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2

Review: Course Outline

The atmosphere. Pressure measurement: mercury barometer, 
manometers. Effect of acceleration on the pressure distribution 
in a fluid: examples.  

2 

Introduction. Applications of fluid mechanics. Definitions: 
fluid, continuum concept, no-slip condition. Fluid properties. 
Units and dimensions. Pressure and shear stress. Pressure 
distribution in a fluid in a gravitational field. 

1 
Topic Week 

3 Major Sections in Course:
• Part I: Introduction (~2 weeks)
• Part II: Fluid Dynamics (~8.5 weeks)
• Part III: Fluid Statics (~1.5 weeks)

3

Review: Course Outline

Viscous flow: laminar versus turbulent flow. Pipe flow analysis: Moody chart. 
Flow over immersed bodies: boundary layers, entry lengths, minor losses. 

9-10

Steady-flow energy equation (SFEE). Effects of friction: losses. Concept of 
hydraulic head. Pump or turbine power; efficiency.  

8

Angular momentum equation for a control volume. Application to steady 
flows. 

7

Euler and Bernoulli equations. Bernoulli equation as an energy equation. 
Dynamic and total pressure. Applications of Bernoulli: measurement of flow 
rate (bellmouth inlet, venturi, orifice meter).  

6
Application of linear momentum to steady flows.  5
Linear momentum equation for a control volume.  4

Fluid dynamics. Streamlines and streamtubes. Steady flow. One-dimensional 
flow. Control volume approach. Continuity equation.  

3
Topic Week 

Part II: Fluid Dynamics (~8.5 weeks)

4

Review: Course Outline

Forces on curved submerged surfaces. Examples. Stresses in 
pipes and vessels due to internal pressure. 
Forces on submerged bodies: buoyancy. Stability of submerged 
and floating bodies: centre of buoyancy, metacentre. 

12

Fluid statics. Forces on plane submerged surfaces. Centre of 
pressure. Examples . 

11
Topic Week 

Part III: Fluid Statics (~1.5 weeks)
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Part I:  Introduction

Fluid: 
– when shear (tangential) force is applied, fluid moves.  Fluid 

continues to move as long as force is applied. 

– Rate of deformation is proportional to applied force

• Some key concepts (partial list):

dy
duμτ = 444 3444 21

gradientvelocity 

strainshear  of rateViscosityStressShear 
=

×=

• Continuum concept 
• No-slip condition
• Viscosity

• Specific weight
• Specific gravity
• Density
• Ideal gas law

• Pressure is a scalar
• Absolute & gauge pressure
• Boundary layers
• Surface tension / cavitation
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Part I:  Introduction

Basic fluid statics:
–

– For constant ρg:  

– Or simply:                           (pressure increases as you move down)

• Pressure measurement devices (e.g. manometers, 
piezometers, Bourdon tubes, etc.)

• Pressure variation for variable ρg
• Pressure variation in an accelerating fluid (if g in y-direction):
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(as derived in class)
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Part II:  Fluid Dynamics
• More basic concepts (partial list):

• Concept of a Control Volume
• Integral equations for a Control Volume:

– Continuity
– Linear Momentum
– Angular Momentum
– Conservation of Energy 

• Specific applications derived from basic equations:
– Bernoulli equation
– Euler turbomachinery equation
– Steady flow Enegy Equation (SFEE)

• Lagrangian / Eulerian viewpoint 
• Steady and unsteady flow
• 1D, 2D, 3D flow

• Pathlines / streaklines / streamlines
/ streamtubes

• Laminar / turbulent flow

8

Control Volume Approach

• Basic governing equations in CV form:
– Continuity
– Linear Momentum & Angular Momentum
– Energy Equation (1st Law)

dt
dW

dt
dQ

CV

CS

1 2
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Continuity Equation:
CV

Mass 
flow 
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Mass 
flow 
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Accumulated

Mass 
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flow 
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Continuity Equation:

( ) 0... =
dt
d
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If flow is “steady”:
By definition of steady flow:  

so that

Continuity Eq. becomes:

and mass in CV is constant with time.

