, 2R.’ R (curvature)
111Rep1Rep} f springback; when ~%2 = 0 lete springback
— =——— =>—— = 1———tmeasure of springback; when —— = U = complete springbac
Rf Rep Re Rf Re Re

Since elastic loading after elastic-plastic deformation:

|Me| = |Mep|
o
Mep
Gy ------- > I,
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bd3E oyb [3d2 4 (Repgy>2]
E

12R, 12
Rep Repoy Repoy)’ (5.7)
—=1-3 + 4[
R¢ [ Ed ] Ed
Rep _ (Repay 1) (ZRepUy)2
R¢ Ed Ed
In the fully plastic case:
bd?
Mp =70
b Cd
A~ 9y
d
h=3
d
d &
; '~
y o,
Elastic recovery:
IMeI = |Mep|
El  bd?
R, 4 Y
2
& _ 1-bd*oyR,
R¢ 4E]
. bd?®
USll’lgl = ?
R 30,R
P y7p
L_q_ 5.8
R¢ Ed (5:8)

Example: Determine the tool radius required to produce a final bend radius of 50 mm in a steel
strip 20 mm wide and 2 mm thick. What is the required moment? Assume fully plastic deformation
and against the assumptions.

oy, = 300 MPa; E = 200 GPa
30pr

R =~ Ed
3(300 x 10° Pa)R,

R, = 1073 1-—
p = (50 X107 m) 1 = o 109 Pay(2 x 102 m)

:>Rp =44.9 mm
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bd? (20x 1073 m)(2 x 1073 m)? .
Mp:Tay:> 1 (300 x 10 Pa):>Mp=6N-m
Check the elastic case:

Yo Oy _ OyRep (300 x 10° Pa)(44.9 x 107> m)
E 200 x 10° Pa

= ¥p = 0.067 mm

Since y, is small, the assumption is correct.

Deflection
To find the deflection, use moment-curvature relationship as in the elastic case.
9%v

M
I 0x?

_E M = —EI
_R:> =

The relationship between R, and M, is more complicated, integration has to be separated
between the region that is plastically deformed and the region that is still elastic.

5.1.2 Elastic-Linear Strain Hardening

In
o y
Ogf-""= . O
4—tan" ' E > S
Oy : %
0,: stresses at
o
the outer are max Y <
@
=
\tam_1 E
&o <
In the elastic range:
Iyl < |yl
_ y
Og = Oy — (5.93)
Yp

In the plastic region:
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Y=
op =0y + (00 — ay) y P (5.9p)
27 Yp
Using the stress-strain plot:
o,
y
(00— ay) = (80 - E) Ep
d
_)
EO
Rep
o
;’_p:_, wheny =y,
ep
d
. (7) %
o Ey
p
[(d (5.10a)
E 2
(00 ay) = Epay Q -1 for
i Yp ly| > |yp|
E (v —
op = oy + Ep ay %] (5.10b)
Elastic-Plastic Bending Moment
% Yp %
Mep =.[ obydy =2 J;) aebydy+f o, by dy
0 Yp

o,bd’
=12

E y
[(3 c?) + °F (2—-3c+c )] ; where ¢ d/z

when EEp = 0 = elastic-perfectly plastic case (5.3b)

...................
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For residual stress calculations, similar to the elastic-perfectly plastic case, assume elastic
unloading due to applied —Meg,,.

- Superimpose elastic stress distribution due to —Mg, to that due to loading by M,

Springback occurs when unloading from elasto-plastic deformation due to Me,:

|Me| = |Mep|
1 12Mg,
R. bd3E
Moment to initiate yielding:
bd?
My = —=ay
1 20y Mg
Re Ed M,
1 oyf1
Re E yp
1 1 1
Rf Rep Re
1 oy 20y (Mg
Ry Ey Ed \ My
1 Z20,(1 M y
—=—J(=-_P); wherec=~
R Ed \c My d/2 (5.13)

Example: A beam of rectangular cross-section (b = 25 mm, d = 40 mm) is loaded gradually so that
the plastic zone spreads inwards from the outer fibers. Fine the values of the bending moment that

cause:
a) yielding initiation
b) yielding up to a depth of 10 mm from the outer fibers

¢) What s the final radius of curvature of the beam upon unloading?
o, = 250 MPa

E = 200 GPa
E, = 10 GPa (linear strain — hardening material)

lemm N

10 mm
=10 mm
40 mm »




bd? (25 x 1073 m)(40 x 1073 m)?2
=

M, = =% c (250 x 10° Pa) = My = 1.667 KN - m
b)
_ oybd? oo Epo 3
ST B3-c )+CE(2 3c+c?)
10
Cc = ;—p % =0.5
/2
_ (250 x 10° Pa) (25 x 107> m)(40 X 107> m)? [(3 0.5%) + 0 (2—3(05)+ 0 53)]
e 12 ' 0.5(250) (0.5) +0.
M, =2.8125kN-m
)

i_ﬂ<l_%> _ 2(250 x 10° Pa) [i_2.8125]
Re Ed \c M, (200 x 10° Pa)(40 x 103 m) [0.5  1.667
L 00195 m

