MAT2122 Multivariable Calculus (Fall 2014)

Assignment 5 solutions

7.1.12a (3 points)

Evaluate the integral I of the function f(z,y,z) = x cos z along the path ¢ : t — (¢,%,0), ¢ € [0, 1].

Solution:

[:/0 Fa(@),y(t), (1)) - (2 (1), (1), 2 (1) || dt

! 1! 12 t=1 —1
:/ t\/1+4t2dt:§/ \/1+4t2d(1+4t2):§-§(1+4t2)3/2 _ el
0 0

t=0 12

7.1.12b (3 points)

Evaluate the integral I of the function f(z,y,2) = (z+y)/(y+z) along the path ¢ : t — (¢, 2t*/2,t) , t €
1,2,

Solution:

12/1 Fla(@),y(t), 2(2)) - (2 (1), ' (2), 2'(1)) || dt

2 t=2
:/ \/2+tdt:§(2+t)3/2 22(8—3\/3).
1

7.2.4a (3 points)

Find the line integral I = [ w, where w = zdy — ydx, and c(t) = (cost,sint) for ¢ € [0, 27]

Solution:

R CORCCRIOL
= /%(— sint,cost) - (—sint,cost) dt = 2 .

7.2.4b (3 points)

Find the line integral I = [ w, where w = xdx +ydy, and c(t) = (coswt,sint) for t € [0,2].

Solution:

fzéwmm«ﬂmwmﬁ

2
= / (cosmt,sinnt) - (—mwsinwt, wcosmt) dt =0 .
0



7.2.4c (3 points)

Find the line integral I = fcw, where w = yzdx + xz dy + xy dz, and c consists of straight line segments

JCIning (17050) to (05 170) to (:’ [7 ]‘)
C] Cc2

where ¢, (t) = (1 —¢,¢,0) and co(t) = ) for t € [0,1]. Each of the integrals in
the right-hand side is equal to 0: the ﬁrst one, because the curve c; is contained in the
plane {z = 0}, whereas the coefficients in front of dr and dy in w are multiples of z; in
the same way, ¢y is contained in the plane {x = 0}, whereas the coefficients in front of dy
and dz in w are multiples of x. Thus, I = 0.

Solution:

7.2.4d (3 points)
Find the line integral I = [ w, where w = % dz — zy dy + dz, and c(z) = (z,0,2?) for z € [-1,1]
Solution:

1 1
1 :/ (x2,0,1) (1,0,2z) dx :/ (x2 +2x) dr = (%x3+x2)

1 -1

=1 9

7.2.14 (3 points)

Show that the integral I of the vector field F = (2% 4 2zy, 27, 32z2%) around the circumference of the
square with vertices (+1,+1) is zero.

Solution: The integral I can be decomposed as ) fci w, where w is the differential

form associated with the field F, and c; are the sides of the square with a fixed orientation,
say, anticlockwise, so that

¢y =[(1,-1), (L 1)],
cx = [(1,1), (-1, 1)],
cs = [(—1,1), (=1, -1)]
ci = [(—1,-1), (1, -1)]
whence .
/w:/xzdy:/ 2dy =2,
c1 c1 —1
1
/w:/2xydx:—/ 2eydy =0,
Cc2 Cc2 —1
1
/w:/x2dy:—/ P dy = -2,
c3 c3 —1
1
w = Q:Bydy:/ 2zydy =0,
cy cy —1
and I = 0.

Alternatively, it follows from Stokes’ formula, since the z-component of curl F' is 0.



7.4.6 (4 points)

Find the area of the surface defined by z = zy and 22 4 y* < 2.

Solution: Since the surface is the graph of the roof function h(x,y) = xy with partial
derivatives % =, g—;‘ = x over the domain D = {z? 4 y? < 2}, its area is

V2
// \/1+x2+y2dxdy:// 7’\/1+7’2dr:27r/ rvV1+r2dr
D D 0
V2 2 2 2\3/2
=T \/1+r2d(1—|—7’):7r§(1—|—r)
0

r=v2

r=0

2
:w§(3¢§—1).

7.4.10 (4 points)

Find the area of the portion S of the unit sphere which is cut out by the cone z > \/m
Solution: By using spherical coordinates surface S can be parameterized as
x =sin¢cost ,
y =sin¢sinf ,
Z = COoS ¢

With0§¢§%and0§6’§27r,sothat

2n  pw/4
areaS://dA:/ / Ty x Tyl dpdb,
s o Jo

where or on o
_ (9 9Y 9= _ o
6= <8¢’8¢’8¢) (cos ¢ cosb, cospsinf, —sin @) |
_ (Ox Oy 0z\ . . )
Ty = (@,%,%) = (—sin¢sinf,sin ¢ cos,0) ,
whence
i j k

Ty x Ty=|cospcost) cosgsing —sing| = (sin2¢cos«9,sin2¢sin9,sin¢cos¢) ,

—singsin@ sin ¢ cos 6 0
and
| Ty x Tyl = \/Sin4 ¢ cos? 6 + sin? ¢psin® O + sin® ¢ cos? ¢ = \/sin4 ¢ + sin® ¢ cos? ¢
=sing .
Thus,

=m/4

/4 é
areaS:27r/ sinanaS:—chosqﬁ‘ :W(2—\/§> .
0 ¢=0



7.5.20 (4 points)

Find the integral I of the function f(z,y,2) = 1 — z over the graph of the function h(x,y) = 1 — 22 — />
with 22 +y? < 1.