If flow is steady and “incompressible” (ρ=constant):
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n
A
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n
A

n dAVdAVand thus,
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Linear Momentum Equation:

• Mass flow also carries momentum (& energy) into and out of CV
• If fluid leaves, CV with a different amount of momentum than it had 

when it entered, then a force must have been exerted on the fluid by 
the CV

Linear Momentum for a CV:
Sum of forces on fluid in CV = 

flow rate of momentum out of CV (through CS)
- flow rate of momentum into CV (through CS)
+ rate of accumulation of momentum inside CV

CVFlow of 
Momentum 
into CV

Flow of 
Momentum 
into CV

Flow of 
Momentum 
out of CV

Flow of 
Momentum 
out of CV

12

Linear Momentum Equation:
General form of Linear Momentum Equation:

Note:
• This is a vector equation with components in x ,y, z direction:

• These equations are only valid for non-accelerating reference frames.
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Linear Momentum Equation:

4342143421

v

CV of inlet(s)at  momentum
wise- xof rate flow

CV of outlet(s)at  momentum
wise- xof rate flow

∫∫∑ −=
inout A

nin
A

noutx dAVudAVuF ρρ

∫∫∑ −=
inout A

nin
A

nouty dAVvdAVvF ρρ
v

Steady Flow Linear Momentum Equations (             ):
In x-direction:

Similarly in y-direction: 
(& also z-direction)

Important Notes:
• These equations are only valid for steady flow
• These equations are only valid for unaccelerated reference frames.
• For reference frames moving at constant velocity, Vn, must be defined relative 

to moving reference frame.
• Flow velocities uin, uout, etc. must be defined releative to inertial frame (either 

relative to constant velocity CV or relative to stationary frame)

( ) 0... =
dt
d
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Linear Momentum Equation:
Special case:
• 1D, Steady Flow Linear Momentum Equations:

– If 1D, velocity is uniform at any one inlet or outlet and thus does 
not vary with dA ( )

( )
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e.g.:
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outlets
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∴ For 1D, steady flow, linear momentum equations are: 
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Angular Momentum Equation:

• If fluid leaves, CV with a different amount of Angular momentum than 
it had when it entered, then a Moment must have been exerted on the 
fluid by the CV

Angular Momentum for a CV:
Sum of moments on fluid in CV = 

flow rate of angular momentum out of CV (through CS)
- flow rate of angular momentum into CV (through CS)
+ rate of accumulation of angular momentum inside CV

CVFlow of 
Angular 
Momentum 
into CV

Flow of 
Angular 
Momentum 
into CV

Flow of 
Angular 
Momentum 
out of CV

Flow of 
Angular 
Momentum 
out of CV
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Angular Momentum Equation:
General form of Angular Momentum Equation (for an inertial ref. frame!):

For moments X-Y 
plane (about z-axis) 
only:

( ) ( ) ( )
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For moments X-Y 
plane (about z-axis) 
only and for Steady 
flow:

( ) ( )∫∫∑ ×−×=
inout A

nzin
A

nzoutz dAVVrdAVVrM ρρ
vvvvv

For moments X-Y plane (about z-
axis) only and for Steady flow but 
writing in terms of tangential 
velocity components, Vt:
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A
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Energy Equation:

1st Law (Conservation of Energy) for a CV:

dt
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dE

dt
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On a per unit mass basis,

(z is up)Tcu v=) )(for ideal gas

where:
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General form of energy equation for a CV:

{
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Steady flow energy equation (SFEE)
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If 1D flow at inlets and outlets:

Or in terms 
of enthalpy: 
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General Procedure for solving CV Problems:
• If possible, choose a frame reference that makes the flow appear steady

– If unsteady, need to use more general form of linear momentum equation
• Enclose the region of interest completely by a CV

– Place boundaries where you have information about the flow (i.e. where you know 
pressure, velocity, etc.) and where you are trying to determine information (e.g. an 
unknown force, pressure, velocity, etc.)