Ry
R;=51.2m

E
Perfectly plastic: Ep =0

Mep=2.2KkN'm
R¢=25.6m

5.2 Thick-Walled Cylinders under Internal Pressure

Assume:
i) elastic-perfectly plastic

ii) Tresca’s maximum shear stress yield
criterion
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2 2
D w\ D 5\, _To
“r—kz_1<1‘r—z)'“e—kz—_1<1+rz>"‘—ri

In a thick-walled cylinder under internal pressure:
09 > 0, > Oy

oo o b (@
- 2 Dzjkz_l r2 (5.15)

Yielding will occur first at the bore, where r = n;

P pi — k? N 9y
k?—1 2
®) _e-d
Pasc =2 5:16)

- consider partial yielding in the cylinder
to a depth equivalent to a radius ratio if
n (i.e. yieldingatr = rj tor = nry)

S~

elastic zone

Let the radial pressure at r = nr; to be equal to B,

- consider the elastic zone

. . To __ E
substitute for k the quantity e
. P, K\’ oy
FT R (1_1) 2
) -1
n
ay (k2 - nz)
hh=——"—75— 5.17
n 22 (517)
Consider the plastic zone equilibrium equation:
do,
r +0,—0g=0

dr
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In the plastic zone:

Tt T2
do, dr
rW+ay= 0 = do; =0y
Integrating
oy =0ylnr+C
Boundary condition atr = nr; = 0. = —p,,
—0y (k2 — nz)
C= —Dn — O'y ln(nri) =C= T - O-y ln(nri)
r (k? —n?)
Oy = O'y In (n—rl) - 2—k2 (5.183)
0g— 0 O
%:%DO’G :0y+0r
r (k? +n?)
0g = 0y |In (n_rl) T T o (5.18b)
whenr=n=0,=—p
From (5.18a)
(k? —n?)
p = oy In(n) + oz (5.19)

p is the pressure required to cause yielding to the radial depth nr; so when n = k, complete
yielding throughout the cylinder is present.

p=p. =oylnk (5.20)
pc: collapse pressure

At the collapse pressure:
T
(01)p, = 0y ln <7‘_o)
T
@)y, = oy |1+In ()|

(0]

(5.21)



The stress distribution:

a) onsetofyielding at the bore

b) elastic-plastic cylinder

o
pk? +1
1/ kZ—1
R
&
2p
k?—1
Oy
A,
-p
elastic plastic

elastic — plastic interface
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c) fully plastic cylinder

Og

Example: elastic-fully plastic, k = 2,p = —o,
a) elastic breakdown pressure

b) the pressure to cause yielding up to 50% across its
thickness, and the corresponding stresses o, and og at the
elastic-plastic interface

c) the collapse pressure and the corresponding hoop
stresses at the bore

k% —1 4-1

Peb =3 Oy = 2@ (250 MPa) = pep = 93.75 MPa

b) p

(k2 = n?)
p = oy |In(n) + T ‘n=1.5

(22 — 1.5%)

Wl =p =156.1MPa

p = (250 MPa) Iln(l.S) +
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At the interface:
(k? —n?)
Pn = Oy oz ;n=1.5
(2?2 — 1.5%)
Pn = (250 MPa) W = Pn = 54.7 MPa
(Gr)nzl.S =—p,=- 54.7 MPa
(09)n=15 = 0y + 0, = 250 — 54.7 = 195.3 MPa
C) Pc

p. = oyInk = (250 MPa)In2 = 173.2 MPa
gy = 0, + 0, =250 — 173.2 = 76.7 MPa

5.2.1 Residual Stresses in Internally Pressurized Cylinders

Compounding cylinders is one way to obtain favourable pre-stresses before they are put into
service. This is a more effective use of material. An even more effective use of material, while
achieving the same goal, is by applying enough pressure to cause yielding (residual stresses) in
some or all of the material in a simple cylinder then releasing the pressure before it is put into
service. The generation of favourable residual stresses in a cylinder by plastic action is called
autofrettage.

Consider a fully (100% overstrained) cylinder which is being unloaded after reaching the state.
Assume elastic unloading.

