MAT 2355, Fall 2014
Assignment 5-Solution

(10 points)
Instructor: Mohammad Bardestani

Question 1- [3 points] Show that an affine transformation T is an isometry if and only if its linear part

is an orthogonal matrix.

Solution: Let T be an affine transformation with linear part A and translation part b. Therefore for all
x € R" we have
T(x) = Ax + . @))

a) Let A be an orthogonal matrix. Then we will show that T is an isometry. We have the following
theorem (Theorem 4, Week 7)

Theorem 1. Let A be a n X n orthogonal matrix. Then the function T4 : R" — R" given by Tx(v) = Av is
an isometry.

But T in Equation (1) can be written as T = T, o T4 where Ty(x) = x + b. Notice that T}, which is the
translation map, is an isometry and by above theorem T, is an isometry. Therefore T = Tj o T, is
an isometry.

b) Now assume that T is an isometry. Then we show that A is an orthogonal matrix. Notice again that
T = Ty o T4. Therefore
T_b oT = TA.

Since T_, and T are isometries, then T4 is an isometry. But isometry T4 fixes the origen and so for
any v, w € R" we have
(v, w) = (Tqv, Taw) = (Av, Aw) = (v, AT Aw).

Then for all v, w € R"” we have
(v, ATAw —w) =0,

but this implies that for all w € R”,
ATAw-w=0= ATA =1,.

& L) &
Question 2- [3 point] Show that 2 X 2 matrix A is orthogonal if and only if

_ [cos(0) —sin(0) cos(6) sin(6)
~ \sin(B)  cos(0) |’ of ~ \sin(0) —cos(0)]’

for some 6.

Solution: First we show that Rotg and Refy are orthogonal matrices
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a) Set A = Rotg. Then

ATA = cos(0) sin(0))[cos(8) —sin(O)
~ \=sin(0) cos(0)/\sin(0) cos(6)
_ cos?(6) + sin?(0) sin(0) cos(6) — sin(6) cos(H) (2)
~ \sin(0) cos(9) — sin(0) cos(6) cos?(6) + sin?(0)

=D.
b) Set A = Refy. Then

ATA = cos(0) sin(O) \(cos(8) sin(O)
~ \sin(6) —cos(0))\sin(6) —cos(6)

_ cos?(6) + sin?(6) sin(60) cos(6) — sin(0) cos(6) 3)
~ \sin(0) cos() — sin(0) cos(6) cos?(60) + sin%(0)
=1Ip.

Hence Rotg and Refy are orthogonal matrices.
Now we show that if A is orthogonal then A = Rotg or A = Refg. We present two proofs.

First proof: Let A = (z Z) be an orthogonal matrix. Then ATA = I,. Therefore

aTa - [® <\( b\ [(a*+c* ab+cd) (1 0
“\b dj\c d) " \ab+cd B*2+d?]\0 1)

So we obtain the following equations

2+ct=1
ab+cd=0 4)
P+d =1

Therefore there exists 0 and ¢ such that

a = cos(0), ¢ =sin(O) 5
b =cos(p), d=sin(p). ©)

But from ab + cd = 0 we obtain
cos(gp — 0) = cos(p) cos(0) + sin(¢p) sin(0) = 0.
Hence p — 0 =+tn/2andsop =0+ mn/20rp =0 —1/2.
a) For ¢ = 0 + /2 we have
b = cos(p) = cos(0 + 1/2) = —sin(0), d = sin(¢p) = sin(0 + ©/2) = cos(0),

so in this case A = Roty.



b) For ¢ = 0 — /2 we have
b = cos(p) = cos(0 — 1/2) = sin(0O), d = sin(p) = sin(0 — ©/2) = —cos(0),

so in this case A = Rofg.

Second proof: If A is an orthogonal matrix then ATA = I,. Hence A™! = AT and

det(ATA) = det(AT) det(A) = det(A)* = 1.

Therefore det(A) = +1. We use this information to classify orthogonal matrices. Let A = (Z Z) be an

orthogonal matrix. Then we consider two cases:

a) det(A) = 1. In this case we have

T _ a ¢ A=l _ d -b
(i 3= D)
Therefore a = d and b = —c. But 1 = det(A) = ad — bc = a> + ¢?, soa = d = cos(0), ¢ = sin(0) and

b = —c = —sin(6). Therefore A = Rotyg.

b) det(A) = —1. In this case we have

T (4 C}_ -1 _ —d b
i R v
Therefore a = —d and b = c. But —1 = det(A) = ad — bc = —a*> — ¢?, s0 a = cos(60), d = — cos(0) and
b = ¢ = sin(0). Therefore A = Refy.
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Question 3- Prove the following equalities.

a) (1 point) (u X v, w X z) = (u, w){v, z) — (v, W)U, z).
b) (1 point) [lu x v|* = [[ulP|lol* — (u, v)*.

¢) (2 points) u X (v X w) + v X (w X u) + w X (u X v) = 0. This identity is called the Jacobi identity

Solution: We first recall these two identities
I (v xw,u)y={v,wXu).
II (Triple product formula) (u X v) X w = (u, w)v — (v, WHu.

Now using these identities we proved the given identities.
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a) From Identity (I), we have
uxXv,wxz)y=_(uoX(wXz)).

But from Identity (II) we have
v X (WwXz)=—(wXz)Xv=—w,v)z +{(z,V)W.
Therefore

(uxov,wxz)y=uoX(wXz))
= {(u, —{(w,v)z + {z, v)w)
=(u, w){v,z) — (v, wxu,z).

b) We have shown that
<M X0, WX Z> = <M, w><vl Z> - <U, w><ul Z>-

Therefore
llu X 0l = (u x v, u X v) = (u, u)v,v) — (v, u)u,v) = ulPlll* — (u, v)2.

¢) We recall again the triple product formula

(uxv)xXw = {u,wyv — (v, wWu.

Therefore
(uxv)Xw={u,wyv— (v, wu
(v Xw) X u=(v,uyw-—{w,uyv
(w X u) X v ={(w,v)u — (U, v)w.
Therefore
uxv)yXw+@xXw)Xu+wxu)xov=0.
Notice that

uX@Xw)+oX(WXu)+wXWuxv)=—-((uxv)Xw+@©Xw)Xu+(wxu)Xxv)=0.

(6)
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