• Treat CV like a FBD
– Like a FBD, the CV isolates the region of interest from the surroundings
– Surroundings are replaced by forces (pressure and shear stresses) and moments 

they exert on the CV
– If CV, cuts through a solid component it exposes the internal forces and moments 

in the solid and these also act on the CV and must be included! (exactly as if CV 
were a free body)

• Apply equations of motion for the CV
– Continuity Equation (usually first)
– Momentum equations Second
– Be careful to correctly apply signs of velocities and forces relative to assumed 

directions
• Check calculated results

– Mentally check calculated values and directions especially with respect to signs and 
assumed directions
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Applications of Governing Equations:

• Bernoulli Equation:
– Derived by writing linear momentum equation along an 

arbitrary streamline to get Euler equation, and then 
integrating that equation along the streamline assuming 
steady, incompressible flow:

constant2
2
1 =++ gzVP ρρBernoulli Equation:

Limitations:
• Steady flow
• Incompressible flow   (valid for most liquids and gases as well if Ma < 0.3)
• Frictionless (inviscid) flow (very restrictive assumption!!)
• Valid only along a streamline  (can later be shown to be valid for 
irrotational flow)
• No heat transfer or work

22

Bernoulli Equation

Static, Dynamic,& Stagnation Pressures
• P ≡ pressure fluid actually exerts on surroundings

– Known as static pressure;
– Sometimes written as Ps

– Pressure one would “feel” when moving along with fluid particles

• ½ ρV 2 known as “dynamic pressure”
– Equivalent Pressure associated with the velocity of the fluid

• P + ½ ρV 2 ≡ P0 ≡ “total pressure” or “stagnation pressure”
– Pressure which would occur if the fluid was brought to rest 

(stagnation)
– E.g. when fluid impacts a body

constant2
2
1 =++ gzVP ρρ
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Applications of Bernoulli Equation

• Flow measurment
– Pitot tubes / Pitotstatic tubes
– Venturi meter, orifice plate, bellmouth inlet etc.

• Interpreting flows
– Curved streamlines vs. straight streamlines

24

Application of SFEE

Rewrite SFEE:
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Hydraulic power: 
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Application of SFEE

Pump & Turbine Efficiency:

T
Qgh

W
W p

m

h
p ω

ρ
η ===

&

&

PowerInput  Mechanical
Power Hydraulic

th

m
t Qgh

T
W
W

ρ
ωη ===

&

&

InputPower  Hydraulic
OutputPower  Mechanical

Turbine Efficiency: 

Pump Efficiency: 
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Frictional Losses in Pipes & Ducts

• For Fully Developed flow:
– From derivation using linear momentum eq.:

– We then defined Darcy-Weisbach friction factor, f

– So finally:

D
L

g
h w

f
4

ρ
τ

=

2
2
1

4
V

f w

ρ
τ

=

g
V

D
Lfh f 2

2

=
⎟
⎠
⎞

⎜
⎝
⎛= shape sectional-cross pipe,Re,

D
ff ε

diameterD
height roughness

=
ε

Roughness = 

27

Moody Diagram

28

Friction factor, f, and pipe flow losses
Laminar Flow:
• From solution to linear momentum equation:

– for circular pipes   (independent of roughness 
as long as still laminar!)