Stresses due to the applied collapse pressure, P.:
T
(01)p, = 0yln <T_o)

(06)p, = Oy [1 +1In (TLO)] (5.21)

For elastic unloading due to the P,

= gy In(— c (1-78
(Ur)res = 0yin (r_()) kz _1q T_2

(Go)res = Oy [1 +1n (rio)] - kzpi . (1 + :—‘E)
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bPc = o0y In(k)
T Ink r2
(01 )res = 0y In (T_o> — 1 1- ) (5.22a)
— o, 141 r) nk ()T
(0)res = 0y n(?; 21\ 2 (5.22b)
A _ |(Ue)res| — |(Gr)res| Oy 1— 2Ink r%
Tres = 2 37 kz 1 r2 (5.23)
o
(Ue)res
T
(Ur)res
Reverse Yielding:
o
fres = _fy = - 7},
%[, 2Ink (r7\| oy
2 k2—1\r2)| 2
Max stresses occur at the bore:
2Ink

1 Ink=-1=k=2.22

k21

k = 2.22 is the limiting radius above which 100% overstrain (fully plastic condition) will give rise
to reverse yield at the bore
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100% autofrettage: the theoretical max residual stress left in the bore

50% autofrettage: 50% theoretical residual stress left in the bore

5.2.2 The “Shakedown” Condition
- reverse yielding is not desirable
- “shakedown” = cylinder settling down to a safe working condition after initial plastic
deformation
- Optimum (100%) autofrettage is achieved with 100% overstrain when k < 2.22 butif k >
2.22 with less that 100% overstrain

Max allowable pressure (P;) for k < 2.22

Pk%? oo 2Ink o
i + _y[ _ kz] - Y
k2—1 2 k? -1 2
Due to Pi
P,=0,Ink =P,
(5.24)
P
Peb
k2 —1 ﬁi Load-carrying
Pep = — 5 oyifork =2.22= P <2 capacity increased
by a factor of 2.
For k > 2.22
Pk? oy oy
k2—1 2 2
. k2 Load-carrying
h=m—gom= 2Pep capacity is

increased by a

factor of 2 for any

k > 2.22.
Example (a):

Determine - for completely linear-elastic behaviour of a cylinder with radius ratio k=2.5 and g, =
400 MPa - the optimum autofrettage pressure and the resulting percentage overstain of the
cylinder wall.

k!-1o, 25°-1

P=2Pyp=>2——

== -400 = 336 MP
5 =~z 400 =336 MPa

n
train: x 1009
overstrain 1 )



T (k? —n?)
oy = 0y |In (n_rl) T oRz

@r =r,—P, = 0, = — 336 MPa

(2.5 —n?)

1
—336 MPa = 400 [ln (E) - 202.5)2
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(5.18a)

(1) (25-n%) 336 ‘
o) 2z T 00 T

n | f(n)
1.5 0.725

2 0.875
1.75 0.815

~n=1845
. 1.845-—1
% overstrain: —ST_1 X 100 % = 56.3 %

Example (b):

A thick-walled steel cylinder pressure vessel, optimally autofrettaged for linear-elastic behaviour in
service, has inner and outer diameters of 110 mm and 160 mm, respectively. What are the radial
and hoop stresses at the inner and outer radii of the cylinder when it is subjected to an internal

pressure of 200 MPa.
g, = 660 MPa; assume elastic-perfectly plastic

k=T 222 14545 <222
_n:so

P=P= oyInk = 6001n(1.4545) = 247.3 MPa
P;: optimal autofrettage pressure

r Ink 2
(0r)res = Oy [ln (E) T kz—_1 (1 - T_2>]

T Ink 2
(00)res = 0y [1 +In (a> T (1 + r_2>]

@ rjand 1,
(O )res =0
(2k?)
(oe)r; = 0y [1— 1 lnk — 278 MPa

Ink

r 2
(d0)r, = 0y [1 + In (7) ~ 2 1( %)] = 600(0.3283) = +216.7 MPa
- _



Elastic stresss due to P; = 200 MPa = Lamé plot
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1 A o,
— =330.5 0 s Or
LA positive
b
1
— =156.25 a 1 1
To roz 7‘-2
v 1
1 1 p
2 12 negative i
b _a P,
1,1\ ,1 1 1
? + ? rOZ riz roz

(00)y, = a=> 858.5 MPa
(00)y, = b= 558.5 MPa

Total stress in the autofrettage cylinder P, = 200 MPa

@r=mn

o, = —200 MPa
0g = 558.5 — 278 = 280.5 MPa

o = 0 MPa
(00)r, = (90)r, + [(G0)r,] = 3585 +216.7
(0g)r, = 575.2 MPa

5.2.3 Using von Mises
9y

ﬁ;
- All the expressions developed for Tresca can be used when oy, is replaced by %O'y.

. . .. . Oy .
- If von Mises criteria is used, Ty = instead of Ty = 7y in Tresca.



