MAT 2355, Fall 2014
Assignment 3-Solution

(10 points)

Instructor: Mohammad Bardestani

Question 1- [3 points] Prove that Roty has a non-zero real eigenvalue if and only if Rotg = +I.

Solution: First we calculate the characteristic polynomial of Rotg. We have

A —cosHB sin O

12 _ 2 0 _ 32
—sinB A —cosB = A= (2cosO)A + cos” O + sin” = A“ — (2cos O)A + 1.

det(AI — Rotg) = det(

Therefore Rotp has a real eigenvalue if and only if 4cos? 0 — 4 > 1. This shows that Rotg has a real
eigenvalue if and only if cos?26 = 1. Therefore O = kn, for some k € Z, which shows that Roty has a
non-zero real eigenvalue if and only if Rotg = +I.

Question 2- [3 point] Let v be a unit vector with a unit normal vector N. Let £ = P + [v] and m = Q + [¢]

be two parallel lines. Show that

QpoQy =Ty, where w=2(P—-Q,N)N.

Solution: Let Q’ be the foot of P on m. Then we have
Qe 0 Q= Top-0n).
But (look at the formula for finding the foot)
Q =P—-(P-Q,N)N.

Hence
2(P-Q')=2(P-(P-(P-Q,N)N)) =2(P-Q,N)N.

Therefore
Qp o Q= Top-g) = Top—gN)N = T



Question 3- [4 points] Show that two distinct reflections Q; and Q,, commute (i.e., Qp 0 Qu = Qi 0Qy),

if and only if £ L m.

Solution: Let £ 1. m, and assume that P € £ N m. Then

Qg = Tp o Refg o T_p

1
Qu = Tp o Refrjp19 0 T-p. @

Let S : R? — R? be the map that sends X to —X. This map is a linear transformation and its matrix with
respect to the standard basis is

-1 0

0o -1)

Notice that
Refy o Refn/2+9 = ROtz(g_(n/erg)) =Rot_, =S5 o)
Ref; /240 0 Refg = Roty((r/2+6)-6) = Rotr = S.
Therefore
Qg o Qm = Tp o Refg o Refn/2+@ o T_p = Tp oSo T_p (3)
Qm o Q[ = Tp o Refn/2+9 o Refg o T_p = Tp oSo T_p.
So

Q[OQm = Qm OQg.

Conversely assume that QO o Q,, = Qy, 0 Q. first we show that ¢ }f m. Suppose ¢ || m. Let Q be a
point on ¢ and assume that P is the foot of Q on m. Then

Qg o Qu = Tyg-p)

_ 4)
Qo Qp = Typ_q).

Since P # Q, then Tyo_p) # T(p-g), Which is a contradiction, since we assumed that {3 0 Q; = Q0 Q.
Hence ¢ }t m. Assume P € £ N m. Then

Qg = Tp o Refg o T_p

5
Qu =TpoRefy, o T_p. ®)

Therefore

Qg0 Q= Tp o Refg o Refy, o T_p = Tp o Rotpg—¢) 0 T-p ©)
Qno0Q,=Tpo Ref(P oRefgoT_p=Tpo ROtz((p_g) oT_p.
But Q0 Q = Q0 Qy, s0 Roty(g-¢p) = Roty(p-g)- This implies that for some x € Z
—sin(2(e — 0)) = sin(2(0 — @)) = sin(2(p — 0)) = sin2(p - 0)) = 0= 2(p - 0) = xn = ¢ = (kn)/2 + O.

Therefore € L m.