Solution: Let D be the unit disk {2? + y? < 1}, then
on\?  [on\?
I = 1+ (= =) dad
//Df(fc,y,Z)\/ +<ax) +<8y) x dy
:// (a2 +42) 1+ 422 + 4y? d dy
D
2w 1 1
:/ /rgmdrdqbzl%/ (14472 = 1) VI+42d (1 + 47?)
0 0 0

5

_ T 3/2 _ 12\ du = -~ 2 502 2 30
16/1 (= ) du =15 (5“ 37 ).,
T (2 2 2 2 T 1

= (=572 - Z5%2 4 D) = — (5V5+2) .
16(5 3 5+3 12 \/7+5

7.6.14 (4 points)

u=>

Find the surface integral I = [[(F -ndA, where F(z,y,2) = (1, 1,z (22 +y2)2), and S is the surface
of the cylinder 22 +92 <1,0< 2 < 1.

Solution: The surface S is the disjoint union of surfaces
51:{$2+y2§1, Z:O}a
Sy={r?+¢y*=1,0<2<1},
S3:{$2+y2§17 221}7
so that I = I + I, + I3 is the sum of the integrals I; = fsz F -ndA over the surfaces S;,
respectively. The outer normal fields for these surfaces are, respectively,
n; :(ana_l) ) n2(xayaz):(xaya0) ) n3:(07071) 9
so that )
F-nlz—z(:)s2+y2) =0,
F- n, =xr+ Y,
F - n; :z(:c2+y2)2 = (:c2+y2)2 ,
whence I; = 0. The integral I5 also vanishes from symmetry consideration (or one can
show it directly by using cylindrical coordinates parametrization of the surface Ss). Fi-
nally, I3 coincides with the integral of the function f(z,y) = (22 + y?)° over the unit disk

D, i.e., with
9 2T r T
// (2 + 1) dxdy:/ / rPdrdg ==,
D 0 0 3

whence [ = %



7.6.22a (3 points)

Find I = [[SF - dS, where S is the upper hemisphere S = {z* 4+ 3> + 2°> = 1, z > 0} oriented by the
normal pointing out of the sphere, and F = (z,y,0).

Solution: The outer normal to S is n(z,y,2) = (z,y, z), whence F - n = 22 + 9%, so

that
S

Since S is the graph of the function h(x,y) = /1 — 22 — y? over the unit disk D =
{2? + y* < 1}, we have

On\>  [0h\”
. 2 2 i i
=] e +y)\/”(asc) () aro
2 2 2_|_y2
- 2 y?) 1 — NI dx d ://x—dxd
//D( y)\/ [ Rt Al A g By A

2t 13 L2 1
= ——drd¢ = —7 ——d(1—r? :71'/ —dt
/0 /o\/l—r2 ¢ /0\/1—7’2 ( ) 0Vt

t=1
:7r<2\/¥—§t3/2> 1

=—7.
t=0 3
Alternatively, by symmetry considerations,
1 1 2
//x2dA://y2dA://z2dA: —// (x2+y2+z2) dA = -areaS = —-m.
5 S S 3JJs 3 3

7.6.22b (3 points)

Find I = [[4F - dS, where S is the upper hemisphere S = {z? + 3 + 22 = 1, z > 0} oriented by the
normal pointing out of the sphere, and F = (y, z,0).

Solution: In this case F - n = 2zy, so that

Iz//lz’ydA,
S

which is equal 0 by symmetry considerations. Alternatively, in polar coordinates the
angular part of I is

2m
/ singcospdp =0,
0

whence [ = 0.



4.4.4 (3 points)

Find divF for F(z,y,2) = (22, (z + )%, (z + y + 2)?).

Solution: The corresponding partial derivatives of the components of F' are:

or

—1_9

ox T

or,

< _9

s (z+y),
OF:

. =2Avty+z),
0z

dvE =5+ %, "o

=62 +4y + 2z .

4.4.16 (3 points)

Find curl F for

B Yz xz xy
x2+y2+22’ w2+y2+22’x2+y2+22 '

Solution:

OFy  z(@*+y"+2°) —yz-2y  z2(®+y*+2°) —yz-2y
dy o (@)t (@)
2@ -y + 27
B (22 4 y2 + 22)°

In the same way,

OF,  y(a*+y®>—2%)

0z (2 +y% + 22)2 ’
0F; z (=2 +y* + 2?)

Ox (2 +y? + 22)2
oF,  x(a®+y* -2
0z (22 + 32+ 22

oF3 y (—2% + 9% + 2?)
Or (a2 4y +22)’
OF;  x(2® —y? + 2?)

Oy (242 +22)°




Therefore,

OFy 0F, OF, OF; 0F, OF
P 3 2 0 3 OFy 1
cwlF =V xF =5 5 5:(8y_8z’82_8x’8$_8y)

B ( 213 2y (2 — 2%) —223 )
(22 +y2 + 227 (22 + 2+ 22)7 (22 + 92 + 22)°)