– flaminar is inversely proportional to velocity

– ∴ head loss in laminar flow is linearly
proportional to flow velocity and not velocity 
squared as in turbulent flow

Re
64

=f
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Friction factor, f, and pipe flow losses

Turbulent Flow
• Colebrook (1939):

– Most widely used expression
– Implicit (must iterate) but trivial on programmable 

calculator or computer
– Moody diagram is a log-log plot of this correlation in 

turbulent regime

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+−=

f
D

f Re
51.2

7.3
log0.21

5.0

ε
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“Minor Losses” in Piping Systems
• Losses are in addition to head loss for same length of straight pipe and 

vary primarily with the dynamic head or dynamic pressure of the flow

• Thus total losses for system (“minor losses” + frictional 
losses in piping) may be expressed as:

• Note must sum each section of pipe separately if V changes!

g
VKhm 2

2

∑=Δ
where K is the minor loss coefficient

(determined from experiment and given 
in charts & tables)

g
V

D
LfKh

g
VK

g
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22
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22
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⎛ +=Δ

+=Δ

∑

∑

31

“Minor Losses” in Piping Systems
• Head losses due to fittings, entries, exits, valves, bends, 

etc.
• Traditionally called “minor losses” but often they are a 

major portion of the total head loss in a system
• Physically represent additional energy dissipation due to 

induced secondary flows, separation, recirculation etc.

32

Empirical Data for Minor Loss Coefficient, K
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Empirical Data for Minor Loss Coefficient, K

34

Pipe 
Roughness 

Values

35

Viscous Flow in Pipes & Ducts

• Laminar vs. turbulent flow
– Reynolds number

• Ratio of mometum and viscous forces

– Entry lengths for flow to become fully developed

• For turbulent flow in non-circular ducts:
– Define and use “Hydraulic diameter”, Dh:

D
m

D
QVDVD

πμπννμ
ρ &44Re ====

ductor  pipe ofperimeter  wetted
area sectional-cross44 ×

=≡
Perimeter

ADh

36

Solving Viscous Pipe Flow Problems

Type I: Head loss Problem:
• Find H for known Q, ρ, μ, D, L (known piping & fluid):
• No iteration required

– From Q and piping info, find Re,     , and f

– Calculate head loss as

– Plug into SFEE equation to find required pump head 

D
ε

g
V

D
LfKhf 2

2

⎟
⎠
⎞

⎜
⎝
⎛ +=Δ ∑
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Solving Viscous Pipe Flow Problems
Type II: Flow rate problem :
• Find Q for known H, ρ, μ, D, L (known piping & fluid):
• Requires iteration

– Use SFEE to find allowable head loss
– Guess a friction factor  (0.02 is often a good starting point if flow 

is turbulent)

• Calculate V from

• Now use V to find Re, and use        to find new f

– Iterate until f converges
– Q = VA

g
V

D
LfKhf 2

2

⎟
⎠
⎞

⎜
⎝
⎛ +=Δ ∑

D
ε
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Solving Viscous Pipe Flow Problems
Type III: Pipe sizing problem:
• Find D for known H, Q, ρ, μ, L
• Requires iteration

– More difficult since D appears in all terms: Re,     ,   
– Different procedures can be used for iteration depending on 

preference and whether Q or V is known initially
– E.g. if Q is known, use SFEE to solve for hf, and rewrite hf & Re in 

terms of Q:
• Guess f
• Solve for diameter in terms of friction factor using eq. based on:

• Solve for Re & roughness

• Find new f and iterate until converged (fairly quick)

g
V

D
LfKhf 2

2

⎟
⎠
⎞

⎜
⎝
⎛ +=Δ ∑D

ε
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22

2

2 84
22 gD

fLQ
D
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⎠
⎞

⎜
⎝
⎛==Δ

νπD
Q4Re =

D
ε
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Solving Viscous Pipe Flow Problems

Type III: Pipe sizing problem (Alternate approach):
• Find D for known H, Q, ρ, μ, L
• Since commercial pipe only comes in standard sizes, you might only 

be interested in solutions for specific D
• Procedure:

– Guess D (i.e. choose best guess from available D)
– Solve a Type II unknown flow problem for each guessed D

• See type II procedure on previous slide
– Select D that gives best solution for your constraints (capital cost, 

operating cost, time, availability, etc.)

40

Part III: Fluid Statics

• See summary notes on Fluid Statics 
uploaded separately…

Good luck on the Exam and enjoy your 
summer!


