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If it is convergent, compute its value. If not, explain why it is divergent.
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(b) [4 pts] Determine if / 075t dz is convergent or divergent using an appropriate
1 .
comparison test. —Ll
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R _, 2 [10 pts] Let R be the reglon in the first quadrant bounded by the curves
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Questions 4 and 5 are short answer questions, for which you do not need to justify your
answers.

4. [4 points] Consider the curve z =12, y=¢€%, 1<t<3.
Write down the integral which gives the length of this curve. Simplify the integrand, but do
not calculate the integral.
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5. [4 points] Below is the slope field for a differential equation W F(t,y).
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(a) What are its equilibrium solutions (those of the form y = C)?
Response: = Lf =
Ny =4, e

(b) Draw, as well as you can, on the slope field, the graph of the particular solution with
initial value y(0) = 3. Circle the answer below which is closest to y(20).

Choices:  (A) 0.8 (©)22 (D)3 (E)45



6. [8 pts] Paul makes a cup of hot chocolate at the boiling temperature of water (100°C),
~ then puts it outside to cool it down. Outside, the temperature is —15°C, and 3 minutes
later, when he checks his cup, its temperature is 41°C.

(a) Let T'(t) be the temperature of the cup ¢ minutes after Paul puts it outside. Supposing this
temperature obeys Newton'’s law of cooling, give the differential equation which T satisfies,
and solve it.
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(b) If Paul leaves his cup outside, at what time ¢ will his hot chocolate freeze? (Suppose

that hot chocolate freezes at a temperature of 0°C.) ‘e\‘ [ )
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7. [8 pts] Solve the initial value problem (;—'Z 5 Sl;(3t) , y(0)=2.

Express the solution z—as a function of ¢.
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8. [6 pts bonus] Let R be the region of the plane defined by 1<z <6 and 0<y < §
z

What is the volume of the solid of revolution obtained by rotating R about the z-axis ?
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(b) [4. pts] Determine if /1 7?:_-:!3—7;5 dz is convergent or divergent using an appropriate
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\ NEW CRITERION FOR ALGEBRAIC VOLUME DENSITY/PROPERTY ' 23

8.7. Corollary. Let an affine algebraic manifold X withgut nonconstanf regular in-
vertible funckions possess an algebraic volume form w s that under D¢ Rham homo-
morphism w cogresponds to the zero element of H(X,C) = C. Thery/ X cannot be a
homogeneous spase of any nontrivial reductive groyp.

8.8. Remark. It was shown in [6] that any varjéty X,,1 = {z™v £yu =1} C C“’y,w
with m > 2 is diffeomagphic (as a real manifgld) but not isomopphic to X;; ~ SL, 8
because the unique (up ¥Q a constant factoy) volume form wy,,/~ z™™dz A dy A du e

X1 is exact (wm = dr where 7 = - d Am r) . Corollary 8/7 enables us to tellnow

more: X, is not isomorphic\to a homggeneous space of a fiontrivial reductivg/group.
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. , | ‘Questions 4 and 5 are short answer questions, for which you do not need to justify your
: answers. - .

4. [4 points] Consider the curve z=1¢, y=¢€, 1<t<4. . A :
Write down the integral which gives the length of this curve. Simplify the integrand, but do

not calculate the integral. : —
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5. [4 points] Below is the slope field for a differential equation ] = F(t,y).
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(a) What are its equilibrium solutions (those of the form y = C)?

Response: j‘: g } j = 2

(b) Draw, as well as you can, on the §lbpe field, the graph of the particular solution with
initial value y(0) = 3. Circle the answer below which is closest to y(20).

Choices: (A)08 (B)18 (C)22 (D)4 \(E) 6.2!



6. [8 pts] Paul makes a cup of hot chocolate at the boﬂmg temperature of water (100°C), |
then puts it outside to cool it down.- Outside, the temperature is —20°C, and 3 minutes
- later, when he checks his cup, its temperature is 61 °C.

(a) Let T'(t) be the temperature of the cup ¢ minutes after Paul puts it outside. Supposing this
temperature obeys Newton’s law of cooling, give the differential equatlon which T satisfies,
and solve it.
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(b) If Paul leaves his cup outside, at what time ¢ will his hot chocolate freeze? (Suppose

~ that hot chocolate freezes at a temperature of 0°C.) £ 1 (“ 3 A
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7. [8 pts] Solve the inidial value problem - i?{ 2 COS(4t)

y(0)=3.
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8. [6 pts bonus] Let R be the regioi of the plane defined by 1<z <5 and 0 <y< —5-
z

What is the volume of the solid of revolution obtained by rotating R about the z-axis ?
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